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MeToaudeckie pEeKOMEHAANNH IO BBIMOJHEHUIO MPAKTHYECKUX 3aHATHH MO y4yeOHOMY MpeaMeTy
«EH.01 Maremaruka» co3anbl Bam B mOMOIIb Ui YCHEIIHON paOOTHI HA 3aHATUSAX U TIOJTOTOBKH K
HUM. Hanmnume mosioKUTEeNTbHONW OIEHKH IO MPAKTUYECKUM 3aHSATHSAM HEOOXOJUMO JUISl TOJyYeHUS
JIOMyCKa K 3K3aMEeHY, MOATOMY B cliydae OTCYTCTBHUSI Ha YpOKE IO JIFOOOW MpHYMHE WM MOTydeHUs
HEYJIOBJIETBOPUTEIBHOM OIIEHKM 3a MPaKTUYECKOE 3aHsATHE, Bbl JOJDKHBI HAWTU BpeMsa sl €e
BBINIOJIHEHUS UJIU TIEpECIavuu.

O3HaKOMbTECh C OOLIMMH pPEKOMEHIAIMSIMH, YTOOBI Bamia paboTa ObUIa NMPOIYKTHBHA H
Ka4eCTBEHHO OpPraHW30BaHa.

1. BHuMarenbHO NpoYuTanTe METOAUYECKUE PEKOMEH/IALUU 110 BBITOJIHEHHUIO ITPAKTUYECKON
paboThLI.

2. BHuMaTenpHO mNpouHTaliTe MOSCHEHHS, MPU HEOOXOJMMOCTH TOBTOPHUTE JICKIIMOHHBIN
MaTepHuall 10 KOHCIEKTaM U APYrMM UCTOYHHMKAM, OTHOCALIMNICSA K TEME IPAaKTU4YeCKOi paboThI.

3. OTBeThTE Ha KOHTPOJIBHBIE BOIIPOCHI, €CIIM OHH MPEJI0KEHBI.

4. [ToaroroBpTe BCe HEOOXOAMMOE Ui BBINOJIHEHUS 3a/aHUsl, PallMOHAIBHO IOJTOTOBBTE
pabodee mMecTo.

S. [Tponymaiite X011 BBIIOJHEHUS paOOTBHI.

6. Ecnmu Bama pabGora cBszaHa c¢ wucnonb3oBanunem WKT, mpoBeppre Hamuuue u
paboTOCIOCOOHOCTH MPOrPaMMHOI0 OOeceueHus, HeOOXOAMMOTO JUIsl BBIMIOJIHEHUS 3a/1aHHsL.

1. Ecnu 1npu BHIMONHEHWH TPAKTUYECKOH pabOThl MPHUMEHSETCS TPYNIIOBOE WM

KOJIJICKTUBHOE BBINIOJHEHUE 3aJlaHusl, CTapaiTech MOAJEPKHUBATh B KOJUIEKTUBE HOPMAJIbHBIN
IICUXOJIOTMYECKUM KIIMMaT, TPaMOTHO PacIpeienTh POk U 00s13aHHOCTU. BMecTe npoBoanTe aHAIN3
OpraHu3alMK U IPOMEXYTOUHBIE Pe3yJIbTaThl IPAKTUUYECKON paboThl MUKPOIPYIIIIBI.

8. [Tpu BBINONHEHNHN TPAKTUYECKOIO 3a/laHusl COOJI0JaiiTe MpaBuia TEXHUKH 0€3011aCHOCTH U
OXpaHbl Tpya.
9. B mponecce BbIMOIHEHMS] NMPAaKTHUYECKOM paboOThl OOpamiaiiTech 3a KOHCYJIbTAaLUSMU K

MIPEroIaBaTesNto, YTOObl BOBPEMSI CKOPPEKTUPOBATh CBOKO JIEATENIBHOCTb, MPOBEPUTH MPABUIBHOCTD
BBITIOJTHEHUS 3aaHMUSL.

10. [To oxOHUaHUM BBITOJHEHHS MPAKTUYECKON pabOThl COCTaBbTE MUCHbMEHHBIM MU YCTHBIN
OTYET B COOTBETCTBUHU C TEMHU METOAMUYECKUMH YKa3aHUSIMHU 10 OPOPMIICHHIO OTYETa, KOTOPBIE BbI
MOJIYYMJIN OT MPEIoaBaTeNs MM B METOJUYECKUX yKa3aHUsX.

11. Craiite roToBY10 paboTy MpEnoaBaTelto A1l IPOBEPKU.

12. VYyacTByiiTe B 00CYKIAEHUH U OLIEHKE MOJTYYEHHBIX PE3YJIbTAaTOB MPAKTUYECKON PabOTHI .

[Iporpammoit mo yuebHOomy mnpenmery «EH.01 Maremaruka» mnpeaycMaTpuBaeTCsl BBINOTHEHUE
MPAKTUYECKHUX 3aHATUH, HAIIPAaBJICHHBIX HA (POPMUPOBAHUE CIEIYIOLUINX AJIEMEHTOB:

KOMITeTEHIH:

OK 01. BriOuparp cnocoObl perieHust 3a1ad MpodeccHuoHalbHON NEeATENbHOCTH MPUMEHHUTEIBHO K
Pa3IMYHbIM KOHTEKCTaM;

OK 02. OcyuiectBiaTh TNOUCK, aHANU3 M MHTEPHpETalni0 HHPOpMAIMK, HEOOXOAMMON IS
BBINOJIHEHUS 3a/1a4 TPO(PECCUOHATILHON AEATENbHOCTH;

OK 03. IlnanupoBath U peaan30BbIBaTh COOCTBEHHOE MPOPECCHOHATBHOE U INYHOCTHOE Pa3BUTHE;

OK 04. PabGoratp B KOJJIEKTHBE M KOMaHze, 3(PGEKTUBHO B3aMMOJEHCTBOBATH C KOJUIETaMH,
PYKOBOJICTBOM, KJIMEHTAMU;

OK 05. OcymiectBiATh YCTHYIO W IHCBMEHHYI0 KOMMYHHMKAIMI0O HAa TOCYJapCTBEHHOM S3BIKE
Poccuiickoit @eaepanuu ¢ yueToM 0COOEHHOCTEN COLMATIBHOTO U KYJIBTYPHOT'O KOHTEKCTA;

OK 06. IIposBiasaTh TIpaKAAaHCKO-NIATPUOTHYECKYIO TO3MIMIO, JEMOHCTPUPOBATh OCO3HAHHOE
MOBE/ICHHE Ha OCHOBE TPAJULMOHHBIX OOIIEYEIOBEYECKUX IIEHHOCTEH, NPUMEHSATh CTaHAApPThI
AHTUKOPPYILIMOHHOIO IIOBEJICHUS;

OK 07. CopeiicTBOBaTh COXpaHEHHUIO OKPYXKAIOIIEH Cpenbl, pecypcocOepekeHnro, 3HPEeKTUBHO
JIECTBOBATH B UPE3BbIYAMHBIX CUTYaLUsX;

OK 08. HUcnonp3oBatk cpenctBa (hU3WUECKON KYJIBTYPHI JJII COXPAHEHUS W YKPEIUICHUs 3I0POBBS B



nporecce MPoPECCHOHATBHONW JAESITEIIBHOCTH M TOAJCPX)aHUS HEOOXOIUMOTO YPOBHS (DHU3HUECKOM
IIOATOTOBJICHHOCTH,

OK 09. Mcnons3oBaTh MHGOPMAIIMOHHBIE TEXHOJIOTHUU B MPOGECCHOHATBHON JeATEILHOCTH;

OK 10. ITonb3oBarecsi MPO(ECcCHOHATBHON NTOKYMEHTAlMeH Ha ToCcylapCTBEHHOM W HMHOCTPAHHOM
S3BIKAX;

OK 11. Ucnonp3oBarh 3HaHUS MO (UHAHCOBOM TIPaMOTHOCTH, IUIAHHUPOBATH HPEANPUHUMATEIbCKYIO
NesITeNIbHOCTD B MMPOoQecCUOHANBHOM cdepe.

IIK 1.3. OcyliecTBiATh  OPOLECC  IU3AMHEPCKOTO  MPOCKTUPOBAHUS €  MPUMEHEHUEM
CHEIHATM3UPOBAHHBIX KOMITBIOTEPHBIX MPOTPaMM.

IIK 1.4. [Tpou3BoauTh pacyeTbl TEXHUKO-KOHOMHYECKOTO OOOCHOBAHMS IpenIaraeMoro
MIPOEKTA.

K 4.1. [TnmanupoBaTh paboTy KOJUIEKTUBA.

11K 4.2. CocTaBisiTb KOHKPETHBIC TEXHUYECKHE 3aJaHus Ui peaiu3aliu JAU3alH-TIPOEKTa Ha

OCHOBC TCXHOJIOT'MYCCKUX KapT.

YMmenunii:

yMeHue 1 - mpuMeHATh MaTeMaTHUYeCKHE METO/IbI JIJIs pelIeHus MpodeccuoHabHBIX 3a/1aY;

YMEHHE 2 - UCIOJb30BaTh MPUEMBI U METOIBl MATEMAaTHYCCKOTO CHHTE3a W aHAIW3a B PA3TMYHBIX
npoeccuoHaNbHBIX CUTYAIUSX.

3HaHmii:

3HaHue 1 - OCHOBHBIE TIOHSTHS ¥ METOJIbI MAaTEMaTHYCCKOTO CHHTE3a M aHAJIU3a, TUCKPETHOU
MaTEMaTHKH, TCOPUH BEPOSITHOCTSH U MAaTEMATHYECKON CTATUCTUKA



TEMATUYECKHWMH ILUIAH

Tema KosmuectBo ®opmupyembie | DopMupyemMbie

JIA00PATOPHBIX/MIPAKTHYECKHUX 4acoB HA y,3 OK, IIK

3aHATHI BbinoJiHenue JII13
Ilpakmuueckoe 3auamue Ne 1. 1 V.1-2;3.1 OK.01; OK.11
H300padicenue KoMniekcHulx IK.1.3;1.4
yucen Ha NI0CKOCMuU
Ilpakxmuueckoe 3ansimue Ne 2. 1 V.1-2; 3.1 OK.01; OK.11
Onepayuu Hao MHO20YIeHAMU I1K.1.3;1.4
Ilpakxmuueckoe 3ansimue Ne 3. 1 V.1-2; 3.1 OK.01; OK.11
Pasznoorcenue mnocounena na 1IK.1.3;1.4
MHOCUmMeENU
Ilpakmuueckoe 3auamue Ne 4. 1 V.1-2; 3.1 OK.01; OK.11
Pewenue cucmemui 1unetinoix IIK.1.3;1.4
VpasHeHul
Ilpakxmuueckoe 3ansmue Ne 5. 1 V.1-2;3.1 OK.01; OK.11
Cocmaenenue mabauy IIK.1.3;1.4
UCMUHHOCU
Ilpakmuueckoe 3auamue Ne 6. 1 V.1-2;3.1 OK.01; OK.11
Ipumenenue madbauyvi IIK.1.3;1.4
UCMUHHOCIU 0715
0okazamenbcmed UCMUHHOCMU
BbICKA3bIBAHUIL
Ilpakmuueckoe 3auamue Ne 7. 1 V.1-2;3.1 OK.01; OK.11
Onpeodenenue pagHocUIbHOCIU IIK.1.3;1.4
BbICKA3bIBAHUIL
Ilpakmuueckoe 3auamue Ne 8. 1 V.1-2;3.1 OK.01; OK.11
Onepayuu Hao MHOMXCecmeamu I1K.1.3;1.4
Ilpakmuueckoe 3anamue Ne 9. 1 V.1-2;3.1 OK.01; OK.11
H306padicenue mHodxxcecms u IK.1.3;1.4
onepayuti Ha0 MHOMCECMEAMU C
nomowbio ouazpamm Jdiiepa-
Benna
Ilpakmuueckoe 3auamue Ne 10. 1 V.1-2;3.1 OK.01; OK.11
Pewenue 3a0au ¢ nomowvio IIK.1.3;1.4
KOMOUHAMOPHBIX KOHCIMPYKYUU
Ilpakmuueckoe 3anamue Ne 11. 1 V.1-2;3.1 OK.01; OK.11
Buviuucnenue eeposmnocmu IK.1.3;1.4
cobvimus
Ilpakxmuueckoe 3ausamue Ne [2. 1 V.1-2; 3.1 OK.01; OK.11
Pewenue mpancnopmuuvix 3a0auy IIK.1.3;1.4
C UCNOIb308AHUEM 2PAPO8
Ilpakmuueckoe 3auamue Ne 13. 1 V.1-2;3.1 OK.01; OK.11
Ilpumenenue epagos ons IK.1.3;1.4
peuterus 3a0ay




Conep:xaHue NPAKTHYECKUX 3aHATHI
Pa3zgen 1. Pa3BuTHe NOHATHS 0 YHCJIE
Tema 1.1. KoMIuiekcHbIE YHCIa
IpakTuyeckoe 3ausiTue Nel. M3o00pakeHne KOMIIEKCHBIX YHCeJ HA IVIOCKOCTH
KOJIM4eCcTBO 4acoB 1
Heab: popmupoBaTh yMeHuE rpaduueckoro n300paxeHusi KOMIUIEKCHBIX YHCE, BHITOIHEHUS
apuQMETHUECKUX ONEPAIHid ¢ KOMIUICKCHBIMU YHCITaAMH
3agaua: 3aKpenuTh NOJyYeHHbIC 3HaHUS U HABBIKH, HAYUYUTHCS IPUMEHEHHUIO MOJTYYEHHBIX
HABBIKOB Ha MMPAKTHKE
IlepeyeHnb cpeacTB, UCMOJIb3yeMbIX P BbINOJHEHUH PA00OTHI WK 000PYIOBAHUE :
TeTpalb A MPAKTUYECKUX paboT, pydyka, METOJUYECKHE PEKOMEHJAIMU 10 BBINOJIHEHUIO PaloThI,
KaJIbKYJISITOP.

Bomnpocsl 1)1 NOBTOpeHUs1, 3aKPeNJIeHUs] TEOPETHYECKOT0 MAaTepHasia K NPaAKTHYEeCKOMY
3aHATHIO

Kak10My KOMIUIEKCHOMY 4UCTy Z = @+ib MOXHO IOCTABUTH B COOTBETCTBHE YHOPSAMOYEHHYIO IAPY
JICHCTBUTEIIBHBIX YHCET (a: b) Hao00poT. Takas yrmopsoucHHAs napa JeHCTBUTESIIBHBIX YHCEI
OTIpeIeNisieT TOYKY UM BEKTOP Ha IIOCKOCTH.

CrenoBatebHO, KOMIUIEKCHOE YUCIIO BUJIA Z = atib u3o0paxkaercs Ha

KOOPJAMHATHOU MJIOCKOCTH TOYKOU M(a, b) yyy BEKTOPOM, Ha4aji0 KOTOPOTO COBMAAAET C HAYAJIOM
KOOPJHMHAT, a KOHeIl ¢ T. M.

Cama xoopanHaTa TNIOCKOCTH HA3bIBACTCS MPU TOM KOMIUIEKCHOM TUIOCKOCTH, OCh abCIuce —
JIEUCTBUTEIHOU OChIO, OCh OpJIMHAT — MHUMOM OCBIO.

Hanpumep, nzo0Opasum uncia

z=2+3i, z=-3+4i, z=-4-4i, z=3i, z=3-2i, =6 (puc. 1).

1

Zy

"""""""" Puc.1.

[IpencraBieHre KOMIJIEKCHOTO YMCIa KaK BEKTOpa Ha IMIIOCKOCTH MO3BOJISIET BBECTH MOHATHE MOYJISl U
apryMeHTa KOMIUIEKCHOTO YHCIa.

MojayJieM KOMIUIEKCHOTO YKCIia Ha3bIBAIOT UTMHY BEKTOPa, KOTOpasi COOTBETCTBYET JaHHOMY YHCITY
(o6o3HauaroT 1 MO0 D).

AprymenTom komiuiekcHoro uncna (Z#0) maspiaioT Benumuuny yrioa © Mexy MooKUTeIbHBIM
HaIlpaBJICHUEM JEHCTBUTEIBHON OCH U BEKTOPA, KOTOPBIN COOTBETCTBYET JaHHOMY KOMIUIEKCHOMY
YHCITY.

PaccmoTpum pucyHok:



Yy
b z(a; b)
r i
o |
0 a X
puc. 2

2 2
Ha ocnoge Teopemsl [Tugaropa monyuaem " = Vd  + b-.
Hanpumep, koMiiekcHoe guciio Zz=8 — 6i umeeT Moayib paBHbIi 10, Tak Kak

F=4/8% +(=6)* =/64+36 =4/100 =10 .

APFYMGHT KOMIIJIEKCHOTO YHclIa Z # 0, B OTJIIMYHHU OT MOAYJIA, BBIYUCIIACTCA HCOAHO3HAYHO. Tax

apryMEHTOM 4YHCIIa S SABIISIOTCS CIEAYIOIINE
=05¢,=2n; @, =-2m, ... , =2k (k=0,+1,42..

yrosr ¥ ) Cpenu 0ECKOHEYHOTO MHOXKECTBA 3HAYCHHUI

ApTyMEHTa TOJIBKO OJHO IPHHALICHKHUT npomexkytky (76 7) BIH(0: 27) 31y spauenns aprymenta mbl
1 Oy/IeM BBIYKCIISATD.
ApPryMEHT JIETKO BBIYHCIIUTH, €CIIM KOMILIEKCHOE YMCIIO PACIIONOKEHO B | ueTBepTH. Jl€HCTBUTENBHO,
COIJIACHO TPUTOHOMETPUYECKUM COOTHOIIEHUSM B IPSMOYTOJEHOM TPEYTOJIbHUKE (PHC. 2) HMEEM:
b b
tggp=—, @=arctg— .
a a
Ecin KOMILIEKCHBIE YMCIIa Pa3MELIEHBI B IPYTHX YETBEPTAX, TO HEOOXOMMO ITPOBECTH

JAOMNOJIHUTECIIBHBIC PACCYKIACHUA. PaCCMOTpI/IM pHucC. 3. BI/II[I/IM, qTO OJIA

b b
[l getBepTH @ =p —arcigl—|;  o1a Il GeTBepTH @ = p + arctgl—| ;
o a
. b b
A IV usepri @ = —arctg|—|, tupo @ = 2p —arctg—|,
a d
SCJIH 3a al‘ctg— IIPHHHMATE 3HA4YEHHE OCTPOTro yria .
o
A A 1
IH o¢=n-a
¢=a
o) o
O=T + o v v =- 0

11 A%

Takum oOpazom, aNropuT™M HaAXOXKICHUS apTyMEHTa KOMIUIEKCHOTO YHCIIa CIIEAYIONIUH:
1.0npenenuth K03hGUIMEHT a,0 3a1aHHOT0 KOMIUIEKCHOTO YHCIA.
b
a = arctgl—|.
2. Haiitn d

3. YCcTaHOBUTH, B KAKOW YETBEPTH PACTION0KEHO KOMIUIEKCHOE YUCIIO.

4. BelYMCIUTD apryMEHT ? cormacho NpUBEIEHHBIM (hopMyIam.
Bo3moxHBI U Ipyrue crnocoObl HAX0KIEHHUS apryMeHTa KOMIJIEKCHOTO YMCIIa, HalpUMep:



b _
acrtg—, . ecau mouka (a;b) npuradnexcum I nuoo IV vemeepmu;

o= a

b ;
7 —arctg—, ecau mouxa (a;b) npunaonesxcum II nuéo IIT vemeepmu;
a

cos@p =
160 apryMeHT | OIpeJelIsSioT 110 CHCTEME

]

sing =

~ w2

Ipumep 4. Haiitu apryMeHT KOMILIEKCHOTO uncna 2 =11 V3.

Pemenne:
1. BEIMHCTHTE a=1, b= —\/g. 1
K03 DHITHEHTEI —
2.Hatit ocTprlii yron = a = arctg# =60". - ﬁl}i
e

3. BLISCHHTE, B KAKOH YeTBEPTH HAXOIUTCA JAHHOE YHCI0 (pHC. 4).
4. APTYMEHT, KOTOPEIH COOTBETCTBYET TAHHOMY KOMILTEKCHOMY THCTY
OpHEALISKHAT IV g9eTBepTH, TO ecTs ¢=—a=-060",
L bis
Oteer: ¢ =-60" =— 3
Tpuronomerpundeckasi GopMa KOMILIEKCHOI0 YHCJIA

Paccmotpum puc. 2. CornacHO TPUrOHOMETPUUYECKUM COOTHOLLIEHUSM B MPSMOYTOJIbHOM TPEYTOJIbHUKE

4pcia 8,0 MOXKHO BBIPA3UTh yepes ' U P rakum o0OpazoM:

a=rcosp ; b=rsing .

Torma KOMIIJIEKCHOE YKCIIO 3aIUILIETCS B BUJIE:

z= atib= rcosqtirsing = r(cos@+ising).

3anuch KOMIUIEKCHOTO YMCila B TAKOM BHU/I€ HA3bIBAETCS TPUTOHOMETPHYECKOii hopmoii
KOMILIEKCHOT'Q YMCJIA.

CrnenoBatenbHO, 1715 TOTO, 4YTOOBI MEPENTH OT ajireOpandeckoi (opMBbl 3aMCH KOMILJIEKCHOTO
yuca z = atib Kk TpUrOHOMETPHUYECKOM, JOCTATOYHO HAWTH €r0 MOIYJIb U apTyMEHT.

IIpumep 5. 3anucarh 4uca0 < = —N3-i g TPUTOHOMETPHYIECKOH (opme.
Pewenue:

Haitném momynp = (—3)2 + (— 1}2 =3+1=4/4=2.
-1 1 \/g ~ E

o = arctg|——| = arctg — = arctg —
Haiiném octpelit yrou 9- V3 ‘ V3 : 3 6
BekTop, KOTOpBI COOTBETCTBYET JaHHOMY KOMILJIEKCHOMY YHCIIY IPUHAJICKUT TPETHEU YETBEPTH,
@ZE#—EZT—E, :=—J§—£:2{cos?—ﬁ+isin?—ﬁ}
IIO3TOMY apr'yMEHT PaBEH 6 6 CIIE1I0BATEIILHO 6 6
z= (cos7—H+ Esin?—;r] .
OTBeT: 6 6

JIn1st TOTo, YTOGBI TIEPEHTH OT TPUTOHOMETPHUECKOH (POPMBI 3AMHUCH KOMILIEKCHOTO
qucna Z = F(cos@ti sﬂmp)_ K aNreOpandeckoil, J0CTaTOYHO HAWTH JeliCTBUTEIbHEIE Yncna a, b u3
= rcosQ; b= rsing.

opmyn ¢
Ipumep 6. 3anucath 4UCIO = = 2(cos330"+isin330°)

Haiinéum $in330° ; €0s330°

B anreOpanyeckoi hopme.



V3

¢0s330" = cos(360°-30%)= cos30"= —;

sin330"= sin(360°-30") = -sin30" =

»

2
L
2

Torma a =2 ﬁ =J§; b=2[_%]=_1_

2
CrenoraTelIsHO Z = 2(00533()U +isin 33{)0)= \E—." .

OrBer: z:ﬁ—f.

JelicTBUA HA/l KOMIUIEKCHBIMHY YU CJIAMU B TDUTOHOMETPHYECKOH (hopme

B Tpuronomerpuyeckoit popme 3armucu KOMIUIEKCHOTO YHCIIa BBIMOIHAIOT AEHCTBUS YMHOXKEHN,
TIeTICHHsI, BO3BE/ICHUS B CTEIICHb, U3BJICUCHHSI KOPHA N-i creneHu. BoiBenenue Gpopmyi, mo KOTopeiM
BBINOJIHAIOTCS IEHCTBHSI, OTHOCUTEJIBHO ITPOCTHI M OCHOBBIBAIOTCS HA OCHOBHBIX (hopMysax
TPUTOHOMETPHH.

Tlycts z,=r (cosptising)Ta z,=r(cosg tising,),
o _h o
—=—(cos(p, — ;) +isin(g, —p,))
Torma z, 1 1 2 1 2

z,z, =1 -1, (Cos(@, )t isin(@, +,)).
CrnenoBaTenbHO, P YMHOKCHHH KOMITICKCHBIX YHCEJ, 33/IaHHBIX B TPUTOHOMETPUYIECKOU popme, nx
MOJIYJIA TIEPEMHOXKAIOT, a ApPTYMEHTHI CKJIAbIBAIOT; IIPU JACIEHUN — MOJYJIH JIETIST, a apTyMEHThI
BBIYUTAIOT.
[IpaBmiio yMHOKEHHS KOMIUIEKCHBIX YHCET aBTOMAaTHYECKH PACIPOCTPAHSIETCS Ha IPOU3BOJILHOE

qncio MHOKHUTENeH. Eciu B3aTh paBHbie MHOKuTesm 2 — H{C0s@tising), To
z" =(r(cos@+ising))” =r"(cosng +isinng).
[Tonydennyro dopmyny Ha3siBatoT hopmyJioii MyaBpa.

JU1s1 M3BIeYeHNN KOPHS N-i CTETeHN U3 KoMIUTeKcHoro unca 2 — T(C0S@HSING) yononpsyor
dopmyay:

":’{;:d"(CDS@HSiﬂ@} = Qf;[cos p+2mk +fsin¢’+2ﬂk}

n n

n —
rne V! apudmernueckuii kopens, k=0,1,...,n-1.

3
Hpryep 7. Janb koMrutekcHste qacaa 2= 12(c0s225%isin225%) w z,= 5 (cos75"+isin75")
HaliTH poH2BeIeHHA 2 'Z, H JaCTHO® 21 Pe3yneTar 3anHcaTh B anreGpandeckol ¢opme.
z
: 2
Pemenne: Hcnone2ys NpaBHIa YMHOXKEHHS H JeleHHT KOMIUIEKCHEIX THCel B
TPHIOHOMETPHISCKOH (hopMe, oIy HM:

2.2, =12 %(cos(zzs“ +75") +isin(225" +75%)) =

3

—18(005300”+."sin300”)—lS{%—JT]—‘)—‘)iﬁ;

Z

22 %(005(2250 ~75%) + isin(225° —75°)) =

2

301
=8(cos150° +isin150") JK[—%H‘E] =43 + 4i.

Otget: z,:7Z, :9—."9\/5; 2—12—4-\5—0—41'.

3
_ 04 it A0S .
Ipumep 8. Boraucurs 2~ (2(C0s24i8IN24%))". rper sammcars B anreGpanyeckoii hopme.

Pemenne: Haxonnwm:



z=2"(cos(5-24") +isin(5:24")) = 32(cos 120" +isin120") =

1 3

=32 ——+i X2 | =16 +16in/3.
22
Orper: Z=—16+i16y3.

(Jg_f)m‘

3

Pemenue: 3anuiiem 4uciio \/_ —! B rpuronomerpudeckoii popme:

Ipumep 9. Borunciutsb

Torma
V3 —i=2(cos330° +isin330°) ,

(V3 - i ~2cos330%+isin3307) -
—210.(cos10-330isin10-330°)=2 (cos(60°+9-360°)Hisin(60°+9-3607))—

N

. 1
=210.(cos60°+isin60°)=1024 [5+ fTJ =512+512i43 .

omser: (3 - if* ~512+i51243.

4/
IIpumep 10. Beruucnure 81.  Orger samnmmre B anredpanveckor U TPUrOHOMETPUYECKOM

dbopmax.
Pemenue: 3anuiiem uncio -81 B Tpuronomerpudeckoii popme:

81 =81(cosm + isinm) .
Torpa:

v-81 :ifﬁ[cos 742K | isin ;Hfﬂk ],me k=0,1,2,3.

4
Mpu k=0:

x 70 (7 =0 T .. T
z, =3 cos Z+T +isin Z+T =3 coserJsmE =

_3(£+£J_ﬂ+,-ﬂ
2 2 2

2
Mpuk=1:
;=3 cos(£+£]+:’sin[£+£) =3 ——2+i£ 77£+5£
' 4 2 4 2)) 2 2 2 2
Mpuk=2:
z, =3 cos{£+n]+isin[£+:rJ =3 7—27:'£ *gﬂ'ﬂ
T 4 4 - 2 2 2 2
Ipuk=3:
zy = 3| cos £+3£ +isin £+3_:r =3 E—fﬂ :—ﬁﬂ‘ﬁ .
4 2 4 2 2 2 2 2
3aanus AJ1s1 IPAKTHYECKOT0 3aHSITHSA:
1 BapuanT 2 BapuaHT

Ne 1. M300pa3uTe HA JIOCKOCTH 3aJaHHbIE KOMILIEKCHbIE YHCJIA!

Z1=4i Z1= -5i

Z2=3+I =4+

10



Z3= -4 +3i Z3=-7+2i

Z4= - 2 -5i Z 4= -3 - 6i

Ne 2, Hp0n3BennTe CJO0KCHHUE U BbIYMTAHUEC KOMIVICKCHBIX YU CEJI:

A) (3 +5i) + (7 - 2i). (3-2i)+ (B +i).

0) (6 + 2i) + (5 + 3i). (4 +2i) + (-3 +2i).
. . (=5+2i)-(5+2i).

B) (—2+ 3i) - (7-2i). . .

r) (5 — 4i) - (6 + 2i). (=3-50) - (7 -2,

KoHTpoJibHBIE BONIPOCHI
1) UTo Ha3BIBAIOT KOMILIEKCHBIM YUCIOM?

2) B kaxom ciyuae poipaennst a+0ly ¢ +di cayrarores parbmvMun?

3) Ilpu KakoM YCIOBMM KOMILIEKCHOE uncio &+ bi oroxmecTBIsICTCS © NEliCTBUTEIBHBIM THCTOM
a?

4) Kakoe KOMIUIEKCHOE YMCIIO HAa3bIBAIOT MHUMbIM YUCIIOM?

5) Kakoe KOMIUIEKCHOE YMCIIO Ha3bIBAIOT MHUMOW SIMHUIICH?

6) Uro Ha3BIBAIOT JEHCTBUTENBHOM YaCTHIO, MHMMOM YacThio uncna z=a+ bi |
7)  Kak 0603Ha4aroT JIeHCTBUTEILHYIO YaCTh, MHMMYIO 4acTh yncia z=a+ bi 5

8) Uro HasbIBAIOT CyMMOil KoMILIekcHbIX uncen &+biy c+di?

9) Yro HA3BIBAKOT PA3HOCTBIO KOMILIGKCHBIX uncen 21— &1 T by 2, =a, +b,i,

10) B 4eM cOCTOHMT reOMEeTPUUECKOe H300paKEHNE KOMILICKCHBIX Ynces?

11) Kakomy reoMeTprueckoMy Mpeodpa3oBaHMIO IIOCKOCTH COOTBETCTBYET CyMMa JBYX
KOMIUIEKCHBIX YHCen?

12) Kak pacnosiokeHbl TOUKA KOMIUIEKCHOM IJIOCKOCTH, COOTBETCTBYIOIINE yucaaM a+bi u a-bi?

13) Kak pacnosokeHbl Ha KOMILIEKCHOM IIOCKOCTH TOYKH, COOTBETCTBYIOIIHE TPOTHBOIOIOKHBIM
gucnam Z u -Z?

14) Bo 4TO MEpexXOAUT KPYT SAUHUIHOTO PaHyca C IIEHTPOM B Havayie KOOPIHHAT TPH

npeobpasosanmn Z—>Z—2+317

CnucoK peKOMeHyeMoii JIUTePaTyphbl:
1. Bammvakos M.U. Maremaruka. YueOHuk. 2019 .
2. bammaxos M.M. MaremaTtuka. 3amaudauk YueOHoe ocodue. . — M. «Axkagemusi», 2018 .

Tema 1.2. MHOT0O4JI€HbI

IIpakTuyeckoe 3ansaTHe Ne2. Onepanuu HAJA MHOTOYIEHAMU

KOJIH4eCcTBO 4YacoB 1

Ilesb: HAy4YNTHCS BBINOJIHATH JEHCTBHS HAJl MHOTOWICHAMH

3agaya: 3aKpenuTh NOJyYEHHBIE 3HAHNS U HaBBIKHM, HAYUYNTHCS IPUMEHEHUIO MTOJIYYEHHBIX

HAaBBIKOB Ha IPAKTHKE

Ilepedyenn cpeacTB, HCNOJIb3yEeMBbIX IIPH BBINOJHEHUH padoThl MM 000Py10BaHHE ©
TeTpajab JJS MPAKTHYECKUX paboT, pyuka, METOAMYECKHE PEKOMEHJAIMH MO BBITOJHEHHUIO PabOTHI,
KaJIbKYJISATOP.

BOHpOCI)I AJISl MOBTOPEHUS, 3AKPCIVICHUA TCOPETUIECCKOIo MaTepuajia K NPaKTUHYIE€CKOMY

3aHATHIO
MHoro4jes — 3T0 CymMMa OJJHOYJICHOB.
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Hanpumep, BepaskeHue 2X + 4xy? + X + 2xy? apnsercs MEorounenoM. IIpolie roBopsi, MHOTOUIEH 3TO
HECKOJIBKO OJIHOWJICHOB, COEIMHEHHBIX 3HAKOM «ILITIOCY.
B HEKOTOpPBIX MHOTOUJICHAX OAHOYJICHBI MOTYT COCUHSTHCS 3HAKOM «MUHYCY.
Hanpumep, 3X — 5y — 2x. Ciieyer UMETh BBUAY, UTO 3TO MO-TIPEKHEMY CyMMAa OJTHOUJICHOB.
Msuorouien 3X — 5y — 2X 3T0 cymMMa oIHOWIEHOB 3X, —5Y U — 2X, T0O ecTh 3X + (—5Y) + (—2X).
[Tocne packpbITusi CKOOOK 00pazyercss MHOTOWICH 3X — Sy — 2X.

3X + (=5y) + (—2x) = 3x — 5y — 2x
Co0TBETCTBEHHO, pacCMaTPUBasi O OTAEIBLHOCTU KaX/IbIil OJJHOUJIEH MHOTOUJIEHA, €r0 HY>KHO
paccMaTpuBaTh BMECTE CO 3HAKOM, KOTOPBIH Nepes] HUM pacroniaraercs. Tak, B
MHOTOUWIeHE 3X — 5y — 2X MUHYC Mepe] OJHOWICHOM 5y OTHOCHUTCS K KO3 PUIIMEHTY 5, a MUHYC Tepe
OJTHOUJIEHOM 2X OTHOCHUTCS K KO3 durpenty 2. YToObl HEe MPOTUBOPEUUTH OMPEICICHHIO MHOTOWICHA,
BBIUUTAHUE MOYKHO 3aMEHSITh CJI0KEHUEM:

3X =5y — 2x = 3x + (-5Yy) + (—2X)
Ho 310 neficTBue HarpoMosk/1aeT MHOTOWIEH CKOOKaMU, IOATOMY BBIYMTAHUE HA CIIOKEHUE HE
3aMEHSIOT, YUUTHIBAs B OyIyIEeM, YTO KaKIbIH OJJHOWIECH MHOTOWIEHA Oy/IeT pacCMaTpUBAThCs BMECTE
CO 3HAKOM, KOTOPBIii MIepe]l HUM pacroiaraercs.
OnHOYICHBI, U3 KOTOPBIX COCTOMT MHOTOUWIEH, Ha3bIBAIOT YJI€HAMHU MHOT0YJIeHA.
Ecny MHOrO4JIeH COCTOUT U3 JIBYX WICHOB, TO TAKOM MHOTOWIECH Ha3bIBAlOT ABY4JIeHOM. Hanpumep,
MHOTOYJIEH X + Y SBISIETCS ABYYJICHOM.
Ecny MHOrO4JIeH COCTOUT U3 TPEX WICHOB, TO TAKOM MHOTOWIECH Ha3bIBAIOT TpexuaeHoM. Hanpumep,
MHOTOYJIEH X + Y + Z SIBJISIETCS TPEXUJICHOM.
Ecnu xakoit-HUOYIb MHOTOWIEH COIEPKUT OOBIYHOE YHCIIO, TO 3TO YHCIIO HA3bIBAIOT CBOOOTHBIM
Yj1eHOoM MHoro4wieHa. Hampumep, B MHOrowieHne 3X + 5y + z + 7 ujeH 7 SBisieTcsi CBOOOHBIM YJICHOM.
CB0OO/IHBII YJIeH MHOTOWICHA HE COJCPKHUT OYKBEHHOM 4acTH.
MHOrouseHOM TakXke SIBIsSIeTCs J000€e YMCI0BOE BhIpaxeHue. Tak, ClieyroIIne BEIPaKeHUs SIBISIFOTCS
MHOTOYJICHAMH:

2+3
5+3+2
5-4+9

CioxeHue MHOTO4JICHOB
K MHOrouneny MoxxHo npubaBuTh Apyroil MHorousieH. Hanpumep, npubaBuM K
MHOTOUJIEHY 2X + Y MHOTOUJIeH 3X + Y.
3aKII0YMM B CKOOKH KaXK/IbIii MHOTOWIEH M COCTUHUM UX 3HAKOM «ILTIOCY, YKa3bIBasi TEM CaMbIM, YTO
MBI CKJIaJIbIBA€M MHOTOUJICHBI:
(2x+y) + (3x +Y)
Teneps packpbiBaeM CKOOKH:
2X+y+3x+y
Janee nmpuBeEM 1o 100HbIE CllaraeMble:
2X+y+3x+y=5x+2y

Takum oOpa3om, IpH CIOKEHUH MHOTOWICHOB 2X + Y 1 3X + Y MoxydaeTcss MHOTOWIEH SX + 2.
Pazpemaercs Taxke ciokeHHE MHOTOWICHOB B CTOJIOUK. J[J1s1 9TOT0 MX CemyeT 3amucarh Tak, YTOOBI
1o/1I00HBIE CllaraeMble pacroiarajiuch Ipyr MO IPYroM, 3aTeM BBIOJHUTH caMO cliokeHue. Permum
MpeIbIAYIINUNA TPUMEp B CTOJIOUK:

2x +y

3Ix +y

Sx +2y
Ecnu B 01HOM M3 MHOTOUYJIEHOB OKaXKETCS cllaraéMoe, KOTOpOe HE MMEET MOT00HOTO C1araeMoro B
JPyroM MHOTOYJIEHE, OHO MIEPEHOCUTCS K pe3ysbTaTy 0e3 u3MeHeHuil. Kak roBopsT npu cioxxeHuu
OOBIUHBIX YHCETT — «CHOCHUTCS.
Hanpumep, CIoKUM B CTOTOUK MHOrounensl 2X2 + Y3 + 2 + 2 u 5x% + 2y, JIns Havana 3amuureM ux Tak,
4TOOBI 10100HBIE ClIaraeMble PAcHoaraluch APYT MO APYroM, 3aTEM BBINOJIHUM HX CIOKEHHE.
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OOHapyxruBaeM, YTO BO BTOPOM MHOTOUWIEHE HE COJIEPIKATCS CllaraeMble, KOTOPhIe MOYKHO ObLIO OBl
CJIOKUTh CO CJIaraéMbIMH Z U 2 U3 IepBOro MHorouwieHa. [loaromy ciaraemsle Z 1 2 mepeHOCSTCS K
pe3ynbraty 0e3 U3MEHEHUH (BMECTEe CO CBOUMU 3HAKAMH )

2x*+ Y 4z 2

S5x*+2y°

Ix* +3y° 4242
Pemum sToT xe MMpUMEP € IMIOMOIIBIO CKOOOK:
2 +y +z2+2) + (B +2y%) =2X +y  + 2+ 2+ 52+ 2y = (22 + BXY) + (Y2 + 2y%) + 2+ 2 =TX* +
3y3+z+42

Ipumep 3. C1oxuTh MHOTOWICHBI 7X° + Y + 7% 1 X3 — 72
Pemmm 3T0oT nmpumep B CTONOWK. 3anmuiieM BTOPOi MHOTOUWICH 0T IEPBBIM TaK, YTOOBI MOA00HBIC
cllaraeMble paclojarajvch JAPYT MO APYTOM:

I +y+z°
+ 3 2

X -z

8x° +y

Bo BTOpPOM MHOI'OYJICHC HEC ObLIIO cjaracMoro, KOToporo MOxXHo OBILJ10 OBI CJIOKHUTH CO ClIaraeMbIM Yy u3
NEpBOT0O MHOTI'OYJICHA, ITO3TOMY 3TO CJIaracMoc OBLI0 HepeHecéHo K pe3yJIbTaTy 0e3 u3MeHeHui. A
CIIO’KeHHe TIOI0OHBIX CIaraeMbix Z2 u —z2 nano B pesyibrate 0. Homb Mo Tpamuium He 3amuChIBAEM.
[103TOMY OKOHUYATEIBHBINA OTBET ITO 8X° + V.
Perum 3TOT e mpuMep ¢ OMOIIIBI0 CKOOOK:

(MC+y+2)+ (- =7C+y+ 22+ -22=(1C+X3) + (Z2- D) +y=83+y

BbrunTanue MHOro4/J1e¢HOB
N3 MHOrO4IEHa MOKHO BBIYECTH APYTroM MHOrowieH. Hanmpumep, BeraTeM H3
MHOTO4IeHa 2X + Y MHOTO4IeH 3X + Y.
3aKII0YUM B CKOOKHU KaXK/1blii MHOTOWIEH U COEJUHUM UX 3HAKOM «MUHYC», YKa3bIBasi TEM CaMbIM, YTO
MBI BBIIIOJIHSIEM BBIUUTAHUE:

(2x+y) = (3x +Yy)

2X+y—3x—Yy
HpI/IBeI[éM HO,Z[O6HBIC citaraeMmble. CiaaraeMele yu —Y SABJSIOTCA IPOTUBOIIOJIOKHBIMU. Cy'MMa
IMPOTHUBOIIOJIOKHBIX CJIaraCMbIX paBHA HYJIIO
y+(y)=0
HpI/IBOI[H HOI[O6HI>IG cJlaracMbI€, MbI 0OBIYHO CKJIaabIBA€M HX. Ho B kauecTBe 3HaKa ornepanr MOKHO
HCIIOJB30BAaTh 3HAK OJHOYJICHA. TaI(, IIpUBOJAA HO,Z[O6HBIC cjaracMsaie Y 1 —) MBI CJIOXKHWJIA UX T10
IpaBuIy NPpUBCACHUA HOI[06HBIX ciraraeMeIX. Ho MoskHO He CKJIaJibIBasl, 3aIlIMCaTh UX APYT 3a APYyromMm
y-y
HOJ’Iy‘II/ITCSI TOT KC€ PE3YJIbTAaT, IOCKOJIbKY BhIPAXKCHUA y + (—y) n y - y OAVHAKOBO PaBHBI HYIIIO:
y-y=0

Bo3sspamaemcs k Hamemy npuMepy. BeruepkHem dieHsl Y 1 —y:

2x3k£;—3x-33k

A croxeHue MoJOOHBIX ClTaraeMbIX 2X U —3X, IaCT B pe3yibTaTe —X
2X + (—3X) =X
W 6e3 crioxeHwus, 3aIicaB YWICHBI APYT 3a APYTOM:
2X —3X ==X

3HAYUT, IPU BBIYUTAHUH U3 MHOTOWIEHA (2X + Y) MHOTOWIeHa (3X + Y) MOIy4rTCsl OHOUWIEH —X.
Pemum 5TOT e mpumep B CTOJIOHK:
_ 2x+y

3x+y

Teneps packpoem CKOOKH:

—X
13



IIpumep 2. Boruects n3 MHOTOWIeHa 13X — 11y + 10z MmuOTOUWNeH —15X + 10y — 152
PermmM >TOT npuMep ¢ MOMOIIBIO CKOOOK, a 3aTeM B CTOJIOHK:
(13x — 11y + 10z) — (—15x + 10y — 15z) = 13x — 11y + 10z + 15x — 10y + 15z = (13x + 15x) +
(=11y — 10y) + (10z + 15z) = 28x + (—21y) + 25z = 28x — 21y + 25z
. DBx-11y+10z
—15x+10y—-15z

28x—-21y+25z
Crenyer ObITh BHUMATEIBHBIM IIPH BEIYUTAHUU B CTOJIONK. Eciu He cieauTh 3a 3HakaMu, BEPOATHOCTh
JOIYCTUTh OIINOKY OUeHb BbICOKA. Hy»KHO y4HUTBIBATh HE TOJBKO 3HAK OINEpAaIMU BIYUTAHUS, HO U
3HAK pacHoJIaraloluics Nepes cllaraéMbIM.
Tak, B qanHOM npumMepe u3 ciaraemoro 10z BeruuTanock ciaraemoe —15z
10z — (—152)
Pe3ynbpTaT BEIUMCIIEHUS 3TOTO BBIPAXKEHUS 10JIKEH ObITh I10JIOKUTEIIBHBIM,
nockoinbky 10z — (—15z) = 10z + 15z.
CkuazipIBast UM BBIYMTAsE MHOTOWIEHBI TP TOMOILM CKOOOK, EPBHII MHOTOWIEH B CKOOKH MOXKHO HE
3akmo4arth. Tak, B JanHOM npuMepe u3 MEorowiena 13X — 11y + 10z TpeboBasioch BEIUECTD
MHorouwieH —15x + 10y — 15z
BrrauTanue 0bU10 3amucaHo Tak:
(13x — 11y + 10z) — (—15x + 10y — 152)
Ho nepBblif MHOTOWIEH MOKHO HE 3aKJIFOYaTh B CKOOKHU:
13x — 11y + 10z — (—15x + 10y — 152)
3aKiIr04YeHre IEPBOr0 MHOTOYJIeHa B CKOOKH Ha MEPBbIX M1OPax MO3BOJSET HAUMHAIOIIUM HaIJIsTHO
YBHUJIETb, YTO BTOPOM MHOTOWIEH IOJHOCTBIO BBIYUTAETCS U3 IIEPBOIO, @ HE U3 OIPEIEICHHOM €ro
YacTH.

IIpencraBjieHHe MHOTOYIEHA B BU/I€ CYMMbI HJIH PAa3HOCTH
MHorouseH MOKHO TIPEICTAaBUTh B BUI€ CYMMBI WIIH Pa3HOCTH MHOTOWIeHOB. [1o cytu 3T0 06paTHOE
JICHCTBHE PACKPBITUIO CKOOOK, TTOCKOJIBKY HJICS TTOIPa3yMEBAET, YTO UMEETCSI HeKMiI MHOTOWICH, U U3
HEro MOKHO 00pa3oBaTh CyMMY HJIM Pa3HOCTh MHOTOUYJICHOB, 3aKJIFOUHB B CKOOKH HEKOTOPBIE U3
YJIEHOB UCXOJHOTO MHOTOYJICHA.
[Tyctb umeetcst MHoTouwieH 3X + 5y + zZ + 7. [IpencraBuM ero B BUAe CyMMBI IByX MHOTOUJICHOB.
Wtak, n3 9IeHOB UCXOHOTO MHOTOWICHA HY)KHO 00pa30BaTh JBa MHOTOWICHA, CII0KEHHBIC MEKITY
coboii. J[aaiiTe 3aKJIFOYMM B CKOOKHM WICHBI 3X M DY, a TaKXkKe 4eHbl Z U 7. Jlanee 00beTMHUM KX C
MTOMOIIBIO 3HAKA «TUTFOCH
(Bx+5y) +(z+7)
3HaueHUe UCXOHOTO MHOTOUWICHA IIPH 3TOM HE MeHsieTcsl. Ecii pacKphITh CKOOKH B TIOTYIHBIIIEMCS
BeIpakeHnu (3X + By) + (z + 7), To cHOBa moJTydruM MHOTOWICH 3X + by +Z + 7.
(B3x+5y)+(z+7)=3x+by+z+7
B ckoOKHM Takke MOXKHO OBIIIO OBI 3aKJIFOUNTH WICHBI 3X, BY, Z ¥ TpHOaBHUTh 3TO BEIPAXKCHHE B CKOOKAX
K WIeHy 7
(B3x+by+2z2)+7
[IpencraBisiss MHOTOYIEH B BUJIE PAa3HOCTH MHOTOWICHOB, HYKHO MIPHUICPKUBATHCS CIEIYIOIIETO
npaBwiIa. ECITU 4iIeHBI 3aKITFOYAI0TCS B CKOOKH TIOCIIE 3HAKA MHHYCA, TO 3THM WICHAM BHYTPH CKOOOK
HYKHO TIOMEHSTh 3HAKH Ha TIPOTHUBOIOIOKHBIE.
Bepremcs k mHOTOUNeHyY 3X + 5y + z + 7. [IpencTaBum ero B BUJIe pa3HOCTH JIBYX MHOTOUJICHOB.
JlaBaiiTe 3aK1I0YMM B CKOOKM MHOTOUJICH 3X U DY, a TakkKe Z U 7, 3aTeM 00beTUHUM HX 3HAKOM
«MUHYC»
(Bx+5y)—(z+7)
Ho MBI BUAMIM, 9TO TIOCTIE 3HAKAa MUHYCA CIICTyeT 3aKIF0UCHHUE WICHOB Z U 7 B CKOOKH. [ToaToMy 3THM
YJieHaM HYXKHO MTOMEHSTh 3HAKW Ha MPOTHUBOIONIOXKHEIE. JlenaTh 3TO HY>KHO BHYTPU CKOOOK:
@Bx+5y)—(-z—-7)
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3aKIrovast WieHbl B CKOOKH, HY>KHO CIISUTH 32 TeM, YTOObI 3HAUEHHUE HOBOTO BBIPAKEHUS
TOKIECTBEHHO OBLIO PaBHO MPEABIAYIIEMY BEIPAKCHUIO. DTHM U OOBSCHSIETCS 3aMeHa 3HAKOB WICHOB
BHYTpHU cKoOOK. Eciit B BeipaskeHuu (3X + 5y) — (=2 — 7) pacKpbITh CKOOKH, TO MMOJyYUM H3HAYATbHBIH
MHOTOUJIeH 3X + 5y +Z + 7.

(B3x+5y)—(-z—7)=3x+5y+z+7
Boo0iie, npencTapiisiss MHOTOYICH B BHJIE CYMMBI HITH PA3HOCTH, MOXKHO MTPHUICPKUBATHCS CIIEAYIOIINX
TIPaBUII:
Ecan nepen cko0KaMu CTABUTCS 3HAK «ILTKOC», TO BCE YiIeHbl BHYTPHU CKOOOK 3alIUCHIBAIOTCS CO
CBOMMH K€ 3HAKAMH.
Ecau nmepen ckodkamMu cCTaBUTCS 3HAK KMHHYC», TO BCe WIEHbI BHYTPH CKOOOK 3aMMCHIBAIOTCS C
NPOTHBOMOJIOKHBIMHU 3HAKAMH.
Ipumep 1. Tpencrasuts Maorownen 3x* + 2x3 + 5x2 — 4 B Bujie CyMMBI KAKUX-HHOY/Ib JIBYYICHOB:

(3x*+ 2x3) + (5x2— 4)

Hpumep 2. [pencraputs muorowien 3x* + 2x3 + 5x% — 4 B Bujie pa3sHOCTH KaKUX-HUOY/Ib IBYHJICHOB:
(3x*+ 2x%) — (—5x% + 4)

Ilepen BTOpBIME CKOOKAMH PAcHOJIaraacs MUHYC, HOITOMY WiIeHbI 5X% 1 —4 GBUIH 3aIHCaHBI C

MIPOTHBOIOJIOKHBIMHU 3HAKAMHU.

MHoOro4/1eH 1 ero cCTaHIapTHBINA BU/
MHorouseH, Kak ¥ OTHOYJICH, MO>KHO IPUBECTH K CTAaHJApTHOMY BUIY. B pesynbrare momy4aercs
YIPOIIEHHbBII MHOTOWIEH, C KOTOPBIM YJI00HO paboTaTh.
YToOBI MPUBECTH MHOTOWIEH K CTAaHJAPTHOMY BHIY, HY)KHO IIPHBECTH MOJO0HBIE CllaraeMble B 3TOM
MHorowieHe. [Too0HbIe criaraeMple B MHOTOWICHE Ha3bIBAIOT MOJ0OHBIMH YJIeHAMH MHOTOYWIEHA, a
NpUBE/ICHHE TIOAOOHBIX CIaraéMbIX B MHOTOWICHE — NMPHBEAeHHEM €ro NoJ00HbIX YIEHOB.
IMono6HbIe YIeHbI MHOTOYJIEHA 3TO YJIeHbl, HMEIOIIHe 0JHHAKOBYI0 O0YKBEHHYIO YaCTh.
[puseném MuOroueH 2X + 4Xy? + X — Xy? k cTangapTHOMY BHYy. 1S 5TOr0 MPUBENEM €ro T0J00HbIE
unensl. [10J06HBIMY YIeHAMH B 9TOM MHOTOUJIEHE ABISIOTCS 2X 1 X, a Takxke 4Xy? u —Xy2.

2x +4xp* +x —xp° = 3x + 307

B pe3ymbTaTe NOTy4HIN MHOTOUWIEH 3X + 3Xy?, KOTOpBIA He NMeeT MoJ00HBIX uneHOB. Takoi BU
MHOTOYJI€HA HAa3bIBAIOT MHOTOYJIEHOM CTAHAAPTHOIO BH/A.
Kak ¥ y 0JJHOUIEHa, Y MHOTOUJIEHA HMEETCS cTerneHb. UTOOBI ONpe/IeuTh CTENEHh MHOIOUJIEHA,
CHAJaa ero Hy>KHO IIPUBECTU K CTAHIAPTHOMY BHUJLY, 3aTEM BBIOPATh TOT OJAHOUIEH, CTENEHb KOTOPOTO
SIBJISIETCS] HAUOOJIBIIIEH U3 BCEX.
B npeasIayIeM npuMepe MbI IPHBENM MHOToUneH 2X + 4Xy? + X — Xy? K cTaHaapTHOMY Buy. B
pe3ynbTaTe Moaydran MHOTOUIEH 3X + 3Xy2. OH COCTOMT M3 JIBYX OJHOWIEHOB. CTENEHBIO TIEPBOTO
OJIHOUJICHA SBJIAETCA 1, a CTENEHBI0 BTOPOro OfHOUIEHA ABjIseTcs 3. HanGompIas u3 3Tux cTeneHeit
apygeTcs 3. 3HAYUT, MHOTOWIEH 3X + 3Xy? ABJIAETCS MHOTOUICHOM TPEThEH CTETICHN.
A TOCKOJIBKY MHOTOUNIEH 3X + 3XY? TOXKIECTBEHHO PaBeH MPEIbLIYIEMY
MHOTOWIEHY 2X + 4Xy? + X — Xy, TO ¥ 3TOT Ipe/bI Iy MHOTOUIEH SIBIISIETCS MHOTOYICHOM TPETheH
CTEIEHH.
CTenenbi0 MHOTOYJIEHA CTAHIAPTHOIO BUAA HA3BIBAIOT HAHGOILLIYIO U3 CTeleHell, BXOAAIUX B
Hero 0JHO4JICHOB.
B HEKOTOPBIX MHOIOUJIEHAX TIPEKJIE BCEro TpeOyeTcs MPUBECTH K CTAHJAPTHOMY BH/y OJHOYJIEHBI,
BXOJISIKE B HETO, ¥ TOJBKO MIOTOM IIPUBOJUTE CAM MHOTOUJIEH K CTAHAAPTHOMY BH]LY.
Hanpumep, npusenem MHEorodteH 3xXX* + 3xx® — 5x2x® — 5x?X K cTaHZapTHOMY BHy. DTOT MHOTOUJICH
COCTOHUT U3 OJHOYJICHOB, KOTOPHIE HE IIPUBEIEHBI K CTaHAapTHOMY BHy. CHauana pUBENEM HX K
CTaHIapTHOMY BHJLY:
3xx* + 3xx3 — 5x23 — 5x2 = 3x° + 3x* — 5x° — 5x°
Teneps monyuansnmmiicss MEOrowteH 3X° + 3x* — 5x° — 5x3 MOXKHO PUBECTH K CTAHAAPTHOMY BHY. Jlns
3TOTO TIPUBEJIEM €ro MOA00HbIE UeHbl. [10100HBIMY SBISIOTCS YWiIEHBI 3X° 1 —5X°. BoJble Nog00HbIX
unenoB HeT. Unens! 3x* n —5x3 6yayT nepenucansl 663 N3MEHEHHIL:
3xx* + 3xx3 — 5x?x® — 5x2x = 3x° + 3x* — 5x° — 5x3 = —2x° + 3x* - 5x3
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Ipumep 2. Tlpusectn maorouwneH 3ab + 4cc + ab + 3¢ k cTaHIAPTHOMY BHILY.
Cuauana npuBeieM 0JJHOWIEH 4CC, BXOAIIUN B UCXOJIHBI MHOTOWIEH, K CTAHJaPTHOMY BUY,
noyaum 4c?
3ab + 4cc + ab + 3¢? = 3ab + 4¢® + ab + 3¢?
Jlasiee npUBEIEM TT0I00HBIC YJICHBI:
3ab + 4cc + ab + 3¢ = 3ab + 4¢% + ab + 3¢? = 4ab + 7¢?

Hpumep 3. [Ipusectu MHOTOUNEH 4X2 — 4y — X% + 17y — Y K CTaHIapTHOMY BH]IY.
[To06HBIMU UNIeHAMH B JAHHOM MHOTOUJIEHe sABNAIoTCA 4X2 1 —X2, a Takoke —4Y, 17y u —y. [Ipusenem
ux:
A2 — 4y — X2+ 17y —y = 3x%+ 12y
[TpuBoas MOI0OHBIE YWICHBI, MOXKHO HCIIOJIb30BaTh CKOOKH. J[JIs 7TOr0 MO00HBIE WICHBI CIeTyeT
3aKJIFOYUTh B CKOOKH, 3aTeM OOBEIMHHUTH BHIPAKEHUS B CKOOKAX C MOMOIIBIO 3HAKA «ILTIOCH.
Pemum npeabIayImii mpuMep ¢ IOMOIIbI0 ckoO0K. [1o100HbIMY YTeHaMu B HEM ObUIH 4X% 1 —X2, a
taioke —4Yy, 17y u —y. 3akIr04uM uX B CKOOKH U 00BETMHUM C TOMOIIBIO 3HAKA ILITFOCH
A2— 4y — x>+ 1Ty —y = (4x2—X®) + (—4y + 1Ty —y)
Teneps B ckoOKax BBIOJHUM IPUBEICHUE MTOIOOHBIX YICHOB:
A2 — 4y — x>+ 1Ty —y = (X2 — X?) + (—4y + 17y —y) = (3x?) + (12y)

B nomyunsmemcs Boipaxerun (3x2) + (12y) packpoeM cKoOKH:

A2 — 4y — x>+ 1Ty —y = (X2 — X?) + (—4y + 17y —y) = (3x?) + (12y) = 3x? + 12y
Kone4Ho, Tako# 1MoIX0/1 HArpOMOYK/IAET BBIPAKCHUE, HO 3aTO IMTO3BOJISICT CBECTH K MUHUMYMY
JONYIIEHHE OLUIHOOK.

Ipumep 4. Ipusectn MuOTOWIeH 12X2— 9y — 9X? + 6Y + Y K CTAHIAPTHOMY BHLY.
3aKIII04MM B CKOOKH MOIOOHBIC ClIaraeMble U 00bEIMHIM UX C TOMOIIBIO 3HAKA «ILTHOCH
12x2— 9y — 9x?+ By + y = (12x°— 9x?) + (—9y + 6y + V)
Jlanee BBIYUCIIAEM COJCPKUMOE CKOOOK:
12x2— 9y — 9x?+ By + y = (12x%— 9x?) + (—9y + 6y +y) = (3x%) + (-2y)
N30aBnsiemcst 0T CKOOOK MPH MOMOIIM PACKPBITHS:
12x2— 9y — 9x%+ By + y = (12x%— 9x?) + (—9y + 6y +y) = (3x%) + (-2y) = 3x2— 2y

N3menenne nopsiaka cjiei0BaHHUsA YICHOB
Paccmotpum aBywien X — Y. Kak caenate Tak, 4ToObI WieH —Y pacrnojaraics nepBbIM, a
YJIEH X BTOPBIM?
MHorousieH 3To cymma 0JJHOWIEHOB. TO eCTh UCXOIHBIN JBYUJIEH IBYUJIEH X — Y SIBIISIETCA
CYMMOU X U —y
X+ (-y)
OT nepecTaHOBKHM MECT CJIaraéMbIX CyMMa He MeHsieTcs. Toraa X 1 —y MOKHO IIOMEHSATh MECTAMHU
—y + X

IMpumep 2. B aByuneHe —y — X IOMEHITh MECTaMH YJICHBI.
JIBydileH —y — X 3TO CyMMa YIEHOB —y U —X
—y +(=X)
Toraa cormacHo mepeMeCTUTEIEHOMY 3aKOHY CII0KeHHs moxyduM (—X) + (—Y). M30aBum BbIpakeHHE OT
CKOOOK:

Taxum 00pa3oM, pereHne MOKHO 3aMucaTh IOKOPOYE:
VoX=Tx oYy

Tpumep 3. YIOpAI04UTE 4ileHB MHOTOUIEHA X + Xy® — X2 B ops/Ike YObIBAHUS CTETICHEH.
HauGonburyo cTeneHb B JaHHOM MHOTOUIIEHE HMeEET WieH Xy°, najee —X2, a 3aTeM X. 3amuIiieM ux B
9TOM HOPAJIKE:
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X+ xy? —x? = xy3— X2+ x

YMHOKeHHEe 0THOYWIEHA HA MHOTOYJIeH
OHOWICH MOYXHO YMHOXKUTh Ha MHOTOWICH. YTOOBI YMHOXHUTH OJIHOWICH HA MHOTOWIEH, HY’)KHO 3TOT
OJTHOWICH YMHOXKUTh Ha KaXK/IbIi WICH MHOTOYJICHA U MTOJYYCHHBIC TPOU3BEICHHUS CIOKHTH.
Hanpumep, yMHOKHM OJHOUIEH 3X? Ha MHOrousieH 2X + Y + 5. [Ipy yMHOKEHHH OJHOUIEHA Ha
MHOTOYJICH, MTOCIEIHUI HY)KHO 3aKJII0YaTh B CKOOKH:
3x%(2x +y +5)
Teneps yMHOXMM OJHOUIEH 3X2 HAa KA/l wieH MHOrounena 2X + Y + 5. INosyuarommuecs
MIPOU3BEJICHNUS Oy/IeM CKJIaIbIBaTh:
3I(2x+y +5)=3x? x 2x + 3x*x y + 3x*x 5
Bbrauciimm nosyduBIrecs Npon3BeACHUS:
3x%(2x +y +5) = 3x% x 2x + 3x? x y + 3x? x 5 = 6x> + 3x?y + 15%°
TakuM 06pa3oM, IPH YMHOKEHHUH OJJHOWICHA 3X? Ha MHOTOWIEH 2X + Y + 5 momydaercs
mHorounen 6x3 + 3x%y + 15x,
YMHOKEHHUE JKEIAaTEIbHO BBIMOIHATE B yMe. Tak penieHue moixydaeTcs Kopoye:
3x%(2x +y +5) = 6x3+ 3x%y + 15x2
B HEKOTOpHIX pUMepax OJHOUWIEH PacIoIaraeTcs ocie MHOTOWIeHa. B 3 ToM ciydae onsTs ke
KaX/IbIi YJIEH MHOTOYWICHA HY)KHO IIEPEMHOXKUTH C OJIHOYWICHOM U TIOJTYyYCHHBIC TIPOU3BEICHUS
CIIOKHUTb.
Hanpumep, npeapiayuii mpuMep MOr ObITh JIaH B CIICIYIOIIEM BH/IE:
(2x +y + 5) x 3%
B 3TOM cltydae Mbl yMHOXKHJIH OB KaXK/IbIi 4ieH MHOTouseH (2X + Y + 5) Ha ogHOuneH 3X? U CIOKUIN
OBl MOJTyYeHHBIE PE3YIIbTAThI:
(2x+y +5) x 3x? = 2x x 3x2 +y x 3x% + 5 x 3x? = 6x> + 3x%y + 15x°
YMHOKEHHE OJHOWICHA HA MHOTOWIEH (MM YMHOXEHHE MHOTOYJICHA Ha O/IHOYWICH) OCHOBAHO Ha
pacrpeeuTeIbHOM 3aKOHE YMHOKCHUSI.
alb+c)=ab+ac
To ecTh YTOOBI YMHOXHTB YHCIIO 8 HA CYMMY D + C, Hy’)KHO YHCIIO 8 YMHOXXHUTD Ha KaXK/I0€ ClIaraeMoe
CYMMBI b + C, ¥ TIOJTyueHHbIC TIPOU3BEICHUS CIIOXKHUTh.
Boo0Ouie, yMHOKEHHE OJHOUJICHA HAa MHOTOYJICH, 1a ¥ PaCIPeACIUTENbHBIN 3aKOH YMHOXKCHUST HMEIOT
F€OMETPUYECKHUM CMBICI.
JlormycTiM, UMEETCs MPSIMOYTOJILHUK CO CTOPOHaMK a U b

VYBenuyum cTOpoHy b Ha C

JlocTporM OTCYTCTBYIOIIYIO CTOPOHY M 3aKPACHUM JIJIS HATJISTHOCTH MOJYYUBIIAICS MPSIMOYTOJIbHUK:
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Tenepp BbIUMCINM IJIOMIAAb MTOTYYUBIIETOCsS OOJIBIIOrO MpsiMOyroyibHUKa. OH BKIIIOYaeT B ce0s
JKENTBIN U CEPBIN IIPAMOYTOJIBHUKU.
YT10ObI BBIYMCIUTH TUIOMIAIb TOTYYUBIIETOCs OOJIBIIOTO MPSMOYTOJIbHUKA, MOXHO MO OTACILHOCTH
BBIUUCIIUTH IUIOLIA/IU JKEJITOTO U CEPOro MPSIMOYTOJIBHUKOB U CJIOXKHUTH MOTYYCHHBIE PE3YIbTATHI.
[Tinoma e sKenToro NpsIMOyroJibHMKa OyeT paBHa ab, a MIomaab ceporo ac
ab + ac

A 3TO BCE paBHO UTO JUTMHY OOJBIIOT0 NPSIMOYTOJbHUKA YMHOXKHUTH Ha €ro MHUpuHy. JlinHa B JaHHOM
ciydae 3to b + ¢, a mupuHa 370 a

(b+c)xa
WK IIUPUHY YMHOKUTD Ha JJTUHY, YTOOBI PACIIOIOKUTh OYKBHI @, b 1 C B anaBUTHOM MOPSIIKE:

ax(b+c)
Takum 06pa3zom, Beipaskerus a X (b + €) u ab + ac paBHbI 0IHOMY U TOMY K€ 3HAYECHUIO (OHOM U TOM
e TUTOIIAIH )

ax(b+c)=ab+ac
K mpumepy, mycTs y Hac UMeeTcs NPSIMOYTOJIBHUK JUIMHOW 4 CM, M IIUPUHOM 2 CM, ¥ MBI YBEITUUMIIH
JUTMHY Ha 2 CM
4 2

Toraa rromanes TaHHOTO MPSAMOYTOJIbHUKA Oy/eT paBHa 2 X (4 + 2) win cyMMe IJIOMIaAeH JKeJITOro 1
CEeporo MpsIMOYTOJILHUKOB: 2 X 4 + 2 X 2. Beipaxkenusi 2 X (4 +2) u 2 X 4 + 2 X 2 paBHbI OJIHOMY U
TOMY e 3HaueHuto 12
2x(4+2)=12
2x4+2x%x2=12

[Toaromy,

2x(4+2)=2%x4+2x2=12.
JleicTBUTENHHO, B TONYYUBIIEMCS OOJIBIIIOM MPSMOYTOIBHUKE COJEPIKUTCS IBEHAIIATh KBaPAaTHBIX
CaHTUMETPOB:

4 2

Tpumep 2. YMHOKATH OJHOUIEH 28 HAa MHOTOU/IeH a2 — 7a — 3
VMHOXHM OTHOWIEH 28 HA KaX/IbIH WIEH MHOTOWIEHa a8 — 7a — 3 ¥ CIIOKHAM MOJy4YECHHBIE
MMPOU3BCACHUS:
2a(a®—7a—3) =2a x a’ + 2a x (—7a) + 2a x (—3) = 2a% + (—14a%) + (—6a) = 2a>— 14a’— 6a
WNinn nmokopoue:
2a(a’—7a—3) =2a’— 14a’—6a

Ipumep 3. YMHOXUTS ofHOWIeH —a?h? Ha MHOrOuneH a?h? — a2 — b?
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VMHOKHM ogHOuNeH —a?h? Ha Kakplil unen MHOrowteHa ab? — a2 — b? u coxkuM moTydeHHbIE
IIPOU3BECHUS:
—d'b(a'b —a' - b)) =—a'b* xa'b’ +(—a’b ) x (—a®) +(—a’bH) x (b)) =
=—a'd +a'bt’ +a’d’
Wnu nokopoue:
—a'b (@' -a* b)) =—-a'b* +a'b +a'b’

Ipumep 4. Bemonuuts ymaoxenne —1,4x2y8(5x%y — 1,5xy? — 2y°)

VmuoxuM ofHouner —1,4x%y® na xaxnpriii wien Maorounena 5x3y — 1,5xy? — 2y3 u croxkum
MOJTyYCHHBIC TTPOU3BEACHUS:

—14x*y5 (5 y = L5y —=297) = —L4x*y® x 5y + (-14x* %) x (-L30*) +

+(LAxty) x (-2p7) = Ty + 21yt + 2.8x%)°
Wnu nokopoue: )
—1LA4x? v (5P vy —13xp? =297 = —7x7yT + 2.16° " + 2.8x¢%°

1 2 3 4
- —.13-’[— X —Txy+— yz]

Ipumep 5. Bemonnuts ymaokenue 2 3 4 5
2, 3 4
——xv . —X __‘U',—I__}',
VYMHOKHM OJHOWIEH 2  Ha KaJIblil 4leH MHOrO4jIeHa 3 47 57 ¥ CI0XKHUM HOJTy4eHHbIE
TIPOM3BEICHUS:
1 (20 B4 L2 (1N (3,
273 47 s 27 3 2 4

1 2

2 5 6, 8 10_

1 3 3 2.2 2 3
= XY+ Xy - =y
3 t 8 J 570

WNim mokopoue:
1 (2, 3 4, 1 5 3 ,, 2 4
e et U Al Ik 5 U S ) R
2 °\3 4 5 3 8 5
BrInosiHss KOPOTKHUE peLIeHUs, PE3YAbTAThI 3aIIMChIBAIOT Cpa3y APYT 3a APYrOM BMECTE CO 3HAKOM
MOJIY4EHHOTO WiieHa. PaccMOTpHUM MOA3TaIHO, Kak ObUIO BHITIOJHEHO KOPOTKOE PEIICHUE TaHHOTO

IpuMepa.

2., 3 4 5
——xv — X ——xy+—-y
CHauana OiHOUNEH 2  HYKHO yMHOXHTb HA IEPBEIi UleH MHOTOUNIEHA \. 3 4 5" J, 10 ecth
3
20 ——Xy
Ha 3 . YMHOXeHHE BHIIONHAETCS B yMe. [lomyuaercs pesynprar 3 . B ucxogHoM BeIpakeHUn

CTaBUM 3HAK PaBCHCTBA U 3allMCbIBACM HepBLIﬁ pe3yibTar:

170,2ch 31}’+4J’2 B 1r3y
277137 47 s 3

ITocne 3Toro B HCXOJHOM BBIPAKCHUN HUKAKHUX 3HAKOB CTaBUTbH HCJIb34. Hy)KHO Cpa3y MpUCTYIAaTh K

CIIEYIOIIEMY YMHOKEHUIO.
1

Crenyronum marom OyJeT yMHOKEHHE OJIHOWIeHA 2  Ha BTOPO# wieH
2, 3 4, 3 3
{_x ——Xy+—y __‘U', _xl}jl
MHOTO4IeHa \ 3 4 3 Jroecrbua 4 . Tomyuaercs pesymbrar 8
2242
SIBIISIETCS TIOJIOKUTEIBHBIM, TO €CTh CO 3HAKOM TIIOC 8 . B ucxogHoMm BbIpaKeHUU 3TOT PE3yJIbTAT

h)

. OTOT pe3ysbTar

1 3
[ — x J_!
3aIMUCBIBACTCS BMCCTC C 3TUM IIJIFOCOM CPa3y MOCJIC YJICHA 3
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1 (2, 3 4 . 1 3 5,
__IJ', —X __-r_}"‘l'__}', - ——X J_: + —X };

[ 3 4 5 ] 3 8

[Tocne 3TOro B MCXOAHOM BhIpa)KEHUHM HUKAKUX 3HAKOB CTaBUTh HeJb3s. HyXHO cpa3y mpuctynaTh K

CIIEYIOIEMY YMHOKEHUIO.

1
—_—— ‘x:-}} .
Creyronmm maromM OyIeT YMHOKEHHE OJJHOYWIEHA 2  Ha TPETHi 4jieH
2, 3 4 4 5
[—xz —Ixy+— y‘"] -V _2 o
MHOTOuJIeHa \ 3 4" 5 J roectpHad . Ilomyuaercs pe3yapTaT S5 . DTOT pe3yibTar

ABJICTCSA OTPULATCIIbHBIM, TO €CTh CO 3HAKOM MUHYC. B HUCXOJHOM BBIPAXKCHUU 3TOT PC3YyJIbTAT

+Zxty?
3aICHIBAETCS BMECTE CO CBOMM MUHYCOM Cpasy MocJie wieHa 8

1 2, 3 4, 1, 3 ., 2
1 I e e Al Sy L Sy e g
2 [3 4 5'} ] 3 ! 8 ! 5

WHorma BCTpedaroTcsi BBIPAKEHHSI, B KOTOPBIX CHavYalla HY)KHO BBITIOJTHUTH YMHOXXKEHHE OJJTHOUJICHA Ha
MHOT'OYJICH, 3aTE€M OIISITh Ha OJHOWIeH. Hampuwmep:
2(a+ b)c
B stom npumepe cHavana 4ieH 2 yMHOXaeTcsl Ha MHOrowieH (a + b), 3aTeM pe3ynabTat yMHOKAETCS
Ha C. /Iy Havasa BBIOJHUM YMHOXKeHHE 2 Ha (& + D) 1 3aKi0urM MOTy4eHHBIN pe3yIbTaT B CKOOKH
2(a + b)c = (2a + 2b)c

Ck0OKHM TOBOPST O TOM, UTO pe3yJIbTaT yMHOKeHHs 2 Ha (& + D) monHocThI0 yMHOXKaeTcs Ha C. Eciu
ObI MBI HE 3aKJIFOUMIIN CKOOKH 2@ + 2, To mosyuniiocsk Obl BeipaxkeHue 2a + 2b X ¢, B KoTopom
Ha ¢ YMHOXKaeTcsi TOJIbKO 2D. D10 mpuBeno Obl K M3MEHEHHUIO 3HAYCHHUS H3HAYAIBHOTO BBIPAXKCHUS, &
3TO HEJIOIYCTUMO.
Wrak, nonyuwiu (2a + 2b)c. Tenepb ymHOaeM MHOTOWIEH (2a + 2b) Ha ofHOWIEH C ¥ MOJTy4aeM
OKOHYATEJIbHBIN PE3yJIbTaT:

2(a + b)c = (2a + 2b)c = 2ac + 2bc
VYMHOKEHHE TaK)Ke MOXHO OBbLITO OBl BRITIOJHUTH CHa4Yaaa yMHOXHB (& + D) Ha ¢ u monmy4yeHHbII
pe3yabTaT MEPEMHOKHUTD C YWICHOM 2

2(a + b)c = 2(ac + bc) = 2ac + 2bc
B nanHOM citydae cpabaThiBaeT COYeTaTeNbHBIA 3aKOH YMHOKEHHUS, KOTOPBIA TOBOPUT O TOM, YTO €CIIH
BBIPAKEHNE COCTOUT M3 HECKOJIBKUX COMHOXHTENEH, TO IIPON3BEICHNE HEe OY/IEeT 3aBHCETh OT MOPSAKA
JICUCTBUIL:

axbxc=(axb)yxc=ax((bxc)
To ecTn YMHOXCHHUE MOYKHO BBITIOJIHATDL B JIF000M MopsJaKe. 10 HE HpI/IBeI[éT K UIBMCHCHUIO 3HAUYCHU S
HU3HAYAJIbHOT'O BBIPAKCHUA.

YMHOKeHHe MHOTOYJIeHA HA MHOTO4JIeH
YToObl YMHOKUTh MHOTOYICH HA MHOTOUWIEH, HYXHO KaXX/Iblii 4WICH MIEPBOr0 MHOTOYJICHA YMHOKHUTh
Ha KaXXJIbI{ WIEH BTOPOTO MHOTOYJICHA U TTOJTyYSHHBIE TIPONU3BEICHUS CIIOKUTb.
Hanpuwmep, ymHOX)HM MHOTOWIEH X + 3 Ha 'y + 4
3aKITF04MM B CKOOKHM KasK/Iblii MHOTOWIEH M 00BbEANHUM UX 3HAKOM YMHOXKEHHS X
(x+3)x(y+4)
JIn6o 3anumieM uxX Apyr 3a APYrom 0e3 3Haka X. DTo Toxke Oy/AeT 03HaYaTh yMHOKEHUE:
(x+3)(y +4)
Ternepb yMHOKUM KaxKblii WiIEH EPBOro MHOTouIeHa (X + 3) Ha KaX/Iblil YICH BTOPOTo
MHorowieHa (Y + 4). 31ech onsTh ke OyAeT MPUMEHSIThCS PaCTIPEISTUTEIbHbIN 3aKOH YMHOKEHHSI:
(a+b)c=ac + bc
OTanume B TOM, 4TO y HAC BMECTO MIEPEMEHHO# C uMeeTcs MHOrowieH (Y + 4), cocTosuii U3
uieHoB Y u 4. Hara 3a1aya ymMHOKUTH (X + 3) cHauana Ha Y, 3ateM Ha 4. UToOBI HE JOMYCTUTD OIINOKY,
MOKHO TIPEJICTAaBHTh, YTO WICHA 4 ITOKa HE CYILECTBYET BOBce. J[JIsl 3TOro ero Mo»HO 3aKpPBITh PYKOH:
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(x+3)(y

[Tomy4yaem npUBBIYHOE /U1 HAC YMHOKEHHE MHOTOWICHA HAa OJJHOWICH. A UMEHHO, YMHOKCHHE
MHOrouwieHa (X + 3) Ha 0JJHOYJICH Y. BBIMOIHUM 3TO YMHOXKEHUE:

(x+3)(y+4)=xy+3y
Me1 ymuo)uiu (X + 3) Ha y. Tenepsb octanock yMHOKUTH (X + 3) Ha 4. J1J1s1 3TOr0 YMHOXKAEM KaX bl
yyieH MHOTOWwIeHa (X + 3) Ha oxHouwteH 4. Ha 1ot pa3 B ucxoaHoMm BeipakeHuu (X + 3)(y + 4) pykoii
3aKpoeM Y, MOCKOJIbKY Ha HEro0 Mbl YK€ YMHOXaIi MHOTowieH (X + 3)

x+3)(h*+4)

[Monydaem ymMHOXeHHE MHOTOWICHA (X + 3) Ha onHOWICH 4. BBINOJIHUM 3TO YMHOKEHHE. Y MHOKCHUE
HEOOXOAUMO MPOAOILKATh B cxoanoM mpumepe (X + 3)(y + 4) = xy + 3y
(x+3)(y+4)=xy+3y+4x+12
Takum 06pa3om, pu yMHOKEeHHH MHOTOWwIeHa (X + 3) Ha mHOrowIeH (Y + 4) monyyaercs
MHOTO4IeH XY + 3y + 4X + 12.
[To npyroMy yMHOX€HHE MHOTI'OUYJI€Ha HA MHOTOYJIEH MO>KHO BBIIIOJIHUTD €ILE TaK: KaXbli YWICH
IIEPBOIO0 MHOTOWIEHA YMHOUTh HA BTOPOM MHOTOWIEH LIEJIMKOM U ITOJIy4EHHBIE IPOU3BEICHUS
CIIOXKUTb.
Pemmm npeasiayniuil npumep, BOCIOIb30BaBUIMCH 3TUM CIIOCOOOM. Y MHOKUM KasK/Ibli WIEH
MHOTrouJieHa X + 3 Ha BeCb MHOTOWIEH Y + 4 IIeIMKOM U CII0KHUM IOJIyY€HHBIE TPOU3BEACHHUS:
(x+3)(y+4)=x(y +4) +3(y +4)
B pe3ynbpTare npuxoauM K yMHOKEHHIO OJIHOWIEHA Ha MHOT'OUYJIEH, KOTOPOE Mbl U3YUYHIIM paHEe.
BpInosiHUM 3TO yMHOKEHUE:
(X+3)(y+4)=x(y +4)+3(y +4)=xy +4x +3y +12
[TonydnTcs TOT e pe3ysIbTaTr YTO U paHbIlle, HO WIEHBI MOJYYEeHHOIO0 MHOTOUIeHa Oy 1yT
pacnoJiaraTbCsi HEMHOTO I10 IPYTOMY.
YMHOkKEHNE MHOTOWICHA HA MHOT'OWIEH UMEET FT€OMETPUYECKUI CMBICIL. JlomycTuM, nMeeTcs

MPsAMOYTOJIbHUK, AJIMHA KOTOPOTO a ¥ IIWPHUHA b
a

[Tnomane 3TOro MpsMOYyrobHUKA OyAeT paBHa a X b.

VYBennuuM JUIMHY JaHHOTO MPSIMOYTOJIbHUKA Ha X, a IIUPUHY Ha Y
X

X

y y

I[OCTpOI/IM OTCYTCTBYIOIINEC CTOPOHBI U 3aKPACUM JJISI HATJIIAHOCTH NOJTYUUBIIHUCCA IPAMOYT'OJIbHUKU
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X

y y

Tenepb BBIYMCIMM IO/ TOTYYUBIIETOCS OOJBIIOTO MPSIMOYTOIbHHUKA. JIJIs1 5TOTO BBIYUCIHM T10
OT/IEJIBHOCTH IUIOIIAb KaKIO0T0 MPSIMOYTOJbHHUKA, BXOIAIIETO B 3TOT OOJIBIION MPAMOYTOJIBHUK
CIIOKHM TOJTyYCHHBIE pe3yabTaThl. I1I01mans sKEITOro mpsMoyrojibHUKa OyaeT paBHa ab, miomais
ceporo Xb, momans GroIeToBOro ay, IIOIaAb PO30BOTrO Xy

ab + xb + ay + xy
A 9T0 BCE PaBHO YTO YMHOYHTH JUTMHY TOJYYHBIIErOCs OOJIBIIOTO MPSIMOYTOJIbHUKA Ha €T0 HIHPUHY.
JlvHa B IAHHOM ciTydae 3To a + X, a mupuna b +y

@+x)(b+y)
To ectb Beipaskenus (a + X)(b +y) u ab + xb + ay + Xy TOXk/1eCTBEHHO paBHBI
@+x)(b+y)=ab+xb+ay+xy

[pencraBuM, YTO y HAC UMEIICS TPAMOYTOJIBHHUK, JUTMHON 6 CM M IIMPHHON 3 CM, ¥ MBI YBEJTMYHIIHA €70

JUIMHY Ha 2 cM, a IIMpHUHY Ha 1 cMm
6 2

1

HOCTpOI/IM OTCYTCTBYIOIIHME CTOPOHBI U 3aKPACUM JJIA HATJIAJHOCTH IOJTYUUBIIHUECA IPAMOYT'OJIbHUKU

1

[Tnomane momy4uBIIerocs: OOJBIIOrO MPSMOYTroibHUKA Oyet paBHa (6 + 2)(3 + 1) niu cymme
TIoMIaIel MPSIMOYTOJIbHUKOB, BXOJISAIINX B OOJBIION MPIMOYTONbHUK: 6 X 3+2x3+6%x1+2x 1. B
000WX CITyYasx IMOJYYUM OJFH U TOT JKe pe3yabTar 32
6+2)3+1)=32
6x3+2%x3+6x1+2x1=32
ITosToMmy,
6+2)(3+1)=6x3+2%x3+6x1+2%x1=18+6+6+2=32
JleicTBUTENHHO, B TTOIYYUBIIEMCS OOJIBIIOM MPSMOYTOIBHUKE COEPKUTCS TPUIIATh J1Ba KBaIPATHBIX
CaHTHMeETpa:
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IMpumep 2. YMHOXUTH MHOTOWIEH @ + b Ha C + d
3aKIIFOYMM UCXOIHBIC MHOTOUYICHBI B CKOOKH U 3aIHIIEM HX JAPYT 38 IPYrOM:
(a+Db)(c+d)
Tereps yMHOKHM Ka)X/Iblii YICH IIEPBOro MHOrOWIeHa (& + b) Ha KaIplil YiieH BTOPOro
muorouwieHa (C + d)
(@+b)(c+d)=ac+bc+ad+hd

Ipumep 4. Bemonuuts ymaoxerue (—X — 2y)(X + 2y?)
VMHOKXHMM KaKIbIi 4leH MHOTOUWIeHa (—X — 2Y) Ha KaXKIblii ueH MHOTO4WIeHa (X + 2Y?)
(—X = 2y)(X + 2y?) = —x2 — 2xy — 2xy?— 4y3
Pe3ysbraT nepeMHOXKEHHS YWICHOB HY)KHO 3allMChIBATh BMECTE CO 3HAKAMH ATHUX WICHOB. PaccMoTpum
MOATAITHO, KaK ObLT PeLIEH JaHHbIA PHMED.
UTak, TpeOyeTcst yMHOKUTH MHOTOUNEH (—X — 2Y) Ha MHoroueH (X + 2y?). CHauana Haj0 yMHOXKHTD
MHOTOWIeH (—X — 2Y) Ha TepBblii ywieH MHOrouneHa (X + 2y2), To ecTh Ha X.
VMHOKaeM —X Ha X, TTonmydaeM —X2. B ucxoanom Beipaxkennu (—X — 2y)(X + 2y?) cTaBuM 3HAK PaBeHCTBA
¥ 3aMHChIBaeM —X?
(=X = 2y)(x + 2y%) =%
I[Tocrne 3TOro B MCXOHOM BBIPOKCHUM HUKAKUX 3HAKOB CTaBUTh Helb3s. Hy)HO cpa3y nmpuctynaTh K
CIIEYIOILIEMY YMHOXKEHHUI0. A UMEHHO YMHOKEeHUIO —2Y Ha X . [lonyuurcs —2Xy. DTOT pe3ynbTar
SIBJISICTCSL OTPHLIATENEHBIM, TO €CTh CO 3HAKOM MHHYC. B MCXOIHOM BBIpaKCHUH 3aIHChIBAEM
pe3ynbTaT —2Xy cpasy mocie uneHa —X2
(=X = 2y)(x + 2y%) = —x*— 2xy
Teneps yMHOXaeM MHOTOUIEH (—X — 2Y) Ha BTOpO#i wieH MHorouneHa (X + 2y?), To ecTh Ha 2y?
VMHOKaeM —X Ha 2y?, momydaeM —2Xy2. B HCXOHOM BBIPAKEHHH 3aMUCHIBAEM STOT PE3YJIbTAT CPasy
rocJie ujaeHa —2Xy
(—X = 2y)(X + 2y?) = =X — 2xy — 2xy?
I[IpucTymaeM K clenyroleMy yMHOKEHHIO. A IMEHHO yMHOKeHHIo —2Y Ha 2y2. TTonyuaem —4y°. B
HCXO/IHOM BBIP@XEHHH 3TOT PE3yJbTAT 3alHChIBAEM BMECTE CO CBOMM MHUHYCOM Cpa3y 1oce
unena —2Xy?
(—X — 2y)(X + 2y?) = —x2— 2xy — 2xy? — 4y®

Tpumep 5. Bemonauts ymuOXeHue (482 + 2ab — b?)(2a — b)

VMHOKHM KaXKIbIi WwieH MAoTouneHa (4a2 + 2ab — b?) Ha kaxmpIii wien MAorounena (2a — b)
(4a* +2ab-b*)2a—-b) =8d’ +4a*b—2ab* —4a*b—2ab* + b’

B nonyuuBIemMcst BBIpaKCHUH MOKHO TIPHBECTH MOI00HBIE CllaracMble:
(4a® +2ab-b*)2a~b) =8’ +4a%b ~2ab® — 4ab ~2ab* + b’ =

=84 — 4ab* + B

IMpumep 6. Bemmonuuts ymuoxenne —(a + b)(c — d)

B sT0T pa3 nepen ckoOkaMu pacrosiaraercs MUHYC. DTOT MUHYC siBisgeTcs kodddurmentom —1. To
€CTh UCXOJIHOE BhIpaKEHHUE SIBIIACTCS MPOU3BEACHUEM TPEX COMHOKUTENEH: —1, MHOrOowiIeHa (& + b) u
MHorowieHa (¢ — d).

~1(a+b)(c—d)
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CorylacCHO COYETaTEILHOMY 3aKOHY YMHOKEHHS, €CITH BHIPAKEHHE COCTOMT M3 HECKOIBKHX
COMHOXKUTEJICH, TO €0 MOKHO BBIYUCIISATH B JTFOOOM MOPSIIKE.
[TosToMy cHavaa MOKHO MEpeMHOXHUTh MHOTOUWIEHBI (@ + b) u (¢ — d) u monyueHHbIH B pe3yabTaTe
MHOTrO4JIEH YMHOXHTD Ha —1. [Tepemuoskenne muorouwieHos (a + b) u (¢ — d) Hy)kKHO BBIIOJIHSTH B
CKOOKax
—1(a+b)(c —d)=-1(ac + bc — ad — bd)

Teneps nepemuorkaem —1 u Muorouen (ac + bc — ad — bd). B pe3yabTare Bce wieHbl MHOTOWICHA
(ac + bc — ad — bd) momeHsFOT CBOM 3HAKH Ha MPOTHBOIIOJIOKHBIE:

—1(@+b)(c—d)=—-1(ac + bc —ad — bd) = —ac — bc + ad + bd
JIn60 MOXKHO OBLITO IEPEMHOXKHUTH —1 ¢ MepBbIM MHOTOWIECHOM (& + D) 1 pe3ynbTar mepeMHOKHUTH ¢
MHuorowieHoM (¢ — d)

—1(a+b)(c —d) = (—a — b)(c — d) = —ac — bc + ad + bd

Ipumep 7. Bemonunts ymaoxerue X2(X + 5)(x — 3)
CHauasia nepeMHOXXUM MHOTOuWwIeHBI (X + 5) u (X — 3), 3aTeM Moy4eHHbIN B pe3yJibTaTe MHOTOYICH
TIEPEMHOKHIM C X?

W (x+5)(x—3)=x*(x* +5x —3x 15 =x* +5x° —3x° —15¢* =

=x*4+2¢" —15x3

Ipumep 8. Beimonuuth ymaoxenue (a + 1)(a + 2)(a + 3)

Cuayvaa riepeMHOKMM MHOTOWIeHs! (& + 1) u (a + 2), 3aTeM Moy4eHHbI MHOTOYIEH IEPEMHOKUM C
MHorowieHoM (a + 3)

Wrak, nepemuoxum (@ + 1) u (a + 2)

(a+D(a+2)(a+3)=(a" +a+2a+2)(a+3)

T[omyueHnslit MHOrOUIeH (a2 + a + 2a + 2) nepemuO)uM ¢ (a + 3)
(@a+D(a+2)(a+3)=(@ +a+2a+2)(a+3)=

=ad +a +2a° +2a+3a’ +3a+6a+6=a +6a +11la+6

Ecnu ObICTpOE MepeMHOKEHHE MHOTOYIEHOB Ha MEPBBIX MMOpax MaéTcs TAKET0, MOKHO
BOCITOJIB30BaThCS TIOAPOOHBIM PEIIEHHEM, CYTh KOTOPOTO 3aKJIF0YAETCSI B TOM, YTOOBI 3aIMCaTh, KaK
Ka)/IpI{l YJIEH MEPBOTO MHOTOUIEHA YMHOXKAETCS Ha BECh BTOPOI MHOTOUIEH 1enukoM. Takas 3amnuch
XOTh ¥ 3aHUMAET MECTO, HO TIO3BOJIET CBECTH K MUHMUMYMY JOIYIIEHHE ONIHOOK.
Hanpumep, Boimonaum ymuokenue (a + b)(c + d)
3anuineM Kak KaxIbIi wieH MHOrowIeHa a + b ymHOKaeTcs Ha Bech MHOTOwIeH C + d nienmkom. B
pe3ynbTaTe MPUAEM K YMHOKCHHUIO OJIHOYIEHA HA MHOTOYICH, BBITIOJHATH KOTOPOE MPOIIIE:

(@+b)(c+d)=a(c+d)+b(c+d)=ac+ad+ bc+ bd
Takas 3anuch ynoOHa MpyU YMHOKEHHH JBYYIeHA Ha KaKOH-HUOYIb MHOTOUJIEH, B KOTOPOM
COZIEPIKUTCS OOJIBINE IBYX wieHOB. Hampumep:

(X + Y)OC + 2xy +y?) = X(X*+ 2xy + Y°) + y(xX* + 2xy +y?)

= X3+ 2X%y + xy? + X2y + 2xy? + y3 = x3+ 3x%y + 3xy? + 3
Wiu nipu IepeMHOKEHUH MHOTOYWICHOB, COJIEPIKAIIX OOJIbIIIE IBYX WieHOB. Hanpumep, yMHOXKHM
MHOTOUWIEH X° + 2X — 5 Ha MHOTOWIEH X° — X + 2

X2+ 2x—=5)(C—x+2)
3anuineM MepEMHOKEHIE HCXOIHBIX MHOTOYIEHOB B BUJIE YMHOKEHHSI KaXI0I0 dieHa
MHOTOWIeHa X2 + 2X — 5 Ha MHOTOUIeH X — X + 2.
(P +2x =5 —x+2)=x"(x —x+2)+2x(x" —x+2)—5(x’ —x+2)
[Tosyuniii MPUBBIYHOE JIUTst HAC YMHOXKEHHUS OJTHOYWICHOB Ha MHOTOUWICHBI. BBIMOTHUM 3TH YMHOKEHHSL:
(P 4+2x =5 —x+2)=x"(x" —x+2)+2x(x* —x+2)-5(x’ —x+2)=

-0+ 207 422" —2x7 +4x—5x7 +5x 10
B NoIy4uBIIEMCS MHOTOWIEHE IPUBEAEM HOI00HBIE YICHEL:
(P +2x -3 —x+2)=x* (" —x+2)+2x(x" —x+2)-5(x  —x+2)=

¥ =2+ 260 + 20t -2 +dx =50 +5x-10=

X —6x  +2x*+9x—10
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OpHOYIIEHBI, BXOIAIINE B MOTYYUBIIANACS MHOTOYJICH, PACTIONOXKUM B MOPSIKE YOBIBAHUS CTETICHEH.
Henatb 310 HEeobs3aTenpHO. Ho Takas 3anmuck OyneT KpacuBee:
(P +2x =5 —x4+2)=x(° —x+2)+2x(x° —x+2)-5(x —x+2) =

x4 260+ 20 267+ 4x—50° + 5v-10=

-6 + 2 +9x—10=
2 +2x —6x7 +9x—10

BbiHeceHue 00111€er0 MHOKHUTEJIS 32 CKOOKH

MBI yXe yU4UIUCh BBIHOCUTH OOIIMI MHOXKHUTEIb 32 CKOOKHU B MPOCTBIX OYKBEHHBIX BHIPAKCHUSIX.
Teneps MbI HEMHOTO YTITyOUMCS B 3TY TEMY, M HAYYHMCS BBIHOCHTH OOIIIMI MHOXUTEIb 32 CKOOKHU B
MHorouseHe. [IpuHIn BeiHeceHHs OyIeT TaKuUM K€, KaK U B IPOCTOM OyKBEHHOM
BeIpakeHNH. HeOombImue TpyJTHOCTH MOTYT BOSHUKHYT JIMIIb C MHOTOWICHAMH, COCTOSIIIIUMU U3
CTENEHEN.
Paccmotpum nipoctoii aABywieHn 6Xy + 3XZ. BerHecem B HEM 00N MHOKHUTENH 32 CKOOKHU. B manHOM
cllydae 3a CKOOKH MO>KHO BBIHECTH OOIIMN MHOXKUTENb 3X. HamoMHuM, 4TO MpH BHIHECEHUH OOILEro
MHOYHTEJIS 32 CKOOKH, Ka)/I0€ ClIaraeMoe UCXOIHOTO BBIPAKEHHS HA/I0 Pa3IeIUTh Ha 3TOT OOIIHiA
MHOKUTEb:
6xy +3xz =3x [6—13 + 3—U] =3x2y+2z)

3x  3x
Wiu nokopoue:
6xy+3xz=3x(2v+2)
B pesynbrare nomyuniu 3x(2y + z). [Ipu aTrom B ckoOKax oOpa3oBaiics Ipyroii 0oJiee mpocToi
MHorousieH (2y + z). BeiHocHMBIi 32 CKOOKH OOIIUI MHOKUTEIb BEIOUPAIOT TaK, YTOOBI B CKOOKax
OCTAJINCh WICHBI, KOTOPBIE HE COAEPKAT 00IIero OyKBEHHOTO MHOXKHTEIS, @ MOAYJIN K03 uiimeHToB
ATUX YJIEHOB HE UMEJH OOILEro AeNUTENsI, KPOME STUHUIIBL.
[TosTOMY B IpUBEICHHOM NPUMEpPE 32 CKOOKH OBbLT BEIHECEH 001Ut MHOKUTENb 3X. B ckoOKax
oOpa3zoBaiicss MHOTOUJIEH 2Y + Z, MOyTU KO3 PUIIMEHTOB KOTOPOTO HE UMEIOT OOIIETO JETUTENS
KpoMe eMHUIIBI. DTO TpeOOBAHNE MOYKHO BBIMOJTHUTD, €CJIM HAUTH HAMOOIBIITNN OO
nenutens (HOJ) moxyneit koaddummentoB ncxoansix wieHoB. 1oT HOJI ctanéButes
K02 (ppurmeHTOM 00IIET0 MHOKHUTEIISI, BBIHOCUMOTO 332 CKOOKH. B Hamiem ciydae ucxoaHbIi
MHorouieH Obl1 6Xy + 3XZ. KoaddurmeHTsl ncxonHbIx wieHoB 1o yucaa 6 u 3, a ux HOJI pasen 3.
A OyKBEHHYIO 4acCTh OOIIIET0 MHOXHUTENS BEIOMPAIOT TaK, YTOOBI WICHBI B CKOOKAaX HE UMEIH OOIINX
OYKBEHHBIX MHOXHTeTEH. B TaHHOM ciiy4ae 9To TpeOGoBaHUE BBIMOIHUIOCH JeTko. OO1uit OyKBeHHBIH
MHOKHTEJh ObLT BUJICH HEBOOPYKEHHBIM TJIa30M — ATO OBLT MHOXKHUTEIB X.

Tpumep 2. BeraecTy 06N MHOKITENH 32 CKOOKH B MHOTOUJIEHE X2 + X + XY

Bce unenbl fTaHHOTO MHOTOWIEHBI UMEIOT KoddduiineHT enuuuity. Hanbonpimmii oOumii nenurens
MOJTyJIeH U3 ATUX EIMHHMII eCTh eUHUIA. [[09TOMY YnCII0Bast 4aCTh BBIHOCHMOTO 32 CKOOKH MHOYKHUTEIIS
Oyzner enquHuIei. Ho enuauily B kauecTBe KOO PUIIMEHTA HE 3alChIBAIOT.

Jlanee BeiOMpaemM OYKBEHHYIO 4acTh 0011ero MuHOxuTes. [Ipexae Bcero Hajao MOHUMATh, YTO JIF000H
YJIeH, BXOJSIINNA B MHOTOUJICH, SIBIISIETCSI OJHOWICHOM. A OJHOYIIEH 3TO MPOU3BEICHUE YHCE,
MIEPEeMEHHBIX U CTeTeHeH. J[aXke eclTi WICHOM MHOTOWICHA SIBIISICTCS OOBIYHOE YHCIIO0, €T0 BCer/ia
MO’KHO TIPEJICTaBUTh B BHUJI€ TPOU3BEICHHUS €AMHUIIBI K CaMOT0 3TOT0 uncia. Hampumep, ecnu B
MHOTOWICHE COACPKHUTCS YUCIIO S, €ro MOXKHO TpeacTaBuTh B Buje 1 X 5. Eciim B MHOTOWIICHE
COJIEPKUTCS YUCTIO0 8, TO €r0 MOYKHO TIPEJICTABUTH B BUJIE MTPOU3BEACHUS MHOKUTENCH 2 X 2 X 2 (uin
KakK 2 X 4)

C mepeMeHHBIMH TaKasi ke CUTyalusi. ECTi B MHOTOUIEHE COJIEP>KUTCS WIISH, SIBISTFOIIUIACS
MIEPEeMEHHON HWITH CTEIICHBIO, X BCETJ]a MOXHO MPEJICTAaBUThL B BUjC Mpou3BeacHus. K nmpumepy, eciu
MHOTOYJIEH COACPKHUT OAHOUWIEH X, €r0 MOKHO TIPECTaBUTh B BUjIE MpousBeneHus 1 X X. Ecnu xe
MHOTOUJIEH COJIEPKHT OJJHOUIIEH X°, €r0 MOYKHO TIPEICTABHTE B BUJIE IPON3BEICHHUS XXX.
OJIHOUJIEHBI, U3 KOTOPBIX COCTOUT MHOTOUJIEH X2 + X + XY, MOXKHO Pa3JI0XKHTh Ha MHOXKHTEIHN TaK,
YTOOBI MBI CMOTJIM YBUJIETh OYKBEHHBII COMHOKUTENb, KOTOPBI SIBJIsSIETCS OOLIUM JIJIsl BCEX YJICHOB.
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WTak, nepBblii 4leH MHOTOWIEHa X2 + X + XY, a HMEHHO X° MOKHO NPEICTABUTE B BHJIE
pou3BeIeHUs X X X. BTopoit wieH X MOKHO IpeACTaBUTh B Buje 1 X X. A TpeTuii uieH Xy octaBum 0e3
W3MEHEHHUS, WIN U1 HarJIJHOCTU IIEPENUILIEM €T0 ¢ TOMOUIbIO 3HaKa YMHOXKEHUS X X Y
XxX + Ixx + xxy
Kaxp1ii 4jieH MHOTO4JIeHa IPEICTABIICH B BUJIE IIPOU3BEICHUS MHOKUTEIIEH, U3 KOTOPBIX COCTOSAT 3TH
wieHbl. JIETKo 3aMeTuTh, YTO BO BCEX TPEX MPOU3BEIECHUAX OOILUM COMHOXUTEIEM
aBigeTcs X. Bergenum ero:
XxX + Ixx + xxy
DTOT MHOXKHTENb X ¥ BEIHECEM 32 CKOOKH. OIISATH K€ MPU BHIHECEHUHU OOIIET0 MHOKHUTENS 32 CKOOKH
KaX/10€ c1araeMoe UCXOHOI0 BBIPAKEHMS JIeJIUM Ha 3TOT OOLIMI MHOXHTENb. B Hamem ciaydae
KayK/IbIH 4JIEH MHOTOWIEHa X X X + 1 X X + X Xy H?’)KHO p2113,ueJIH/ITL Ha 0OLIMIT MHOXHTEIb X
xXxx N Ix x N KXY
A4 A
3HAUMT, IPU BEIHECEHHH OOIIET0 MHOKHTENS 32 CKOOKH B MHOTOUJIEHE X2+ X + XY,
nosiydaercs X(X + 1 +y)

xxx+1Ixx+xxy=x =x(x+1+y)

2 H
rx+ay= x{i + z - EJ =x(x+1+y)
X x x

Wnu nokopoue:

Crr+ay=x(x+1+y)
B pe3ynbrate B ckoOKax 0CTalTCs YIEHBI, KOTOPHIE HE UMEIOT 00X OYKBEHHBIX COMHOXKHUTEINEH, a
MOJTyJTH KO3((HUIIMEHTOB STHX YICHOB HE UMEIOT OOIIHNX JenuTeNnel, kpome 1.
Ipumep 2. BeiHecTH 06N MHOKATENb 33 CKOOKH B MHOroueHe 15x2y3 + 12xy? + 3xy?
Omnpenenum ko3P GUIIHEHT 00111ET0 MHOXKHUTEJS, BBIHOCUMOTO 3a CKOOKK. Hanbomnpuii o0muit
nenurenb Moaynen koahduuuenton 15, 12 u 3 sto yucno 3. 3nauut, uncio 3 Oyaer Kod3phuIueHTOM
00IIIEr0 MHOKHUTENSA, BEIHOCHMOTO 33 CKOOKH.
Teneps onpenenum OYKBEeHHYIO 4acTh OOIIETO MHOXKHUTEIS, BRIHOCUMOTO 3a ckoOKH. E€ Hy)XHO
BBIOMPATH TaK, YTOOBI B CKOOKAX OCTAIMCh WIEHBI, KOTOPBIE HE COAEPIKAT 00111er0 OyKBEHHOTO
MHOXKHTEJIS.
Iepenumiem 6yKBEHHbIE YaCTH HCXOAHOT0 MHOTOUIeHa 15X2y° + 12Xy? + 3Xy? B BUJIE PasIoKeHHs HA
MHOKUTEJIH. DTO TO3BOJIUT XOPOIIIO YBUIETH, YTO UMEHHO MOKHO BBIHECTHU 33 CKOOKHU:
ISxxyyy +12xyy + 3xyy
Buaum, 9to cpean GYKBEHHBIX 4acTeil OOIIIM MHOKHTETIEM SIBIISETCS XYY, To ecTh Xy?. Ecnu BeIHeCTH
ATOT MHOXKUTEJh 32 CKOOKH, B CKOOKaX OCTAHETCSI MHOTOUJICH, HE UMEIOIINI 00IIero OyKBEHHOTO
MHOXKHTEJIS.
B urtore o01um MHOXKHTENIEM, BHIHOCUMBIM 32 CKOOKHU, OyJIET MHOKHUTEIb 3xy2

15x*y° 1207 3x°
* i + ’&32 + 132 =3x(Sxy+4+1)
3xy 3xy 3xy

1557 y° + 12007 + 3xy* = 3.g.s2[

Wnu nokopoue:
15737 + 12297 + 3xy* =30 (Say + 4 +1)
JI715 IpOBEPKH MOKHO BBIIONTHUTE yMHOKeHne 3Xy2(5Xy + 4 + 1). B pesymbTaTe J0KeH TIONTYIUTHCS
muorounen 15x%y% + 12xy? + 3xy?
3xy?(5xy + 4 + 1) = 3xy? x 5xy + 3xy? x 4 + 3xy? x 1 = 15x2y® + 12xy? + 3xy?

Ipumep 3. BerHecTr 00IIMii MHOKHITEINb 32 CKOOKH B BRIPOKEHUH X + X

B nanHoMm cJIydac 3a CKOOKH MOYKHO BBIHECTH X
2

X
rrx=x|—+>|=x(x+1)
X X

3TO HOTOMy 4yToO HepBBIﬁ YJICH X2 MOKHO HpeI[CTaBI/ITB Kak XX. A BTOpOﬁ YJIEeH X HpeZ[CTaBI/ITB KaK 1 X X
X2+ X=xx+1xX

He CHCI[yeT Ha IIUCbMC HOI[pO6H0 paCHI/ICLIBaTL COI[ep)KI/IMOC KaXXa0ro 4JCHa, pa3nara$1 €ro Ha

MHOXUTCIIN. BTO JICTKO OCJIaCTCA B YMe.

26



Ipumep 4. BerHecTH 061N MHOKATENH 33 CKOOKH B MHOTOUIeHe 5y2 — 15y

B nanHoM citydae 3a ckoOKHM MOXHO BeIHECTH SY. HanOomnbimii o0muit nenutenns Moynen

kod(durmentoB 5 u 15 310 uyncno 5. Cpeau OYKBEHHBIX MHOXKHUTEICH OOIIMM SIBISIETCS Y
51 15y

5y 15y =5y =— - —|=5y(y-3)
Sy 5_}.!

Ipumep 5. Berectr o01mumii MHOKHUTENb 32 CkoOKU B MHOrounene 5y? — 15y°
B nanHoM mpumepe 3a CKOOKH MOXHO BBIHECTH 5y2. HauGonpumii o01mmii 1e1uTeNb MOy IeH
koa(duumentos 5 u 15 310 uncno 5. Cpean OyKBEHHBIX MHOKUTENIEH OOIIMM SBISETCS Y2

12’ _13
5}.!2_ 15}_:3 = 5}_:2 l — 15'} = 5}:2(1 pu— 3}:)

5 v 2 5 yz

Ipumep 6. Beraecty o0uumii MHOKHUTENb 32 ckoOKK B MHorounene 20x* — 25x%y? — 10x3

B nanHOM npuMepe 3a CKOOKH MOHO BhiHeCTH 5X2. HanGombIumii 06muit Jenurens Moaynei

kodddurmentos 20, —25 u —10 510 uucno 5. Cpeay GyKBEHHBIX MHOKMTENIEH OOIIUM SBISETCS X2

20x*  25¢%yt 10x°
5x* 5x* 5x

20x* - 25x%p* —10x° = 5x° =5x"(4x* = 59> = 2x)

Ipumep 7. Beiectr o01IuMii MHOKHUTENb 32 CKOOKM B MHOrouneHe am + am *?1

Bropoii uien am * ! npeacTaBiIseT co00M NPOU3BENEHHE U3 aM | &, OCKOJIBLKY am X a =am * !
3aMEHUM B UCXOJHOM MPUMEPE YJieH am *lya TOXJECTBEHHO PaBHOE EMY ITpou3BeaecHue am X a. Tax
npoiie OyieT yBUIeTh OO MHOKHUTEI:

" m+1 "
a'+a" T =d"+a"xa
Tenepb MOKHO YBHETh, YTO OOIIMM MHOYKHUTENIEM SBiseTcs am. Ero u BbIHECEM 3a CKOOKH:
i m
xda
a+ad" =d"+ad" xa=a" h—\+h\— =a"(1+a)
ot a”

IIpoBepka HA TOKAECTBEHHOCTH
Pemrenue 3a1aun ¢ MHOTOWICHAMH TTOPOI pacTATHBAETCSl HA HECKOIBKO cTpoK. Kakmoe crnemyromiee
npeoOpa3oBaHue TOKHO ObITh TOXIECTBEHHO paBHO NpeblayiieMy. Eciiu BO3HUKAIOT COMHEHMS B
MIPABUIILHOCTH CBOMX JIEHCTBHIA, TO MOXKHO TTOICTAaBUTH ITPOU3BOJIbHBIC 3HAUEHUS IEPEMEHHBIX B
HCXO/IHOE U TIOTy4YeHHOE BhIpaskeHHe. Ecii ncxoHoe 1 MojTydeHHOe BhIpaxkeHue Oy1yT paBHbI OTHOMY
¥ TOMY K€ 3HAYEeHHUIO0, TO MOKHO OBITh YBEPEHHBIM, YTO 3a/1a4a Oblila penieHa MpaBUIbHO.
JlonmycTHM, HaM HY>KHO BBIHECTH OO MHOKUTEIb 32 CKOOKH B CJIEIyIOIEM MHOTOUJICHE:
2X + 4x2
B nanHOM citydae 3a CKOOKH MOXHO BBIHECTH OOIIMNA MHOXHTENb 2X
2X + 4x2 = 2x(1 + 2X)
[IpencraBuM, 4TO MBI HE YBEpEHBI B TAKOM pEIICHUHU. B 3TOM cilyyae Hy>KHO B3SITh JH000€ 3HaYCHHE
TIepeMEHHO# X 1 MOJICTABUTh €r0 CHAYa/Ia B NCXOJHOE BRIpaKeHHe 2X + 4X2, 3aTeM B
noydenHoe 2X(1 + 2x). Eciu B 000uX ciydasix pe3yabTaT OyAeT OJJMHAKOBBIM, TO 9TO Oy/IeT 03HAYAaTb,
9TO 3a/1a4a perieHa MpaBHIIbHO.
B036MEM NIPOU3BOILHOE 3HAYEHHUE X M HOACTABHM €T0 B HCXOAHOE BhIpaskeHue 2X + 4x2. TTycts X = 2.
Torna nomyunm:
2X+4x2=2x2+4x22=4+16=20
Terneps moacTaBuM 3HaYeHKE 2 B ipeobpa3oBanHoe BeipakeHue 2X(1 + 2X)
2X(1+2x)=2%x2x(1+2%x2)=4x5=20
To ectb mpu X = 2 BEIpaxkeHus 2X + 4x% 1 2X(1 + 2X) paBHEI OHOMY 1 TOMY K€ 3HAYEHHIO. DTO 3HAYHT,
YTO 3a/1a4a ObUIa pelleHa NpaBuibHO. Toxe camoe OyAeT MPOUCXOIUTh U IIPU APYTUX 3HAUCHUSIX
nepeMeHHbIX X. Hampumep, mpoBepum Harie penienne npu X = 1
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2X+4x2=2x1+4x12=2+4=6
2X(L+2X)=2x1x(1L+2x1)=2x3=6

Ipumep 2. Beraects u3 MHOrowIeHa 5X2 — 3X + 4 MHOTOUICH 4X% — X M IPOBEPUTH TTOTyICHHBIH
PE3yINIbTaT, MOJCTABUB BMECTO IEPEMEHHOM X MPOU3BOJIHLHOE 3HAUCHUE.
BeImonHuM BeIMHTaHUE:

5x? —3x+4 (467 —x) = 56> —3x+4—4x? +x = 2} —2x+4

MBI BBITIOJTHUIIM JIBa TpeoOpa30BaHus: CHaYalla pacKpbUId CKOOKH, a 3aTe€M MPHUBENH MOA00HbIEC YICHBI.
Teneps mpoBepuM ATH JiBa MPeoOpa30BaHuUs HA TOXKIECTBEHHOCTD. [1ycTh X = 2. [logcTtaBum 310
3HA4YCHUEC CHa4YaJIa B UCXOAHOC BBIPAXXCHUC, a4 3aTCM B Hp€O6pa3OBaHHI>IeZ

5% —3x+4—(dx® —x)=5x27 —3x2+4—(4x2 —2)=20-6+4-14=4

5x7 —3x+4—4x’ +x=5x2"-3x2+4-4x2" +2=20-6+4-16+2=4

1 —2x+4=2"-2x2+4=4
BI/II[I/IM, qTO HpI/I KaxXK10M HpeO6paSOBaHI/II/I 3HAUYCHUC BLIpa)KeHI/IH HpI/I X= 2 HC MCHJAJIOCH. 9TO 3HA4uT,
YTO 3a/1a4a ObLJIa PEIlIeHa MPaBUIIBLHO.

3agaHus AJ1s1 NPAKTHYECKOT0 3aHSATHSA:
Bapuanr 1

1. Halinqure 3HaueHre MHOTOYJIEHA 5a° —3a npu a = — 3.
2. BBINIOJTHUTE CII0KEHUE W BEIYUTAHUE MHOTOUJICHOB!
2) (2a—5b)+(-3a+2b)

(5x -3x* —7) (4+3x2 —5x3)

(x2 3x)—(2x+1)

( 2x° —3x+4) ( 2x° +7x—6)_

3. IlpeacraBpTe B BUJIE MHOTOUJICHA!
2y —2a%h-(L2ab® + 4a’b)

5) 7a-(a-b)-b-(b—7a)
B) ~1-(2a% —3a+1)
r) 5a” —2a(2,5—b)_

4. Pemute ypaBHEeHHUE:

~7x+5(2x—3)=6
5) 3x—5(2x—1)=12
5) 5-2(x—1)+3(x—2)=0

5. JIBa moe3nia, BCTPETUBIINCH Ha pa3be3/ie, MPOJODKIIN JBH)KEHUE B CBOeM HampasieHnu. CKOpocTh
oHOTO 13 HUX Ha 20 KM/4 OoJbIlIe CKOPOCTH Apyroro. Yepes 3 1 paccTosiHue Mexay HUMU 06110 480
kM. Haiinure cKOpOoCTh KaX0ro moe3aa.

6. BeimosiHUTE fENeHne yrOJIKOM

6x° — 13x* +3x3+ 10x2— 12x — 4 Ha2x2 —3x — 1
7. PaBHO)KI/ITL MHOI'OYJICH HAa MHOXHUTCIIN

x3—2x2—13x - 10
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2_ x)2 cTaHgapTHOM Bujae. OmpenenuTh CTENEHb

8. 3amucaTh MHOTOUIEH B (X2 + 3x — 2)? — (x
MHOTOYJICHA, CTapIIuil KO3 OHUITECHT.

Jononnumensho:

5X_4+ 3x—-2 N 2x—-1
9. Pemute ypaBHeHne 3 6 2
6x+3y =8x—3(2y—4)
2(2x—3y)—4x=2y-8.

=3Xx-2

10. Pemute cuctemy {

Bapuanr 2
1. Haiimure 3naueHre MEHOTOWIeHa 3a’ —5a npu a = — 3.

2. BrimonHuTe ciio)keHne U BEIMUTAHHE MHOTOWIEHOB:

a) (7a—9b)+(-3b+2a)

6) (3t* —4t? + 7t)+ (24> 6t + 7)

B) (5b° +2b)—(4t? —3t)

r) (-3x? —5x+1)- (- 3x? +2x—9).

3. Hpe,[[CTaBLTe B BUJC MHOI'OYJICHA:

a) —3a’b”-(0,8a+0,3b)

6) 3x-(x—2a)—6a-(a—x)

B) —1-(~3a% +2a-1)

r) 2a® —5a(a +b).

4. Pemute ypaBHEHHUE:

a) 5(x—1)+5(3x+2)=6x+8

6) 2x—7(3x—1)= 26

B) 7+4(x—2)-3(x-1)=0.

5. JIBa aBTOMOOMIIS €IyT MO MIOCCE HABCTpeuy ApyT apyry. CKOpocTh 0gHOTo U3 HUX Ha 10 kM/4
MCHBIIC CKOPOCTHU APYTOTO. IIepes 2 gaca 1ocie TOI'0, KaKk OHU BCTPECTUIIUCH, PACCTOSAHUC MCIKIAY HUMU

ctayo paBHbIM 260 kM. HaliuTe CKOpOCTh KaXkJ10r0 aBTOMOOMJIA.
6. BrinoaHuTE 1CIEHUE YTOIKOM

6x°— 13x*+4x3+9x%2—4x -2 ma3x?-2x -1
7. Pa3inoxuTh MHOTOWIEH HA MHOXKUTEIH
x2-2x2-5x+6

8. 3amcath (X% + 3x — 4)? — (x — 1)® MHOTOUNEH B cTaHmapTHOM Bujie. OTpeenTh CTETIeHb
MHOTOYJIEHa, CTapIIni KOdPPUITESHT.

Jononnumensho:
9. Pemute ypaBHEHHE 3-5x + 3X3_5 + 6);-; ! =2x+1.

4y +20=2(3x—4y)-4,

10. Pemmre cucremy
16— (5x +2y)=3x - 2y.

KoHnTpoJsabHbIe BONpochI
1. MHorouseH — 310...
2. CrnoxxeHue MHOTOWIEHOB
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Brrauranyue MHOTO4JICHOB

[IpencraBienne MHOrO4JIeHA B BUJIE€ CYMMBI HJIM Pa3HOCTH
MHOrousieH u ero CTaHAapTHBIN BUT

N3MeHeHue nopsijika ciieIoBaHUs YJICHOB

YMHOXEHHE OHOYJIeHA Ha MHOTOYJICH

VYMHOXEHHE MHOTOYJIEHa Ha MHOT'OUJICH

Brinecenne 00IIero MHOKHUTEISA 38 CKOOKH

©CoN kW

Cnucok peKoMeH/1yeMoi JIUTePaTyphbl:
Bammakos M.M. Marematuka. Yueouuk. 2019 .
4, Bbammakos M.M. Matemartnka. 3agagnuk YueOHoe mocobue. . — M. «Axkagemusi», 2018 .

w

Tema 1.3. Kopau MHOrowiena
IIpakTnyeckoe 3anaTne Ne3. Pa3iioskeHre MHOTO4/1CHA HA MHOKUTE/IH
KOJIM4ecTBO 4YacoB 1
Iesb: HAy4YUTHCS BBIIOIHATH PA3JI0KEHHE MHOTOWIEHOB HA MHOXKUTEIIN Pa3IMYHBIMU CIIOCOOaMHU
U IPUMEHATH (DOPMYJIbI COKPAILIEHHOI'O0 YMHOXKEHHUS JUIsl peo0pa3oBaHuil aaredpanyeckux
BBIPKEHUM.
3agaya: 3aKpenuTh NOJyYEeHHbIE 3HAHUS U HAaBBIKHM, HAYUYUTHCS IPUMEHEHUIO MTOJIyYEHHBIX
HAaBBIKOB Ha ITPAKTUKE
Ilepeuyenn cpeacTB, HCNOJIb3yeMbIX IIPH BHINOJHEHUH PadoThl MM 000Py10BaHKE :
TETpajb A NPAaKTUYECKUX paboT, pydka, METOJMYECKHUE PEKOMEHJALMU IO BBINOJIHEHHUIO paboThl,
KaJIbKYJISTOP.

Bonpocs! 11 MOBTOpEeHUs, 3aKPeIJICHU TEOPETHYECKOI0 MATEPHa/Ia K NPAKTHYECKOMY
3aHATHIO

HemHoro reopun

Pa3J'[O)KI/ITB MHOT'OYJICH HA MHO>XHUTECJIN 3HAYUT HpeI[CTaBI/ITI) €ro B BUJC HpOI/ISBCJICHI/Iﬂ 60.]'[66 HpOCTBIX
MHOT'OYJICHOB.

CylecTBYeT HECKOJIBKO CITOCOOOB Pa3I0KeHNUS

1. BeiHeceHue 00II[ero MHOKHUTEIS 3a CKOOKH

2. Crioco6 rpynmnupoBKU

3. C nomotisto GopMyIl COKPAIIEHHOTO YMHOKEHUS

IIpakTHYecKoe NPUMEHEHUE
CHavana yOeaumcsi B TOM, YTO pa3jIoKEHHE HAa MHOXUTENIM — Bellb Iosie3Has. Bam mnpeanarator
pELINTh YpaBHEHUE:
2x%+x — 6=0.
JUid TakuX ypaBHEHMM UMeEETCs CIIELMAIbHOE IPAaBUIIO PELIEHMs], HO BBl €T0 MOKa elle He 3HaeTe. Kak
ObITH? Bocnosnb3yemes pa3ioKeHHEM MHOTOWIEHA Ha MHOXKHUTEIH:
2x%+x — 6=(2x — 3)(x + 2)
Torna 3ajaHHOE ypaBHEHHE MOXKHO MEPENNCATh B BUJE:

2x-3) (x+2)=0
[IpousBeneHre paBHO HYIIIO, €CIIU OJMH U3 MHOXKHUTENEH paBeH HYII0. 3HAYUT,

oo 2x —3 =0,

6o x +2 =0.

W3 nepBoro ypaBHeHus x=1,5, a U3 BTOPOTO ypaBHEHUS X = -2 .
YpaBHEHHE pelIeHO, OHO UMEET J1Ba KOpHs: —2 u 1,5.

PaccmoTpuM apyryro cutyaruio:
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[IycTh HY’)KHO HalTH 3HAYEHUE YUCIOBOTO BBIPAKECHUS
532-47°
612-392
Camoe 3¢ pexTuBHOE pelIeHrne — JBaXk/Ibl BOCIIOIb30BaThCsl POPMYIION Pa3HOCTH KBaJIPaTOB:
532-47°% = (53-47)(53+47) = 62100 =6 =3
612-392 (61-39)(61+39) 22100 22 11
PasznokeHre Ha MHOXKHUTENH IMO3BOJIIIO HaM COKpaTUTh JApoOb. [lo3aHee MBI OLIGHUM 3TO U TIpH
BBITIOJTHEHUH JIEHCTBUI € anredpanyecKuMu ApoOsIMU.

Taxum oOpa3oM, paznoxkeHHe MHOIOWIEHa Ha MHOXKHUTEIN UCIIONb3YeTCsl JUIsl peIieHHs] YpaBHEHUM, I
peoOpa3oBaHus YHCIOBBIX U alredpanyecKux BblpakeHUd. [IpuMeHsieTcs OHO U B IpYTUX CHTYalHUsX,
KakK, CKaXkeM, B CIEAYIOIIEM JOBOJIBHO TPYAHOM, HO KPaCUBOM IIpUMEpE, IA€ KUY K yCIEXY OIAThb-
TaKU B PA3JI0KEHUU HA MHOKHUTEIIN.

IIpumep
JIoKa3aTk, UTO JIs JTF060r0 HATYPAIBHOTO UKciIa N BeIpakeHne N>+3n+2n

nenurcs 0e3 ocrarka Ha 6.
[TonpoOy#iTe ero penuTs.

[TocMoTpHTE, KaK JIETKO 3TO MOYHO CJ/IE/IaTh:

P = n3+3n%+2n.

Ecmm n=1, To P = 1+3+2=6. 3nauur, P genurcsa Ha 6 06e3 ocraTka.

Ecmu n=2, To P = 2°+3-2%42-2 = 8+12+4 = 24. CienoBareibHO, i P nenutcst Ha 6 6e3 ocTaTka.
Ecm n=3, o P = 3%+3-3%+2-3 = 27+27+6 = 60. [TooTomy 1 P nenutcs Ha 6 63 ocTaTKa.

Ho BbI ke moHumaere, 4yTo nepedpaTh Tak BCe HAaTypajbHbIE uncia HaM He yaactcd. Kak Obits? Ha
[IOMOILb IPUXOAST aNreOpanyeckrue MeToIbl.

Nmeem: n3+3n%+2n = n(n+1)(n+2).

B camom gene n(n+1) = n?+ n, a (n?+n)(n+2) = n3+2n%+n?+2n = n3+3n%+2n.

Utak, P = n(n+1)(n+2), T.e. p(N) ecTh MpoHM3BEACHUE TPEX HUAYIIUX MOAPS] HATYPATbHBIX YHCET N,
n+1l, n+2. Ho u3 Tpex Takux 4ucea OJHO 00s3aTeIbHO JACIUTCA Ha 3, 3HAYUT M UX TPOU3BEIACHUE
nemurtcs Ha 3. Kpome Toro, 1mo kpaifHeil Mepe 0J{HO M3 3THUX YHCeN — YeTHOE, T.€. AeiauTcs Ha 2. Utak, P
JIETUTCS ¥ HA 2, ¥ Ha 3, T.e. JeJIuTCcs Ha 6.

Bce nmpeKpacHo, CKaKMTe BB, HO KaK J0Tafarhes, uto N°+3n%+2n = n(n+1)(n+2)?

OTtBeT OYCBUACH: HAT0 YYUTHCA PA3JIOKCHHUIO MHOT'OYJICHOB HA MHOKUTCIIN.
K atomy u nepeitnem.

AJITOPUTMBI:
Brinecenue 0011ero MHOKUTEIS 32 CKOOKH
AJTOPUTM OTHICKaHUsI OOIIIETO MHOXKHUTEISI HECKOJIBKUX OJTHOYJICHOB

1. Haittu Hanbonpmuii oOmuit nenurens ko3 GUIMEHTOB BCeX OJHOWICHOB, BXOISIIINX B MHOTOYJIEH,
- OH W Oyner oOImMWM 4YHCIOBBIM MHOXXHTENEM (pa3yMeercs, STO OTHOCHUTCS TOJBKO K CIIy4aro
[[ETOYUCIEHHBIX KO3 PHUIIESHTOB).

2. Haifti mepeMeHHbIe, KOTOPBhIE BXOAT B KKl YICH MHOTOUYJICHA M BBIOpATh I KKION M3 HUX
HaWMEHBIIIHNH (U3 HMEIOIITUXCS ) MIOKAa3aTeb CTCTIICHH.

3. IIpousBenenne ko3 dUIMECHTa U TIEPEMEHHON, HAWJIEHHOTO HAa MIEPBOM M BTOPOM IIIarax, SIBISETCS
OOIIMM MHOXHTENIEM, KOTOPBIH 1e1eCO00pa3HO BRIHECTH 332 CKOOKH.

IIpumep
PazioxuTh Ha MHOKUTEIIN:

-x*y3-2x3y? 452,
Bocnonb3yemcst chopMyIupoBaHHBIM aJTOPUTMOM.
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HauOonpmmii o6muit nenurens kodpduureHtos —1, -2 u 5 pasen 1.

2. TlepemeHHass X BXOJIUT BO BCE WICHBI MHOTOWICHA C IOKAa3aTeJIIMH COOTBETCTBEHHO 4, 3, 2;
CIIe/I0BAaTEbHO, MOYKHO BBIHECTH 33 CKOOKH X2.

3. TlepemenHas Y BXOIUT HE BO BCE WICHBI MHOTOWICHA; 3HAYHT, €€ HEJIb3sl BRBIHECTH 32 CKOOKH.

BriBoa: 3a ckoOKu MOXHO BhiHeCTH X°. IIpaBia, B JaHHOM CIydae IieJecooOpasHee BHIHECTH -X2,
[Tonyunm:

-x4y3-2x3y24+5x2=-x?(X2y3+2xy?-5).

Cnoco0 rpynnupoBKHU
Jis  ysicHEHWs CyTH croco0a TPYNIHUPOBKUA PACCMOTPUM CIEAYIONUN MpHUMEp: pa3jokuTh Ha
MHOXHUTEIN MHOTOWIEH XY-6+3Yy-2y

IlepBblii clIOc00 rPYyNINMPOBKHU:
Xy-6+3y-2y=(xy-6)+(3x-2y).

I'pynnupoBka HeynavHa.

Bropoii ciocod rpynnupoBKu:
Xy-6+3y-2y=(xy+3X)+(-6-2y)=x(y+3)-2(y+3)=(y+3)(x-2).
Tperuii cocod rpynmnupoBKHU:
Xy-6+3y-2y=(xy-2y)+(-6+3x)=y(x-2)+3(x-2)=(x-2)(y+3).
OtBert: Xy-6+3y-2y=(X-2)(y+3).

Kaxk Buzure, He Bcerza ¢ epBoro pasa rpyIliyupoBKa OKA3bIBAETCS yIayHOM.
Ecnu rpynnupoBka okazangach HEYIauHOM, OTKQKUTECh OT Hee, HILUTE HHOM CIoco0.
ITo mepe npuoOpeTeHust onpiTa, Bbl OyaeTe ObICTPO HAXOUTh YAAUHYIO TPYIIIUPOBKY.

Paznoxxenne MHOTOWIEHa HA MHOKUTEIN C MTOMOIIBI0 (DOPMYJT COKPAIIEHHOTO YMHOKEHHS
BcenomuuTe 3TH popMyIbL:
a2-b? = (a-b)(a+b);
a®- b3 = (a-b)(a’+ab+b?);
a’+ b= (a+b)(a-ab+b?);
a’+2ab+b? = (a+b)?;
a2-2ab+b? = (a-h)?.

[lepByto u3 3tuX (popMyn MOXKHO HNPUMEHATHh K BBIPAXKEHHIO, NMPEACTaBIAOLIIEMY 000l pa3HOCTh
KBaJIpaToB (0€3pa3IMyHO YET0: YHCces, OAHOUWICHOB, MHOTOYJIEHOB), BTOPYIO U TPETHIO — K BHIPAKEHUIO,
MPEACTABIISIONIEMY CO00M pa3HOCTh (WM CyMMY) KyOOB; TOCIeqHUE JBE (POPMYIIBI MPUMEHSIOTCS K
TpexXulieHy, MPEICTaBISAIoNIeMy COOOM MOMHBINA KBajpat, T.. COJAEpKaIlleMy CyMMY KBaapaToB ABYX
BBIPA)KEHUI U YBOCHHOE IPOU3BEACHHUE TEX KE BBIPAKEHU.

IIpumep
Paznoosicums na muoscumenu

1) x-4a*. Bocronb3yemcs niepBoit Gopmysoii (pa3sHOCTh KBaAPaTOB):

x®-4a* = (x3)2-(2a%)? = (x?-2a%)(x3+2a%).

2) a%+27b®. Bocronb3yemcs TpeTheii hopMymnoit (cymMmma Ky6oB):

ab+27b® = (a%)+(3b)* = (a®+3b)((a?)?-a%-3b+(3b)?) = (a®+3b)(a*-3a’b+9b*).

3) a?-4ab+4b% B oToM mpHMepe daH TpeXwieH, IS €ro pasloKeHHs Ha MHOKUTENM Oyjaem
M0JIb30BaThCs MATON (POPMYIIOH, eci, KOHEYHO, yOenuMcs B TOM, YTO TPEXWICH SIBJISETCS TOJTHBIM

KBaaApaToM:
a’-4ab+4b? = a®+(2b)?-2-a-2b = (a-2b)>.

Mbl yOeauanch, 9TO TPEXUICH COACPKUT CYMMY KBaJIpaToB OJHOWICHOB & U 2D, a Tarke yaBoeHHOE
IIPOU3BEAECHNE ITUX OJHOWICHOB. 3HAYUT, 3TO MOJHBIM KBaApaT, IPUUEM KBaJpaT pa3HOCTH.
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Pa3sioskeHue MHOTOYWIEHA HA MHOKUTE/IM € TOMOIILI0 KOMOMHAIIMM Pa3JIMYHbIX IPHEMOB

B Martematuke He Tak 4acTo ObIBaeT, 4TOOBI MPU PEUICHUH MpPUMepa MPUMEHSIICS TOJBKO OJIUH
MpHeM, Yalle BCTPEYArOTCs KOMOMHUPOBAHHBIC MPUMEPHI, TNI€ CHAYalla HCIIOJIb3YeTCS OJHUH TIPHUEM,
3ateM Japyroi u T.1. YToObl yCHEIIHO pelaTh TaKue MpUMepbl, MaJlo 3HATh CaMH IMPHEMBbI, HAJIO ellle
yMEThb BBIPA0OTaTh IUIAH WX MOCIEAOBATEIHHOIO MpUMEHEHUs. VHBIMH CIIOBaMU, 3/1eCh HYXXHBI HE
TOJIBKO 3HAHHUSA, HO U OMBIT. BOT Takue KOMOMHHUPOBAHHBIE IPUMEPHI MBI U PACCMOTPHUM.

IIpumep
Paznoosrcumov Ha MHOMNCUMENU MHO20YEH

36a°h®-96a*b*+64a%h°
1) Crauana 3aiiMmeMcsi BEIHECEHHEM OOIIETO MHOXKHUTENS 3a CKOOKU. Paccmorpum kodddunmentsr 36,
96, 64. Bce onu nensatcs Ha 4, MPUYEM 3TO — HAUOOJBIITNI OOIIMIA JEIUTENb, BEBIHECEM €r0 3a CKOOKH.
Bo Bce wieHBl MHOroO4wieHa BXOJUT IepeMCHHas a (COOTBeTCTBeHHO ae, a“, az), IIO3TOMY 3a CKOOKH
MOHO BbIHecTH a2. TOUHO TaK e BO BCE UICHbI MHOTOUWICHA BXOAHUT IepeMeHHas b (COOTBETCTBEHHO
b3, b* b°) — 3a ckoOku MoxHO BBIHECTH b3,

Urak, 3a ckoOku Beirecem 4ab®. Torna MOJTYYUM:
36a°h3-96a*b*+64a%b° = 4a%h®(9a*-24a%b+16b?).

2) PaccmoTpuM TpexuleH B ckoOkax: 9a*-24a’b+16b2. BblAcHMM, He SBISETCS JIH OH MOJHBIM
KkBagparoM. Mmeem:

9a*-24a%b+16b? = (3a)%+(4b)?-2-3a°-4b.

Bce ycoBust moHOTO KBajgpara COOIOCHbI, CIIEJ0BATEIBHO,

9a*-24a%b+16b? = (3a%-4b)?.

3) KomOunupys nBa npuema (BbIHECEHHE OOILEro MHOXHUTENS 32 CKOOKM M UCIOJb30BaHUE (HopMyI
COKPAIICHHOT'O0 YMHOXCHHUS ), TTOJIy4aeM OKOHUYATEIIbHBIN Pe3ybTar:

36a°h3-96a*b*+64a’b° = 4a°b®(3a-4b)2.

IIpumep
Pasznoosicums na mHodICUmMenu MHO20Y1eH
x*+x%a?+a’
TTpyMeHNM MeTO I BBIJICNICHN)S TIONHOTO KBajpara. J{JIs 9Toro mpencTaBuM X2a’ B Bue 2X%a2-x%a2,
[Tomyuynm:

xHx2a2+at = x*M+2x%a%-x%a?+at = (x*+2x%a2+at)-x%a? = (x*+a?)?-(xa)? = (x2+a%+xa)(x*+a3-xa)

IIpumep
PCL’;’]ZOD!CMWZb HA MHoOaMcumeiau

n+3n%+2n
CHayajna BOCTIONb3YeMCSl TeM, 4TO N MOJKHO BBIHECTH 3a CKoOKu: N(N?+3n+2). Temepb K TpexuseHy
N2+3N+2 npuMeHNM CI0co0 TPYHITHPOBKH, TPEABAPHTENLHO IPECTaBHB 3N B BHe 2N+N.
Homyunm: N2+3n+2=n2+2n+n+2=(n?+2n)+(n+2)=n(n+2)+(n+2)=(n+2)(n+1).

OKOHYATEIBHO MOTYYaeM:
n?+3n+2=n(n+1)(n+2).

IIpumep
Pewwumys ypasnuenue

X2-6x+5=0
IlepBbIii crioco0.
[pencraBuM —6X B BHIE CYMMBI —X-5X, a 3aTeM MPUMEHUM CIIOCO0 TPYIITHPOBKH:
X2-6X+5 = X2-5X+5 = (X2-X)+(-5x+5) = X(X-1)-5(x-1) = (X-1)(x-5).
Torna 3agaHHOe ypaBHEHUE IPUMET BUI:
(x-1)(x-5) =0,
OTKyJla HaXOJUM, 4TO JInbo X = 1, mubo X = 5.
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Bropoii ciocod.

[TpyMeHHM METOJT BBIIICIICHHUS ITOJTHOTO KBapaTta, JUis 4Yero MpeAcTaBuM ciaraemoe 5 B Buze (9-4).
[Tonyuum:

X%-6X+5 = X2-6X+9-4 = (Xx?-6x+9)-4 = (x-3)-22 = (X-3-2)(X-3+2) = (X-5)(x-1).

CHoBa npunumm K ypaBHenuto (X-1)(x-5) = 0, umeromemy kopuu 1 u 5.

OrtserT: 1, 5.

Pa3siokeHne Ha MHOKHTEIN KBAJIPATHOI0 TPeX4JieHa.

2
Ksanparublii Tpexunen & F bx+e PAacKIIaIbIBACTCS Ha JBA JIMHENHBIX

ax” +bx+ e =alx —x ) xl), rae 1 u X2 gBIAI0TCA KOPHAMHU (KOMIICKCHBIMH A

MHOKHUTEIIS:
NEHUCTBUTENBHBIMH).

Takum 006pa3om, paszyioKeHUE Ha MHOKHUTENN KBaJAPATHOTO TPEXUIeHA CBOJUTCS K PEIICHUIO
KBaJPaTHOT'O YpPaBHEHUSI.

Ilpumep.

Pa3noxuTh KBapaTHBINA TPEXWICH 4x"=5x +1 ya MEOXHTENH.

Pewenue.

2 —_—
HaiizeM KOpHH KBagpaTHOro ypaBHenns 3% —3X+1=0,

JlMCKpUMUHAHT ypaBHenus paen D= (5] =4-4-1=9 cnenoparensHo,

5-.00 1
xlz = —
2.4 4
_5+J§_
LT T

4x? - 5x +1=4[x—l}_x—1j]
Takum o6paszom, 4 :
J1i1st IpOBEPKH MOXKHO PACKPBITH CKOOKH: .

{x—li],(x—l‘]=4[xl —_74:—l ::c+l\!=4xJ —5x+1
4 )7 4" 4)

[Ipu nmpoBepke MUK K UCXOAHOMY TPEXUJIEHY, TIOATOMY Pa3JI0KEHUE BBIIIOJIHEHO BEPHO.
Ilpumep.

2
Pa3noxxuth Ha MHOXXUTENU KBaJIPATHBIN TPEXUJIeH 3x"=Tx—11

Pewenue.

Ix*=Tx—-11=0
CooTBeTcTBYIOLIEE KBAAPAaTHOE YPABHEHNE UMEET BU/L .

Haitnem ero kopHu.
3%~ 7x—-11=0

D=(-7f -4:3-(-11)=181
{1\ 7+4D _7+4/181

T 2.3 6
_7-+D _7-4181

23 6

[TosToMmy,

3x1—?x—11=3[x—

781 | 74181
6 ' 6 )
Ilpumep.

2
Pa3noKuTh MHOTOUIEH Ha MHOKHUTEMH =X +1,
Pewenue.
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2 —_—
Haiinem KopHU KBaapaTHOrO ypaBHEHUS 2" +1=0

2x* +1=0

[Tonyunnam mapy KOMIUIEKCHO COMPSKEHHBIX KOPHEH.

2x1+1=2[x— .I-I‘H—L.I]
Paznoxenne MHOrO4IeHa OyIeT UMETh BUJI V2 2 .
Ilpumep.

x4+ 1 x+1
Pa3nokuTh Ha MHOXKUTENIN KBAAPATHBINA TPEXUICH
Pewenue.

x +lx+1=0

Pemmum KBaJApaTHOC YPABHCHUC

[TosTomy,

1 1
X +-x+l=x—| ——+ =
3 6
= +l_@.j I+E+E'I—
6 6 6 6

Crnioco0bl pa3sioxkeHusl HA MHOYKUTEJIM MHOTOYJIEHA CTeNeHU BhIllle BTOPOIi.

B obmiem ciiydae aTa 3aaya npeanonaraeT TBOPUECKHUMA MOAX0/I, TaK Kak HE CYIIECTBYET
YHHUBEpPCaJIbHOr0 MeTo/1a ee perieHus. Ho Bce e nonpoOyeM JaTh HECKOJIbKO HABOJIOK.

B nopasnsitoiiem yucie ciiydaen, pa3iokKeHNEe MHOTOWIEHA HA MHOXKUTEIN OCHOBAHO Ha CIIEICTBUM U3

TCOPEMBI B63y, TO €CTh HaAXOOUTCA NN HO,Z[6I/IpaeTC}I KOpPCHb *1 " IMOHMXKACTCA CTCIICHb MHOT'OYJICHA Ha

€AVHULY JEJICHUEM Ha (x— % ) V NoIy4eHHOro MHOTO4YJIeHa HIIETCS KOPEHb X2 U mporecc
MIOBTOPSIETCS 10 TMOJTHOTO PA3JIOKECHHUS.

Ecnu sxe KopeHb HallTH He YAaeTCsl, TO UCHOJb3YIOTCs Crieln(uIeckie cnocoObl pa3ioKeHHs: OT
IPYIIINPOBKH, 1O BBOAA JIONOJHUTEIBHBIX B3aNMOUCKIIIOYAOIINX CIAaraeMbIX.

JanbHeliee n3noxeHne 6a3upyeTcst Ha HaBbIKaX PelleHNs YPAaBHEHU BBICIINX CTEIEHEH ¢ IeTbIMU
K03 duULIEeHTaMH.

Hcnonb3oBanue (popMyJ1 COKpPAILIEHHOT0 YMHOKeHHs 1 OnHOMa Hbr0TOHA 1151 pa3/ioskeHUs
MHOI'04/ICHA HA MHOKMTEJIH.

WHora BHEIIHUI BUJ MHOTOYJIEHA HABOJAMUT Ha MBICIIb O CIIOCOOE €ro pa3iokKeHHs Ha MHOKUTEIH.
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K mpumepy, mocie HeCI0KHbIX MpeoOpa3oBaHUi KOA( PUIIMEHTHI BEICTPAUBAIOTCS B CTPOUKY U3
TpeyronbHuKa [lackans, To ecTb, sBIsAOTCA Kodhdunnenramu dunoma HeroToHa.
Ilpumep.

PasmoKHTh MHOTrOWICH X +4%" +6x” +4x—2 ya MHOKHTEIIL
Pewenue.

IIpeoOpasyeM BeIpaKEHHE K BUJLY:

A st +ax—2 =l 4% 1627 +4x+1)-3

4
[TocnenoBarenbHOCTh KOAPHUIIMEHTOB CYMMBI B CKOOKaX SIBHO YKa3bIBAIOT, YTO ITO €CTh (¥+1) .

CriefoBaTeNbho, ¥ +48 6 +4x—2= (" +a® 6+ ax+1]-3=(x+1) -3
Tenepp npumeHnM GopMyITy pa3HOCTH KBaAPATOB:

x4 67 +ax—2 =[x+ 42 + 627 +4x+1)-3=

—(x+1) =3 =((x+1) — B )(x 1) +43)

BripakeHue Bo BTOpoii CKOOKE IeHCTBUTEIBHBIN KOPHEH HE UMEET, a JUIi MHOTOYJICHA U3 MEPBOM
CKOOKH ele pa3 MpUMEeHUM (HOPMYITy Pa3HOCTH KBaPaTOB:
XA +6x7 +4x—2= (447 + 62 +4x+1)-3=

=(x+1)' -3= ([_x+l:]: - ﬁj([_ﬂl:]: +-J?:]=

= (x+1—‘U§Ix+1 +if3_':{xl +2x+1+ ﬁ]

Ipumep.

PasiokuTh Ha MHOKHTETH X +6%° +12x+6

Pewenue.

[IpeoOpasyeM BelpaxeHue:

X +6x  +12x+6=x" +3-2-x7+3-27 x4+ 2" —2=(x+2] -2

[Tpumenum Gopmyiry COKpaIIeHHOTO YMHOXKEHHUS pa3HOCTh KyOOB:

4 6xt +12x+6=(x+2f -2=

=[:x+2—3\.r’;_ZI(__x+ 2)1 +%f§.(x+2:]+%f’5]=

=(x+2—3y',1_21x1 +x(2+if§.]+4+2if;_2 +ﬁ]

Cnoco0 3aMeHbI IepeMeHHOi MPH Pa3Ji0:KeHHH MHOTOYJIeHA HA MHOKUTEIH.

Yacro 3ameHa HepeMCHHOﬁ MO3BOJIACT MOHU3UTD CTCIICHb MHOT'OYJICHA U PA3JIOKHUTD €TI0 Ha

MHOXHUTENH.

Ilpumep.

PasiokuTh Ha MHOKHTeNH X +3% +6.

Pewenue.

HanpammuBaercs 3amena ¥ =%

x5t 6= Lv =xs}=y2 +5y+6

KopHSMU MOTy4eHHOTO KBaIPaTHOTO TPEXWIeHA SIBIIIOTCS Y=-2 U Y=-3, TI03TOMY,
2 +5x7 +6=1y =x3}=yl+5y+6 =

=l’y+2:}f_y+3:]= (xs +2Ix5 + 3)

[Tpumensiem GpopMyiTy COKpaIIEeHHOTO YMHOXXEHHUS CyMMa KyOOB:
x°+ 5% +6={y =x }=yl +5y+6=

=[y +2_](y+ 3]= (xs +2Ix3 +3)=

—(r+32 [ -V A e - 43 f? —3/3x +48)

3aaHus AJ151 NPAKTHYECKOT0 3aHATHSA:
1. Pa3zjioxkure Ha MHOKHUTEIN:

1) 3a+12b
2) 2a+2b+a’+ab
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3)
4)
5)
6)
7)
8)

9a® — 16b?

7a%b — 14ab? + 7ab
m2+mn-m-mg—ng+g
4
2(3a% + bc) + a(4b + 3c)
25a% + 70ab + 49b?

a2 — 4ab +b?

COKpaTI/ITe HPOGB, PAa3J0KUB HA MHOKUTEIH YUCIUTEC/Ib U SHAMECHATEJb.

1)
2)
3)
4)

5)
6)
7)
8)

1)
2)
3)

4)

1)
2)
3)
4)
5)
6)
7)
8)

9¢* —(4-3c)’
64x° —y°

-
ath
8%

9764
Bt

¥'n—c'n

9—6ata’ _
F—u
d’ —6d+9
d-3
47 —4y+1
2-4y
47— 4yl
721

oc—ay the-by
ath

PasigosknTe HAa MHOKHTEIN

121a® -b"
49x% (8- Tf'a::)2

Pa3noxure Ha MHOXKMTEJIM UCNOJIb3Ys (POPMYJIBI COKPAIEHHOTO YMHOKEHH S

64a° +1

m®n® - 27
a’-12a+36
9—(2c-1)?
1-(2x—3)?
1-(8a—3)°

(x* +1)* —4x?
(a2 + 4)? —16a?

Pa3znoxkure HA MHOKHTEIHN CIIOCOOOM BLIHECEHHS 00IEr0 MHOKUTEIA 32 CKOOKH

1) 6a-6b

2) 4x+12y

3) 8x+18y

4) 15a-25b
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5) 30%-3b
6) Ab+ab?
7) 15x3y2+12x%y-24x2y?
8) 12a%b?-36a%b+44abc

Pa3io:knTe HA MHOKMTEIH MCNIO0JIB3YH METO/l TPYNNMPOBKH U BbIHECEeHH e 0011Iero
MHOKUTEJIS 32 CKOOKH

1) 3a+3—-na—-n

2) 2mx—3m—4x+6

3) 3m-3n+mn-n’

4) 7kn—6k +14n—-12

5) 6a° —2ab —3ac +bc

6) 7¢°—c—c*+7

7) x®+28-14x* —2x

8) 8) 18a* + 27ab +14ac + 21bc

KOHTpOJIbeIe BOIIPOCHI

1. MHuorowieH — onpeneseHue, BUIbl, CBOMCTBA.

2. AIropuT™ pasziokKeHus MHOTO4JIeHa CTI0COOOM TPYNIHUPOBKU

3. ANTopuTM pa3nokeHUs MHOTOUJIEHA ¢ TIOMOIIbIO (JOPMYI COKPAIIEHHOTO YMHOXKECHHSI

4. AITopuTM pa3iokKeHHs] MHOTOYJIEHA C TTOMOIIBIO0 BEIHECEHHE OOIIEro MHOKHUTEINS 3a
CKOOKH

5. Ucnonws3oBanne GopMysl COKpaIIEeHHOTO YMHOKEHUS U OuHoMa HeioToHa 111 pa3nokeHus
MHOT'OWJICHA Ha MHOKUTEIIH.

Cnucok peKoMeH/1yeMoii JJUTepaTyphbl:
5. bammaxkos M.M. MatemaTtuka. Yueonuk. 2019 .
6. bammaxos M.M. MaremaTtuka. 3amaudauk YueOHOe ocodue. . — M. «Axkagemus», 2018 .

Pasnen 2. Anreopa
Tema 2.1 JInneiinas anredpa

IIpakTuyeckoe 3anaTHe Ne 4. PemieHue cucTeMbl TUHEHHBIX YPABHEHHUH ¢ IOMOIIB IO
MaTpPHIbI.
KOJIM4eCTBO 4acoB 1
Hean: popmMupoBaHue yMEHHI peniaTb CUCTEMBbI TMHEHHBIX YPAaBHEHUN Pa3HBIMH CIIOCOOaMU:

CIoco0OM TIOJICTAHOBKH, CTIOCOOOM anreOpandecKoro CI0KEeHUsI, TpaduIeCKUM CIIOCOO0M
3agaya: 3aKpenuTh NOJIYyYEHHbIE 3HAHUS U HABBIKH, HAYUNTHCS IPUMEHEHUIO MTOJIYYEHHBIX
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HaBBIKOB Ha MPAKTHKE
IlepeyeHb cpeacTB , HCMOJIb3yeMbIX NMPH BbINOJHEHUH PA00THI WK 000PyI0BaHHUE :

TeTpalp AN MPAaKTUYECKUX paboT, pydyka, METOJWYECKHE PEKOMEHJAlMU MO BBINOJIHEHUIO PaldoThl,
KaJIbKYJISITOP.

Bonpocsl 111 NOBTOpeHUs1, 3aKPeNJIeHNs] TEOPETHYECKOT0 MATEPHAJIa K MPAKTHYECKOMY
3aHATHIO
Metona I'aycca
Merton 'aycca — 3T0 MeTOA Mepexo/1a OT UCXOJHOW CHCTEMbI TMHEHHBIX YpaBHEHUH (TIPU MTOMOIIH
SKBHBAJICHTHBIX TPe0Opa3oBaHmii) K CUCTEME, KOTOpask PEIIaeTCs MPOIIe, YeM UCXOHAS CHCTEMA.
DKBUBAJICHTHBIMU MTPEOOPA30BAHMSIMU CUCTEMBI IMHCWHBIX YPABHEHUN SIBJISIFOTCS:

e IIEpeMEHa MECTaMU JBYX YpaBHEHUH B CUCTEME,

e YMHOXKEHHE KaKOTO-TM00 ypaBHEHHS B CHCTEME Ha HEHYJIEBOE JICHCTBUTEIBHOE YUCIIO,

e mpuOaBJICHHUE K OJIHOMY YPAaBHEHHUIO IPYTOr0 yPaBHEHUs, yMHOKEHHOTO Ha IMPOU3BOJILHOE

YHCIIO.

PaccmoTrpuM cucreMy JINHEVHBIX YPaBHEHMI:

ayx tapxn t..tay,x, =b,

a1 X tayp% *.tay, X, =by,

1)
A1 Xy F 3 Xy o F Gy X, = by
BanumieM cuctemy (1) B MATPUYHOM BHUJE:
Ax=b (2)
rie
a; G A by X
P e b, | 25} (3)

A-matpuna k03)HUIHEHTOB cUCTeMBbI, b — mpaBast 4acTh OrpaHUUYCHUIl, X— BEKTOP NMEPEMEHHBIX,
KOTOpYI0 HYXHO Haiitu. [Tycth rang(A)=p.

OKBUBaJIEHTHbIE TPEOOPA30BAHUSI HE MEHSIOT PAHT MATPHUIbl KOA(P(UIIMEHTOB U PaHT PACUIMPEHHHOM
MaTpHULbl cucTeMbl. He MeHseTCs Takke MHOKECTBO PELIEHUH CUCTEMBI ITPU SKBUBAJIEHTHBIX
npeodpaszoBanuax. Cyre MeTosia ['aycca 3akitodaercs B IpUBeIeHUN MaTpLbl KoddduinenTon A k
JUaroHaJIbHOMY WJIM CTYIIEHUYaTOMY.

[TocTpoum pacmiipeHHYI0 MaTPUILy CUCTEMBI:

@y Gy ... G, |b
@Gy Gy . Gy, |b (4)
Gy Bop eev: O B

[Ipeanonoxum a117#0. Ecnu 3T0 HE Tak, TO MOKHO TOMEHSATh MECTAMHU 3Ty CTPOKY CO CTPOKOI C
HEHYJICBBIM 2JIEMEHTOM B CcTOJIONE 1 (€Cau HET TaKUX CTPOK, TO TIEPEXOANM K CIECIYIONIEMY CTOJIOIY).
OOHnymsieM Bce IeMEHTHI cTosOna 1 HukKe BeIyIIero aIeMenTa ait. J{Js 3Toro cloxkum CTpoku 2,3,

... M co cTpokoii 1, yMHOKEHHOH Ha —azi/ai1, —asi/aii, ..., —ami/ai1, coorBercTBeHHO. Toraa (4) mpumer
CHEAYIOLIUI BUA:
ay Gy ... ay,|b
0 o .. a|p®
o | | (%)
0 a9 .. aBlp®
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(1)
Ha cnenyromem stare oOHY/IsI€M BCe 3JIEMEHTHI CTOJIO0MA 2, HUXKE DJIEMEHTa @2 . Ecan manubii
3JIEMEHT HYJIEBOM, TO 3Ty CTPOKY MEHSAEM MECTAMM CO CTPOKOM, JIeXKAILUM HUKE JAaHHOM CTPOKU U
MMEIOIIHMI HEHYJIEBOH 2JIEMEHT BO BTOpPOM cTosbiie. [lanee oOHyseM BCe 3JIEMEHTHI CTOJIONA 2 HIKE
BE/YIIIEro 3JIeMEeHTa a22. JIJIs 3TOTO CII0HUM CTPOKH 3, ... M CO CTPOKOH 2, YMHOXKCHHOM Ha —az2/az, ...,
—amz/az2, cooTBeTCTBEHHO. [Ipo1oKas Iporeaypy, MOJIyIuM MATPHILY THArOHAIBLHOTO HITH
crynenydaroro Buja. [lycTs nonydueHHas paciimpeHHas MaTpuiia UMeeT BU/L:

(6)

b
all 012 alp aln 11
0 a® .. ol . a0’

03
2% e a(fz) bé)

0 0 .. 0 ..0 [B%
0 0 .. 0 ..0 |p®

58 b®
OGpaTiM BHUMaHHE HA MOCIeHUE CTpoku. Ecim : vy ' paBHBI HYJIIO, TO CUCTEMA IMHEHHBIX
YpaBHEHHI UMEET PEILICHUE, ECIH Ke XOTsI OBl OIMH U3 ATUX YHCEJI OTJIIMYHO OT HYJIS, TO CHCTEMa
HecoBMecTHA. IHbIMU cii0BaMu, cucteMa (2) COBMECTHA TOTAA U TOJIBKO TOI'/1a, KOTJIa paHT
MaTpuilbl A HaBeH paHry pacimpenHoi Matpuiis (A|b).

»® . =0,....6®=0
[lyctp #7t & . Torma
ayxytapt..tax, =b —ay, .~ may,x,

1) M, —pM_ 1)
a22x2+...+a2pxp—b2 Gy s1%p+1

.................................... @)

&), —p&_ &) e =)
X bp Gy 5 +1%p+1 "Xy

Tak kak rangA=rang(A|b), To maOkecTBO pemienwii (7) ecth (n—p)— MHOrOOOpa3me.

X 4 finwoin.2
CJ1e10BaTeIbHO 71—p HEM3BECTHBIX £ Lo oo BBIOpATh MPOM3BOIbHO. OcTalIbHBIE
X1s X0y vuny xp
HEU3BECTHHIE u3 cucremsl (7) BeIUUCISIIOTCS Tak. M3 mocienHero ypaBHeHus

BBIpAXKa€M Xp 4€pE3 OCTAJIbHBIC ICPEMECHHBIC U BCTABIISIEM B IIPCABIAYIIHUC BBIPAXKCHUA. I[anee nus3
IPEeANOCICIHEIO YPAaBHCHUS BBIPAXKAEM Xp—1 YEPE3 OCTAJIBHBIC IICPEMCHHBIC U BCTABJISICM B
NpEAbIAYIINEC BBIPAXKCHUA U T. 1. PaCCMOTpI/IM METOA Faycca Ha KOHKPCTHLIX ITpUMEpax.

IIpuMepsl pelieHUs: CHCTeMbl TMHEHHBIX YpaBHeHHH MeToaoM ["aycca

Ilpumep 1. HaiiTu ob1uee pelieHre cucTeMbl JMHEHHBIX ypaBHeHUN MeToioM ["aycca:
6X; +1Xp, +2X3=21
4x; —6X; +16X3= 2

3X; +8X3 +1X3= 2

Marpuunslii Buj 3amucu: AX=D, rae
i 2 21]

6
A=4 -6 16|, b= 2
3 8 i 2]

I[J'ISI peiCHUs CUCTCMBbI, 3alTMIICM PACIHUPCHHYO MAaTPpULLY:

6 1 2| 2if
4 =g 26| 2
3 8 1| 2

O06o03Ha4uM uepe3 aij HIEMEHTHI 1-0i CTPOKH U J-0T0 CTOJIOIIA.
Hckmrounm smeMeHTHI 1-ro cTo01a MaTpuIlbl HUKE dJIeMeHTa a1 1. JIJIst 9TOTO CI0XKUM CTPOKH 2,3 co
CTpOKO#i 1, yMHOKeHHO# Ha -2/3,-1/2 cOOTBETCTBEHHO:
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6 L 2 21
20 44

0 -3 3| 1

15 g .

a 2 2

Hckimounm 351eMeHTBI 2-T0 CTOJI0Ia MaTPHIIBl HIDKE dJieMeHTa a2 2. JIJis 3TOro CIOXKHUM CTPOKY 3 co
CTPOKOM 2, yMHOXXeHHOH Ha 9/8:
6 1 2 21

20 44
g = 3 3 -12
0 0 =B -22

JlenuMm Kaxayro CTPOKY MaTpHUILIbl Ha COOTBETCTBYIOIIUNA BEYLTUI 3JIEMEHT (€CIH BeAyIIUN JIIeMEHT
CYILIECTBYET):

1

= O =

0

|

-
Y Lo
Wis Lo NI~

0 0

W3 BBIIEN3I10:)KEHHOMT Ta6J'II/II_U>I MOKHO 3aIllucCaThb:

mad
.’C3——3

9..11
x2 =§+?'X3

T4 1
X1 =5—€’XQ—§'X3

IToxcraBus BCPXHHUEC BBIPAKCHUA B HUXKHHUC, IIOJIYUIUM PCIICHUC.

Pemenmne:
62 oo R 4
IS Xo=-— ———
X1=75 25715 X3=-3

Ilpumep 2. Haiitu ob1ee pelieHre cucTeMbl TMHEHHBIX YpaBHEHUI MeTo1oM ["aycca:

Martpuunslii Bun 3anucu: AX=b, rae

5X; +4X; -2X3 +3X4=11
1x;1 +2Xxp +4x3 +1Xx4=35

6X; +6X; +2X3 +4X4=46

Marpuunslii Buj 3anucu: Ax=b, rae

5 4 -2 3 11
A={1 2 4 1|, b=[35
6 6 2 4 46

JIns pemieHus CUCTEMBI, TOCTPOUM PACIIMPEHHYIO MaTPUILY:

5 4 -2 3| 11
1 2 4 1| 35
6 6 2 4| 46
O003Ha4YMM Yepe3 aij SIIEMEHTBI -0l CTPOKH U J-0T0 CTOJIONA.
Hckmounm 3meMeHTs 1-ro cTon01a MaTpHIlbl HIDKE diieMeHTa ai1. st aToro cnokum cTpoku 2,3 co
cTpokoii 1, yMHOXKEHHO# Ha -1/5,-6/5 cOOTBETCTBEHHO:
5 9
22
05 &

22
5

11
164
5
164
5

ulo nlo h
win nin W

0

Hckmrounm 351eMeHTHI 2-T0 CTOJI01a MaTPUIIBl HIKE dJIEMEHTa a22. st 3TOTO CIOKUM CTPOKY 3 CO
CTPOKOH 2, YMHOXEHHOI1 Ha -1:

-2
22
5

0

11
164
5

0

o
o uio b
o uwin W
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Jlenum Kaxayro CTpOKY MaTPHIbl HA COOTBETCTBYIOUIUHN BEAYILIUN 3JIEMEHT (€C/Id BeAYIIHI 3JIEMEHT

CYIIECTBYET):

u
5
8

o = wuls
w|>—n |
o = N
O Wl nnlw

N -

3
0

BBIpaSI/IM IEPEMEHHBIC X1, X2 OTHOCUTEIBHO OCTAJIbHBIX IIEPCMEHHBIX.

I'ZIC X3, X4— OIPOU3BOJILHBIC I[CI\/JICTBI/ITCJIBHBIC qucia.
HOI[CTaBI/IB BCPXHHUC BBIPAXKCHUA B HUIKHUC, ITIOJIYIUM PCUICHUC.

Pernenmne:

i O
ol SR T T € T

I'ZIC X3, X4— IPOU3BOJILHBIC I[GflCTBI/ITGJILHLIC qucia.

UTto Ha3bIBaeTCs pelIeHUEM CUCTEMbI YPAaBHEHHI?

2. Kakas cucreMa ypaBHEHUH Ha3bIBa€TCS COBMECTHON, HECOBMECTHOM?

3. Kakas cucrema ypaBHEHHI Ha3bIBACTCS ONPECIICHHON, HEONPEIeIeHHOW?

4. Kakas maTpulla CUCTEMbI ypaBHEHUI Ha3bIBACTCS TTIABHOI?

5. Kak BBIUHCIUTH BCIIOMOTATEIBHBIE ONPEACIIUTENN CUCTEMBI JINHEMHBIX aJIire0pandecKux
ypaBHEHUM?

6. B uem cocrout cytb MeTona Kpamepa pemieHus cucteM JTHHEHHBIX aareOpandecKux ypaBHEeHUN?

7. Kakoii MOkeT ObITh CHCTEMa JIMHEWHBIX alre0pandeckux ypaBHEHUMN, €CIU €€ TIIaBHbIN
OIIpECIUTENb PAaBEH HYIIO

Metoa Kpamepa pemienusi cucreM JJUHeHHBIX ajlredpanyeckux ypaBHeHHil

Jaaum psin HeOOXOUMBIX OIIPEIeTICHUH.
Cucrema ITMHEHHBIX YpaBHEHUI HAa3bIBACTCS HEOOHOPOOHOI, €CITH XOTs OBl OJIUH €€
CBOOOJIHBIN WIEH OTJINYEH OT HYJIS, © 00HOPOOHOIL, €CITA BCE €€ CBOOOIHBIC WICHBI PABHBI HYITIO.
Pewenuem cucmemul ypasnenuil Ha3pIBaeTCS YIOPSIOUCHHBIN HA0Op YKceN, KOTOPHIH,
Oyly4H MOJCTaBICHHBIM BMECTO MIEPEMEHHBIX B CUCTEMY, 0OpaIllaeT KakI0€ €€ YpaBHEHUE B
TOXJIECTBO.
Cucrema ypaBHEHU HAa3bIBACTCS CO8MECMHOI, €CTTU OHA UMEET XOTs OBl OJIHO PEIICHUE,
U HEeCO8MECMHOIU, €CII OHA PELICHUI HE UMEET.
CoBMecTHas cucTeMa ypaBHEHU HA3bIBACTCS OnpedeenHoll, ECIM OHA UMEET €IMHCTBEHHOE
pelleHue, U HeonpeoeneHHou, €CI OHA UMeeT 0OoJiee OHOTO PEIIeHUSI.
PaccMoTpuM HEOTHOPOIHYIO CHCTEMY JIMHEHHBIX alreOpandecKuxX ypaBHEHUM, UMEIOTIYIO
opy N=M cieayrouuii ooumii Bu;
ayX, +a,x, +..+a,,x,=b,
a,x,+a,x, +..+a,,x,=b,

Ay X +a,5%, 4. A, = bn. (1'5)

I'nasnoit mampuyeit A cucmemol TMHEHHBIX aNreOpandeckuX ypaBHEHUN Ha3bIBACTCS
MaTpHIla, COCTaBJIeHHAas U3 KO PHUIIMEHTOB, CTOSIINX NPH HEU3BECTHBIX:
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aj, . Gy a,,
s ay Ay ... a4y, |
\a~:1 Ay -ee Ay /’

Ornpenenurens TJIaBHOM MaTPUIIbl CUCTEMbI Ha3bIBACTCS 21A6HBIM Onpedeiumesiem v
oOo3Hauaercd A.
BcnoMmorarensHbii onpeAaenuTens Aj OIy4aeTcsi U3 rJIaBHOTO OMPEACIIUTEINS ITyTEM 3aMEHBI

: (i=1n)
I-r0 ¢TOJIOIA HA CTOJIOEL CBOOOIHBIX YJIEHOB. 2
Teopema 1.1 (Teopema Kpamepa). Ecnu riiaBHbIi onpenenuTeab CUCTEMbI TUHEHHBIX
areOpandecKrX ypaBHEHUH OTIIMYCH OT HYJIS, TO CHCTEMa UMEET SJMHCTBEHHOE PEIICHUE,
BBIUMCIIAIEMOE 110 (popMyJIam:
A 5 —_—
x,=—,TAC i=1n
-
(1.6)
Ecnu rnaBsiii onpenenurens A=0, To cucrema 1u00 nMeeT 6ECKOHEYHOE MHOYKECTBO
peteHuii (TIPU BCEX HYJEBBIX BCIIOMOTATEIbHBIX ONPEIEIUTEISX ), TUO0 BOOOIIE PEIICHUS HEe

vMeeT (TIPY OTIMYUK OT HYJISL XOTs OBl OJJHOTO U3 BCIIOMOTATEIbHBIX ONpeenureneii). *

B cBete mpuBeaeHHBIX BhIlIE onpeaeieHuit, reopema Kpamepa MoxeT ObITh
chopMyIHpOBaHa HHAYE: €CIIM TTIAaBHBIN OMPEIeTUTENh CHCTEMBI JINHEHHBIX allre0pandecKux
YPaBHEHMH OTIIMYEH OT HYJIS, TO CUCTEMA SIBJISIETCS COBMECTHOM OIpEeeNICHHOM U IpU

A

=

orom A ; €CJIU TJIABHBIN OMPEACIIUTEINb HYJIEBOW, TO CUCTEMA SIBJISIETCS JTMOO COBMECTHOM
HeonpeneneHHo# (mpu Beex Ai=0), 1100 HECOBMECTHOM (IIPU OTIWYUHU XOTS ObI OAHOTO U3 Aj OT
HYJIS).
[Tocrne 3TOro CciieayeT mpoBECTH MPOBEPKY MOIYYSHHOTO PELICHUS.
Ilpumep 1.4. Pemurs cuctemy metonom Kpamepa
x—4y+2z=-5
4x+y—-3z=-3
12x+3}'+4z=1
Pewenue. Tak kax rJIaBHbIA ONIPEAEINUTEIb CUCTEMBI
1 -4 2
A=l 1 -3(=4424+24-4+64+9=121
2 3 4
OTJIMYEH OT HYJIS, TO CUCTEMa UMEET €IMHCTBEHHOE pelleHne. Boruncianm BcrioMorareinbHble
OIpEACIUTENN

-5 ~4 32
A=F3 1 =3=-20+12-18-2-48-45=-121
1 3 4
1 -5 2
A,=|4 -3 -3=-12+30+8+12+80+3=121
2 1 4
1 -4 -5
A, =14 1 -3=1-60+24+10+16+9=0.
2 3 1
x:ﬂ:—l, 1'=£=1, z=0e
Bocnonssyemcs popmynamu Kpamepa (1.6); 121 T

IIpumep 1.5. JlaHHBIE JHEBHOM BBIPYYKH MOJIOYHOTO [I€XA OT pean3alii MOJIOKA,
CJIMBOYHOTO Maclla ¥ TBOpora 3a TpH JHs npojax (Ha 2017 roj) 3anecensl B Tadbnuiy 1.4.
Tabnuya 1.4
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OdbeM NPoJAHHOI NPOIYKIHH 32 TeHb JHeBHAS
Monoxko Macmno TBopor BBIPYUKA
(1) (xr) (xr) (py6)
1 nenp 1898 42 114 126256
2 IeHb 1908 46 122 130264
3 IeHb 1856 39 109 121908

OHpel[eJII/ITL CTOMMOCTS 1 CANMHUIBI TPOAYKIIMU MOJIOKOLCXA KAXKIOT0 BUAA.
Pewenue. O603HauNM yepe3 X — CTOUMOCTh | JuTpa MOJoKa, Y — 1 Kr CIMBOYHOrO Macha, Z —
1 kr TBopora. Torna, yuuTsiBasi JaHHbIe TAOMULBI 1.4, BRIPYYKY MOJIOYHOTO 1[€Xa KaXI0TO U3 TPEX
JTHEHN peanu3aiy MOXXHO OTOOPA3HUTh CIIEIYIOIICH CUCTEMOM:
1898x+ 42y +114z =126256
1908x+ 46y +122z =130264.
11856x +39y+109z=121908

Pemm cucremy meronom Kpamepa. Haiiem rinaBHbIM onpenenuTens CUCTEMBI 10 popmyie
(1.2):
1898 42 114
A=[1908 46 122/=1898-46-109+1908-39-114+42-122-1856—1856-46-114—
1856 39 109
—1908-42-109—1898-39-122 = 9516572+ 8482968+ 9510144 —
—9732864—8734824— 9030684 =11312

Tak xak OH OTIMYEH OT HYJIA, TO CUCTEMA UMCCT CAMHCTBCHHOC PCIICHUC. Breranciaum

BCIIOMOTaTeNbHbIE OMPEEIUTENH ¢ TOMOIIbI0 hopMyisl (1.2):
126256 42 11
A, =[130264 46 122|= 633047584+ 579153744+ 624656592 — 639285552 — 596348592
121908 39 109
—600726048= 497728
1898 126256 11

A, =[1908 130264 122=26949276848 +26516452896 + 28588398592 -27561778176 —
1856 121908 109
—26257712832—-28228528848 = 6108480
1898 42 126256
A, =[1908 46 130264/ =10643543664 +9394961472+10154339328 -10779232256 —
1856 39 121908

— 9769219488 9642401808 =1990912
[To popmynam Kpamepa (1.6) umeem:

_A _497728 _,

Bepnysinch k 0003HaY€HHSIM, BUJIUM, YTO CTOMMOCTh | TUTpa MoJioka paBHa 44 py6ss, 1 kr

macia — 540 pyoOueii, 1 kr tBopora — 176 pyouneii ®

3agaHus AJ151 NPAKTHYECKOIr0 3aHATHSA:
1. Pemmte cuctemMsbl TMHEWHBIX YPaBHEHUN

X1+X2+X3 =0,

X+Yy+22=3 X—2y—-32=2,
2X) + X9 — X3 =1,
1) 2Xx—-y=4, 2) 3) { x—4y-13z=14, 4)
X1+2X2 —X3 :—1,
—X+Yy+2=-2 —-3x+5y+4z=0;

3X; +5Xy —6X3 =—2;
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Xg —Xo +2X3 — X4 =1,
3X; —3Xy +4X3 —3%X, =1,
3%y —3Xy +8X3 —3X4 =5,

Xp — X +6X3 — X4 =5;

X1+ Xo — X2+ X4 =1, X1 — Xy + Xq — X4 =0,
l2 . 4o x+y-2=0 2 122 33 Z 0
Xo +Xq =X, =0, Xq —2Xo +3Xa —4X, =0,
2 2X 23x3 3x4 1 6) \=x-y+22=0,7) 1 X 2x 3x 40
— + =-1 — + — =V,
1 3 4 2X—7=0: 1t Xy =Xy
Xg +3%X, =1, Xy —Xo +2X3 —3X4 =0.

2. Haligurte pelieHus: CUCTEMBbI JINHEHHBIX YpaBHEHUH /171 BCEX 3HAUEHUI mapameTpa a
3X+2y+3z=5,
1) ¢ 2x+3y+1z=1
2X+y+az=a+8§;

KoHTpoJibHbIE BOPOCHI
1. Yto Ha3bIBAETCS PEIICHUEM CUCTEMbI YpaBHEHUMN?
2. Kakas cucrema ypaBHEHUI Ha3bIBa€TCSI COBMECTHOM, HECOBMECTHOI?
3. Kakas cucrema ypaBHEHUI1 Ha3bIBA€TCs ONPECIIEHHON, HEOTIPEICTICHHOM?
4. Kakas maTpulia CUCTEMbl ypaBHEHUI HAa3bIBACTCS TTIABHOM?
5. Kak BpIYMCINTBH BCIIOMOTaTeIbHbIE ONPEACIUTENN CUCTEMBI JIMHEWHBIX alNredpandeckux
ypaBHEHUI?
6. B uem cocrout cyth MmeTona Kpamepa pemeHust CHCTeM JIMHEHHBIX anreOpandecKix
ypaBHEHUI?
7. Kakoii MoeT ObITh cHCTEMA JIMHEWHBIX alredpandeckiux ypaBHEHUH, €CIIU €€ IJIaBHbIN
OTIpeIeNIUTENb PaBEH HYITIO

Cnmcok pekoMeHayeMoii JJuTepaTypbl:
1. BammaxoB M.M. Maremaruka. Yueonuk. 2019 .
2. baimmako M.M. Martematuka. 3agaynuk YueOHoe mocooue. . — M. «Akagemusn», 2018

Pa3nen 3. OcHOBBI JIOTUKH
Tema 3.1. Bricka3biBaHus
IIpakTuyeckoe 3anaTne NeS. CocraBiienne Ta0 1M1l HCTHHHOCTH
KOJIMYeCTBO YacoB 1
eab: HAYIUTHCS CTPOUTH TAOJIHIIBI UICTUHHOCTH CIIOKHBIX BHICKA3bIBAHUH.
3anava: 3aKpENUTh MMOTYyYEHHBIE 3HAHUS U HaBBbIKH, HAYYUTHCS IPUMEHEHUIO TIOJTYUYE€HHBIX
HaBBIKOB Ha MPAKTHKE

IlepedeHnb cpeacTB, HCNMOJIb3YeMbIX NP BBINIOJHEHNH Pa00ThHI HJIIH 000pPyAOBaHHUE :
TeTpaab M MPaKTUYeCKUX padoT, pydyka,  METOIMYECKHE PEKOMEHIAIMK 110 BBIIOJIHEHHIO PadOTHI,

KaJbKYJISITOP.

BOHpOCbI AJIs MOBTOPECHMSA, 3AKPENJVICHUA TCOPETUYECKOI0 MaTepuajaa K NPaAKTHIE€CKOMY 3aHATUIO
BcrmomaM Ta6J'II/IIII)I HUCTHUHHOCTHU OCHOBHBIX JIOTHYECKUX onepaunﬁ:

HNuBepcus (oTpunianue): o6pasyeTcsi U3 BhICKa3bIBaHUS C TOMOIIBIO JOOABICHHS YaCTHIIBI «HE)
K CKa3yeMOMY WJIM UCIIOJIb30BaHUSI 000pOTa PeUd «HEBEPHO YTOM.
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1 0

0 1

I[I/[I}’blOHKIII/[ﬂ (CJ'IO)KGHHG): 06p83yeTC$I COCIMHCHUEM ABYX BBICKA3bIBaHHUI B OAHO C IIOMOIIBIO
COr03a «MJIN»

X Y XVY
0 0 0
0 1 1
1 0 1
1 1 1

mnukanus (ciaenoBaHue): Jorudeckass QyHKIUS om 08yX nepeMeHHblX, KOTopas IPUHUMAET
HYJlegoe 3HAUCHUE, KOTJA U3 UCUHBL Cledyen 10JiCh.

X Y X=Y

0 0 1
0 1 1
1 0 0
1 1 1

Konbronkuus (yMHOXKEHHE): 00pa3yeTcsi COEIMHEHUEM JIBYX BBICKA3bIBAHUM B OJIHO C
TTOMOUIBIO COK03a «H»

X Y X&Y
0 0 0
0 1 0
1 0 0
1 1 1

DKBUBAJIEHTHOCTH (paBHO3HAUHOCTD): Jloruueckas QyHKIUS om 08yXx nepemeHHblx, KOTopast
MPUHUMACT eQUHUYHOe 3HAUCHUE TIPU 0OUHAKOBLIX 3HAUEHUSX TIEPEMEHHBIX.

X Y XY
0 0 1
0 1 0
1 0 0
1 1 1
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OnopHbI KOHCTIEKT

HBepcrs HCTUHHA TOTIIa Bricka3nIBaHUE JIOKHO
/M3 BIOHKLIMS JIOZKHA 15 06a JIOKHBI
KOHBIOHKIINA UCTUHHA BBICKA3BIBAHUSA UCTUHHBI
KOHBIOHKIINSI UCTUHHA TOJIBKO [XOTSl ObLI OTHO HMCTHHHO
JM3BIOHKIINS JIOKHA BLICKA3LIBAHUE JIOYKHO

Torjaa, 3 MCTHHHOTI0 BHICKA3LIBAHUS clIenyer

105KHO€ BLICKA3LIBAaHUE
IMIUIMKaug JoKHA

JKBUBAJIEHTHOCTH HCTHHHA KOT1a (004 BbICKa3LIBaHUSA JIOKHBI WU 002
BBHICKA3BIBAHUSA MCTHHHBI

ITopsiok BEITTOTHEHUS ONEpandil

Jlornueckoe orpunianue - uasepcus (HE)
Jlormueckoe yMHOXKEeHHE - KOHBIOHKIUS ()
Jlornueckoe cinoxxenue - ausbtoHkuusa (MJIN)
Jlormdeckoe ciegoBaHue - MMIUTUKALAS
PaBHO3HAYHOCTH - DKBHBAJICHTHOCTD

nhoneE

AAropuT™M NOCTpOECHUS TAOIUIBI HICTUHHOCTU
1. BpruncnuTh KOIHYECTBO CTPOK (2"+1, Tae N-KOJ-BO MPOCTHIX BBICKA3bIBAHUIA) U CTOJIOIIOB
TabJIULIbI (CyMMa NEPEMEHHBIX U ONeparuil).

2. Haueptuts TaGnuily U 3alIOJHUTH 3aTOJIOBOK.
3. 3amoyHUTH CTONONBI 3HAYCHUH TIEPEMEHHBIX.
4. 3amnoJHUTH OCTAJIbHBIE CTOJIOIBI B COOTBETCTBUHM C TaOJIMIIAMH HCTHHHOCTU COOTBETCTBYIOLINX
onepanui.
[Ipumepsr:

1.IToctpouth Tabnuily HCTUHHOCTH Jtorudeckoi ¢yHkuuu F=(A v B)A (AVB)
B sroit pynkmun nBe nepemennsie ( A u B), 3HaunT B Tabmuie ncTHHHEOCTH OyzeT 2°+1=5 cTpok u
2+5(oneparuit)=7 cron61os. [loctpoum Tabnuiy:

A B A B AvB AvB (AvB)A(AVB)
0 0

0 1

1 0

1 1

HpO,Z[OJ'I)KI/IM 3aIl0OJIHCHUC Ta6J‘II/ILILI B COOTBETCTBHUHU C Ta6J‘II/ILIaMI/I HUCTHUHHOCTHU JIOTHYCCKHUX onepaunﬁ:

A B A B AvB AvB (Av B)A(AVB)
0 0 1 1 0 1 0

0 1 1 0 1 1 1

1 0 0 1 1 1 1

1 1 0 0 1 0 0
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2.IloctpouTh TaOIUIY HICTUHHOCTH JIOTHUECKOW (QyHKIHHM F= AABAC
B s10it GyHKImy Tpu nepemennsie (A B u C), 3HauuT B Tabnuie HCTHHHOCTH 6yneT 23+1=9 cTpok u

3+5(oneparnwmii)=7 ctonbuos. [loctponm Tabmuiy:
A B C A BAC | BAC AA

AC AA

AC

0

PP RPRPRPOOIOIO
Ellall=l=lIg T elle]
RO Ok oo
OO0 |0O|FRIFRIFR|IFL| >
Sll=llsllsllleolle]
ORI R ORI IFl>
oO|oo|lo|Oo|R |||
Il s (el el el )

[TocTpouTh TAOJIUIIEI HCTUHHOCTH JIOTHYECKUX (PYHKIIHN
(cocTaBHBIX BBICKA3bIBaHU)
DF=(AvB)AC=(AAC)v(BAC)

Omeem: 11111111

2)F=(AAB)VCeS(AAC)A(BAC)
Omeem: 1011100 1
33)13}[1/]':1 AJISL IIPAKTHYECKOI0 3aHATHS:
Omnpenenure, Kakue U3 CIeIyIOIUX ap BEICKa3bIBAHUH SBISIOTCS SKBUBAJICHTHBIMU:
1. A=B; B=A;
2. A=B;Av B,
3. A)v(BAC); (AvB)A(AVC)
KOHTpOHLHLIe BOIIPOCHI
1. Yro Takoe BbIcKa3bIBaHUE (IpUBEAUTE pUMeEp)?
2. UYto Takoe coCTaBHOE BHICKA3bIBAaHUE (IPUBEAUTE TIPUMED)?

3. Kaxk Ha3pIBaroTCs U Kak 0003Ha4aroTCs (B SA3bIKE MaTeMaTHKHU) cleaytonue oneparun: NJIN,
HE, U, ECJIN ... TO, TOI'IA U TOJIBKO TOT' 1A, JINBO ...JIUBO?

4. VYKaXuTe NPUOPUTETHI BBHITIOIHEHUS JIOTHYECKUX OTeparvi.

5. CocrtaBbTe TaOIUILy HCTUHHOCTHU JJIs CIEIYIOIIMX OINlepalvii: OTpULlaHNe, KOHBIOHKIHS,
JIU3BIOHKIMS, UMIUTUKALMS, SKBUBAJICHLUS.

6. HM300pa3ute GyHKIHMOHATBHBIC JIEMEHTHI: KOHBIOHKTOP, JU3BIOHKTOP, HHBEPTOP.

7. Kakue noruyeckue BbIpaXXeHUS! Ha3bIBAIOTCSI pAaBHOCHIIBHBIMU?

8. 3ammcaTh OCHOBHBIE 3aKOHBI aJTe€OPBI JIOTUKH.

CnucoK peKoMeH/1yeMoii JIUTePaTypbl:
1. Bammvakos M.U. Maremaruka. YueOauk. 2019 .
2. bammmakos M .M. MaTtemaTtuka. 3amaudauk YueOHoe mocobue. . — M. «Akagemus», 2018

IIpakTuyeckoe 3anaTHe Ne6. [IpuMeHeHne TaOIMIbBI HCTUHHOCTH /ISl I0KA3aTEJIbCTBA
HCTHUHHOCTH BbICKa3bIBaHUM
KOJIH4eCcTBO YacoB 1
Ilesb: Hay4YnUTHCS JOKa3bIBaTh HCTUHHOCTH BBICKA3bIBaHEH C MOMOILBIO TaOIUIl MCTUHHOCTH
3agava: 3aKpenuTh NOJYyYEHHBIE 3HAHNS U HABBIKH, HAYYUTHCS IPUMEHEHHIO TTOJTYYEHHBIX
HAaBBIKOB Ha IIPAKTHKE
Ilepeuens cpeacTB, HCNOJb3yeMbIX IIPH BHINOJHEHUH PadoThl MM 000pPy10BaHHE :
TeTpaab JJIs MPAKTHUYECKUX PadOT, pydyka, METOJUYECKHE PEKOMEHJALMU 110 BBIMOJIHEHUIO paldoThI,
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KaJIbKYJISTOP.

Bonpocs! 1151 NOBTOpeHNsl, 3aKpelIeHHsl TeOPeTHYEeCKOro MaTepraia K NPaKTHYeCKOMY
3aHATHIO

B MaTemaTHKe MBI UIMEEM JIENIO C Pa3IMYHBIMH YTBEPKICHUSIMU, HATIPUMED,
A = {uncno 100 memurcs Ha 4};

B = {"epe3 n1Be TOYKU MOYKHO IPOBECTH JABE IPSMEIE} ;
C = {uucmno 0,00000001 ouens maino}.

OTHOCHUTENLHO OJHHX YTBer(IICHI/Iﬁ MOJXHO CKa3aThb, YTO B HUX T'OBOPUTC HEYTO NPABUIIBHOC, OTHOCHUTCIIBLHO
JIpYyrux — yTBEpKAAaeTcsl HeuTo HeBepHoe. Hanpumep, yTBepkieHrne A — BEpHOE, YTBEPKAECHUE B — HEBEPHOE.
OTHOCUTENIHLHO YTBEPKACHUA C Henw3s CKa3aTh, ABJIACTCA OHO BEPHBIM HJIK HET, TaK KaK OHO HE UMECT TOYHOI'O
CMBICJIA.

Onpenenenue 16.12.

YTBep)KI[eHI/Ie, KOTOPOC ABJISICTCA BEPHBIM, HA3bIBACTCA UCHIUHHBIM.

Omnpenesenue 16.13.

YTBCp)K,I[eHI/Ie, KOTOPOEC ABJIACTCA HEBEPHBIM, Ha3bIBACTCS JIOHCHBIM.

Omnpeaenenue 16.14.

Buickazviganuem Ha3bIBaeTCs J1I000€ YTBEPIKICHUE, O KOTOPOM MOYKHO CKa3aTh, HCTUHHO OHO MJIM JIOXKHO.
W3 onpenenenus 16.14 BeiTekaer

CsoiicTBO 16.5.

Bcesikoe BhICKa3bIBaHHE ABISCTCS MO0 UCTUHHBIM, JIUOO JIOKHBIM (3AKOH UCKIIOUEHHO20 MPEMbe2o).

CsoiicTBO 16.6.

Hukakoe BhICKa3bIBAHHE HE MOKET OBITh OTHOBPEMEHHO UCTUHHBIM U JIOKHBIM (3a1<0n npomueopeltuﬂ).

CsoiicTBO 16.7.

HpezmonceHI/Ie, 0 KOTOPOM HEBO3MOXHO OAHO3HAYHO PCHIUTH BOIIPOC, MCTUHHO OHO WJIM JIOKHO, BBICKa3bIBAHUEM
HEC ABJIACTCA.

Ha MHO>eCTBe BBICKa3bIBAHUI MOKHO BBECTH OIEPAIMH, O3BOJISIOIINE 00PA30BhIBATHL HOBBIC BHICKA3BIBAHHSL.
Hanpumep, eciu 3aaHbl J1Ba BRICKa3bIBaHU 4 {celiyac COHEUHO} U B{celiyac BETPEHO}, TO C MOMOIIBIO CBSI30K
«ID), KU, KECITH...., TO...», «IN0O0..., THOO...», KTOTJA U TOJBKO TOT/a, KOT/Iay, KHEBEPHO, YTO» MOKHO
00pa3oBaTh HOBBIC BHICKA3bIBAHMUS BUJIA: {CeYac COJHEYHO U BETPEHO}, {ceiiuac COTHEUHO WM BETPEHO},
{ecnu ceiiuac COIHEYHO, TO Ceiuac BETPEHO} U T.1I. Takue BhICKa3bIBaHUS HA3bIBAKOT COCTABHBIMH, & BXOJISIIIUE
B HHUX BBICKa3bIBaHust A u B — DJICMCHTAapPHBIMHU.

JIBa coCcTaBHBIX BBICKA3bIBAaHUS 4 M B Ha3bIBAIOTCS paBHOCUJIHHBIMH, €CIIH OHU OJTHOBPEMEHHO UCTHHHBI UITH
OJHOBPEMEHHO JIOKHBI MPH JIOOBIX MPEANIONI0KEHUSIX OTHOCUTEIBHO HCTUHHOCTH BXOJSIINX B HUX
3JIeMEHTapHBIX BhICKa3bIBaHWH. B aTom ciywae mumryT 4 = B.

Onpenesenue 16.15.
Ompuyanuem BHICKa3bIBaHUS A HA3BIBACTCS BBICKA3bIBAHUE, KOTOPOE UCTUHHO, KOTAa A JI0KHO, U JIOKHO,
eciu A uctuano. O6o3Hauenue: A Yuraercs: «HEBEPHO, YTO A».

HaHHOC OIMPECACICHUEC 3alIMCBIBAIOT C TIOMOIIBIO maﬁﬂuubl UucmuHHocmu, B KOTOpOfI 6y1<Ba «» o3HavaeT
HCTUHHOC BBICKA3bIBAHHUE, a 6yKBa «JI» — moxHOE.

A n JI

A B 158

Hampumep: oTpuiiaHueM BBICKa3BIBaHUS {depe3 IBe TOUYKH MOYXKHO IIPOBECTH JIBE MPSMBIC} SBIISICTCS
BBICKa3bIBaHUE {depe3 IBE TOUKHU HENb3s IPOBECTH ABE MpsMbIe}. OTpHUIlaHNEM BBICKA3bIBAaHUS {ducio 37 He
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nenuTcs Ha 2} OyneTr BeICKaszbiBaHUe {4mciio 37 menutcs Ha 2}.

Omnpenenenue 16.16.

Konvionkuueii n1ByX BbICKa3biBaHUH 4 ¥ B Ha3bIBaeTCs BRICKA3bIBaHHE, KOTOPOE UCTUHHO B TOM M TOJIBKO B TOM
ciIydae, eclii ICTUHHBI 00a BrIcka3piBaHusA. O0o3HaueHue: A /A B, untaercs: «4 u By». Tabmuiia ICTHHHOCTH
HAMEET BUI:

n n JI

B n J

Aﬂﬁﬂﬁ 144 J J J

Hamnpumep: KoHBpIOHKIMEH BRICKa3biBaHui {3 < 8} m {8 < 11} saBiseTcs BeickaspBanue {3 <8 < 11}. Wm,
KOHBIOHKITUCH BBICKA3bIBAHUM {TOYKa 4 JIGKUT HA NIPSAMO# a} U {TouKa A JCKUT Ha IPSIMOK b} SBISCTCS
BBICKa3bIBaHUE {TOUYKA A JICKHUT HA TIPSIMOU a ¥ HA TIPSIMOit b}.

Omnpeaenenue 16.17.

/lusvlonkyueii NByX BBICKA3bIBAaHUU A U B Ha3pIBaeTCs BBICKa3bIBAHUE, KOTOPOE JIOXKHO TOTIa U TOJIBKO TOT/A,
KOTJ1a JTOKHEBI 00a BeICKassiBanus. O0o3nauenue: A V B, untaercs: «4 win By, Tabnuiia HCTUHHOCTA UMEET BU/T:

41 141 J JI

B 41 J 141 JI

AV E 141 141 n JI

IIpuMepsl: IU3BIOHKIMEN BBICKA3bIBAHUN

e {3<8} u {3 =28} aBmsercs Bricka3piBaHue {3 <8 < 11};

e {TOYKa A NEKUT HA MPSIMOK a} U {TOUKa 4 JISKUT Ha IPSIMOH b} sABIIsIETCS
BBICKa3bIBaHME {TOUYKA A4 JIOKHT Ha NMPSIMOW ¢ WJIM Ha IpsIMOiA b}, Tnme cBs3ka "win" He WMeer
pa3leNUTeNnbHOro cMbicia. To ecTh Touka 4 MOXET JiexaTh 100 TOJIBKO Ha MPSIMOH @, MO0 TOJIBKO Ha
MPSMOiA b, TNOO K€ Ha TIPSMOH @ ¥ IPSIMOW b 0THOBPEMEHHO.

n n

CsoiicTBO 16.9.
OHepaHI/II/I JU3BIOHKIINN 1 KOHBOHKIINU KOMMYTaTI/IBHbI.

AVE=BVAuUANEBE=EBnA
JlokazaTenscTBo

Jli1s 10Ka3aTeNbCTBa JOCTATOUHO CPABHUT TAOIUIIbGI HCTHHHOCTH
BoickasbiBaHuil AV EBuUBVA(AANBuB AA) Tlokaxkem s AVBEuUBVA.

A )41 J B n
B )41 J n JI
AVE n n 41 J BEvA 41 n 41 J

CsoiicTBO 16.10.

OHepaI_II/II/I JAU3BIOHKIINN U KOHBHOHKIINKU aCCOLIMAaTHUBHBI.
AV(BVC)={AVB)VCu AN(BAC)=(AAB)AC

HOKa3aTCJ'H:CTBO
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Brickassianne 4 V (B W ) HCTHHHO TOJIBKO €CIIM OJHOBpeMEHHO UCTUHHBI A, B 1 C, a Bo Beex Apyrux ciaydasx
— 0%HO. BeickaseiBanue (A V B) V € Takke HCTUHHO, TONBKO eciu A, B 1 C 0IHOBpEMEHHO HCTHUHHEL.
CoBnajicHUE UICTHHHOCTH JIBYX BBICKA3bIBAaHUM JTOKA3bIBACT UX IKBUBAJICHTHOCTh. AHAIOTUYHO

BoicKasbiBanne AV (B VW € N10KHO, TOJBKO €CIH JIOKHBI OJHOBPEMEHHO BCe TpH BhICKasbiBanus A, B u C, HoO B
3TOM citydae J10xkHO ulA V B) vV € Bo Bcex OCTaNbHBIX Ciydasx 00a

BoIcKaspiBaHUA AV (B C) u(A v EB)V C —ucrunnsl. CiegosarensHo, AV (BV ) =(AVEIVCC
CgoiicTpo 16.11.

Jlst moOBIX TpeX BBICKa3bIBaHWH A, B 1 C CipaBeIJIUBEI paBEHCTBA
(AVBIAC=(ANC)V(BEAD
(AAB)VEC =(AVCOA(B AC)

JloKa3aTelILCTBO

[Tycte{4 V B) A C — MCTHHHO. DTO BO3MOXKHO, TOJIbKO ecnii uctunHbl C n {4 v B) a 910 3Ha4uT, uto C —
UCTUHHO, a A 1 B He ABIAIOTS 0JHOBPEMEHHO JOKHBIMHU. OTCIO/IA CJIELY€ET, YTO UCTHHHBIM ABISETCS OJHO U3
nByx BbicKasbiBanuii (A A C) um(B A C), 10 ecto(A AC)V (B A C)— uctunno. Janee, ecmu (AW B)AC —
n0xH0, T0 C 1 (A V B) He ABIAIOTCS OHOBPEMEHHO HCTHHHBIMH, TO €CTh J1n60 C J10%HO, 1160 10xkH0(A V B)
win 160 10%kHO C, MO0 M0KHBI 0HOBpeMeHHO A 1 B. Otcrona oqaoBpemenno noxuel (AN C) u (B AC) TO
ectb 10%kHO (A AC) v (B AC) ChenosatebHO, BHICKAa3bIBAHUSA 110 ONPEIEICHUIO PABHOCHIILHBI U
cripaBeuBoO paBeHcTBO (AV B)AC=(AAC)V (B A C)

IMycte{4 A B) v € —uctunno. Torna ucturno mu6o C, mu6o (A A B) To ecth mu60 nctunno C, mu6o
OZIHOBpeMEHHO UCTHHHBI A 1 B. B mo6om cirygae toraa uctuansl (A W Cju{B V ) 0JHOBPEMEHHO, a 3HAYHT,
uctuHHO[A V C) A (B V). Ecimxe(A AB)V C  — 10%HO, To ogHOBpeMenHO 0KHBI 1 C, 1 (A A B)  To ecTh
C — noxHO, a A 1 B He IBNSAIOTCS 0JHOBPEMEHHO UCTHHHBIMU (7100 A 110HO, 1100 B 1103kHO0). Torna noxHo
6o (A WV C) mi6o (B WV C) 1o ecth — n0%kn0. Orcrona (AANB)VC =(AVC)A(BVC)

CsoiicTBO 16.12.

JIM3BIOHKIIUS JTFOO0TO BBICKA3bIBAHHS A M €r0 OTPULIAHUS A — moscoecmeenno ucmunna.
O6o3Hauenue: AV A=H

CaoiicTBo 16.13.
Jlyis 1r00BIX ABYX BBICKA3bIBaHUM A U B cuipaBeuBbI hopmyast 0e Mopzaua:
a)ANE =AvBEG)AVE=AAB

JlokazarenbcTBo
a) CocTaBuM TaGIHIIbI HICTUHHOCTH MIPaBOM U JIEBOM YacTel paBeHCTBA.

A 141 B A 151 I
B 141 B B 151 B
AAEB 15 B | )| B A B B " "
AAEB B 151 51 151 B B 51 I 151
AVE B 51 151 151

51


javascript:changeProof(document.all.proof3)
javascript:changeProof(document.all.proof4)

CpaBHUBas MMOCJIETHUE CTPOUKH TAOJIUIIBI, TPUXOJIUM K TpeOyeMOMY PaBEHCTRY.
0) AHAJIOTMYHO, CpaBHUBAs TaOIMIIBI KCTUHHOCTH MPABOW U JIEBOHM YacTeH, OJIyYaeM UX PaBHOCUIBHOCTh:

A 158 158 B I A " u B B
B 158 I " I B 158 I " B
AVE 15 15 "u B A B b " "u
AVE B ) )| " B B " B | "
AAEB 11 B B "

Onmnpenesienne 16.18.

BrickasbiBanme «eciau 4, To B» Ha3bIBAIOT UMNIUKAYUell BEICKA3bIBaHUN A U B, €ClIi OHO JIO)KHO JIUIIG B
ciydae, koraa A — UCTHUHHO, a B — moxkHo. O6o3HaueHue: A = B TaOnwa nCTHHHOCTH UMEET BH/I;

41 141 JI J

B 41 J 41 J

A=E 141 J 41 41

Bricka3piBaHuE A HA3BIBAIOT YCIOBUEM, a B — 3aKIIIOUYEHUEM UMIUIHMKALUU.

CsoiicTtBo 16.14.

Jiist moOBIX ABYX BBICKa3bIBaHUH 4 M B cripaBeyInBO
(A=B)=(AVE)

JlokazaTenbcTBO
Crnenyet n3 cpaBHEHUS TaOJIUI] HCTUHHOCTH:

A nij|unj|ii
B

=
>
W
e
=]
I
I
5y
e
i1
e
=
I
=
T
i1
e

T
=
=
=
=

Hl= I E=
SHl=I=] =
Sl=|I=]| =
Sl=E|IE] =
S ST = e
S RS = e
Sl =
Sl

AVE |n|an|u|u

Onpenesenue 16.19.

Nmmnukanueit, oopamnoii nanHoi uMiinkanuu A = B | Ha3piBaeTcs uMIUIMKaus B = 4.

Onpenesenue 16.20.

WMIUHKaIMe, npomueonoi0xcHoil TaHHON UMILIMKAIMY , 4 = B HaseiBaeTcs uMIUMKanus 4 = B,

Hanpumep: nmmukanueit BoickaszpBanuit {100 nenures Ha 4} u {100 yeTHOE YuCIO} SABISETCA
BbIcKasbiBanue {eciu 100 nenurcs Ha 4, To 100 — yetHOE ymncio}. MMrukarus odpaTHast JaHHOH OyaeT Torna
takoi: {eciu 100 — gyeTHOE umncio, To 100 nenurcs Ha 4}. Kak MbI BUUM, €CJIM UMIUTHKAIHS UCTHHHA, TO
oOpaTHas K Heil He Bcera Oyaer ucTuHHA. [I[pOTHBOTIONI0KHOM K UCXOTHOH OyneT

nmruakanms {ecau 100 He nenutcs Ha 4, To 100 He ABISETCS YSTHBIM YUCIIOM | .
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CsoiicTBO 16.15.

Crpaseussi paserctsa (A= B ) =(E=4) u (= Au @A = 5)

JloKa3aTeILCTBO
CM. moKa3aTeibCTBO cBoMcTBa 16.14.

Onmnpenesenne 16.21.

Dkeusanenyueit evickazvieanuii A v B Ha3pIBaeTCs BBICKa3bIBAHUE, KOTOPOE HCTHHHO, KOraa 00a
BBICKa3bIBaHUA A M B uctuHHBI win 00a noxubl. O0o3Hauenue: 4 < B Tabanuma NICTUHHOCTH UMEET BULL:

A NiNn|Ja|JI

B Niad|n|JI

AsE|A|I|I|X

Hampumep: okBuBasieHIIMEH JBYX BBICKa3bIBaHWH {TOYKM A U B ekaT B Pa3HBIX MMONYIIIOCKOCTSAX OT
npsMoii a} 1 {0Tpe3ok AB mepecekaeT NPSIMYIO a} SBISETCS BBICKAa3bIBaHWE {TOYKU A U B Iie)XaT B pasHBIX
MIOJTYTUTOCKOCTSX OT MPSIMON @ TOTA U TOJBKO TOTHA, KOTZIa OTPe30K 4B mepeceKkaeTt MpsIMyIo d } .

Omnpeaenenue 16.22.

[TycTh mpeioKeHHE COCPIKUT MMEPEMEHHY0, KOTOpask MOXKET IPUHUMATh Pa3JIMYHbIC 3HAUCHUS, TPHUEM
MTOJICTAHOBKA JIFO00T0 M3 3HAYCHHU TIEPEMEHHOM IIPeBpaIaeT NpeioKeHIe B BRICKa3biBaHue. Torma 3to
NPEAJIOKECHUE HAa3bIBAIOT 0OHOMECHHBIM Rpeourkamom. MHOXecTBO X BceX 3HAUCHUI

MIEPEMEHHOM X Ha3bIBAIOT 00.1acmblo onpedenenus npeouxama. Od603HaueHUEe npeaukata: 4 (x).

Onmnpenesienne 16.23.
Mmuoscecmeom ucmunnocmu npeouxkama A (x), x € X HazpIBaeTcs MOAMHOXeCTBO 1 = X, Ha

KOTOpOM A (x) HCTUHHO.

Hampumep: Ha puc. 16.3.2 n300pakeHbl TOUYKH, COSAMHEHHBIE HECKOIILKUMH OTpe3kaMu. Ha MHOMXKecTBe X,
COCTOSIIEM U3 TOYCK a, b, ¢, d, e, f, 2 (X={a, b, c, d, e, f, g}), 3a71aH OTHOMECTHBI
npenukar A4 (x) = {kK To4ke X B paccMaTpuBaeMoi (pUrype MpuMbIKalOT TPH OTPE3KaA } .

Pucynok 16.3.1

Huxe IMpuBCACHA Ta6m/1ua HUCTUHHOCTH 3TOTI'O IIpEAUKarTa:

A(@) | AB)|A(c) | A(d)|A(e) | A()]4(2)
) S ) 7 G T O I 7 A ) O

MHO0XeCTBOM HCTHUHHOCTH JaHHOr0 npe€anKaTra, COOTBETCTBEHHO, 6y,Z[CT MHOXECTBO ToueKk 1 = {C, d, e} .

Omnpenenenue 16.24.

JBa mpenukata A (x) u B (X) Ha3BIBAIOTCS IKGUBANCHIHBIMU, €CTTH Y HUX COBITATAIOT 00JIACTH ONIPEACIICHUS U
MHOKecTBa ucTuHHOCTH. O603HaueHue: A(X)~ B (x)

Onpenesenue 16.25.

Keanmopom 00uinocmu Ha3pIBatOT CUMBOJ W , O3HAYAIOIIUM CIIOBO «BCEY.
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BrickasbiBanue (Wx € X)P(x)uuraercs: «uis Beex x u3 X CIIpaBeIUBO P OT X».
Keanmopom cywiecmeoeanusn Ha3bIBalOT CUMBOJI 3, O3HAYAIOIIMK CIIOBO «CYILECTBYET).
BrickaseiBanue (3x € X)Px uuraercs: «CyIECTBYET TaKOe X U3 X, UTO CIPABEUTHBO P OT x».

CrpaseuBo a) (vx) Ax = (3x)A(x), 6) (Ax)Ax = (Vx)A(x)

JdokazaTeabcTrBo

a) Eciu nctunHO BhickasbiBanue (Wx)A(x) T0 9T0 03HauaeT, 4To He JUIs BCEX X BBITONHEHO A(Xx) Apyrumu
CJIOBAMH, CYIIIECTBYET X, JUIsl KOTOPOro BhImomHeHo A(x), To ecTh Koraa ucTuHHO Bhipaxkerne (3x)A(x). Ecau
(wx)A(x) — noxuo, To(¥x)A(x) — ucrurno, Toraa (Ix)A(x) — 10XKHO. DTO ZOKA3BIBACT PaBHOCHIIBHOCTh
BBICKA3bIBaHHIT 1 paBencTBo (V1) A(x) = (Ix)A(x)

0) Tak xak hopMysa MyHKTa a) BepHa JyIs JTIF0O00TO npeankara 4 (x), BO3bMeM npem/lKaTm
Honyunm(Vx)A(x) = (3x)A([) = (3x)A(x)

CTpos oTpuIanue obenx uacreid, momydaem (¥x)A(x) = (3x)A(x) C yuerom Toro, uro as moGoro
BeickasbiBanms A = A uveem (W) A(x) = (3x)A(x) uro n TpeGoBanock 10Ka3aT.

Tak K€, KaK U OJ1d BLICKaSBIBaHHﬁ, Ha MHOYKCCTBC IMPCANKATOB MOXHO BBCCTH OIICpAIIMN OTPULIAHUA,
KOHBIOHKIWH, ITU3BbIOHKIINH, HMIINIMKAIIUK 1 OKBUBAJICHIINH. I[J'IH 9TOro yCTaHaBJIMBAIOT IIpaBujia, KOTOPLIC
IMMO3BOJIAIOT HAXOAUTh MHOXKXECTBO HCTUHHOCTU COCTABHOI'O Ipe€aAuKaTa, €CJIM NU3BECTHBI MHOXKCCTBA UCTUHHOCTHU
COCTaBJIAOIIUX €T0 JIEMECHTAapPHBIX MTPEAUKATOB.

3aganus AJA NPAKTHYECKOT0 3aHATHA:
0. S=1(AAB)— (B—A))— ((AvB)— (AATTB)).
S =(1(A— B) —> (AAB))=(B—A) — 1(AvB)).

1.

2 =(T(AATB)Vv1A) — (TA v B).

3: _((AABV—]A/\WB)_HAV ) A (A v 1B)).

4. S=((IBA(TAv B)) —TA).

3; S=((B—>A)—>(AAB)=(A—>B)/\(AVB)).

6. S=(A—B)— ((AA1B)—TA).

7. S=({(AvB)— (AAB)=T1(A— B)— (1AAB))).
8. S=T(A—-B)AT1(IB— TA)v(lAvB).

9. =(1((AvB) —>1(B— A))=(A — B) - (AAB)).

10. S=(1(JAATB)AT(AAB)) v(B — A).
11. S=(1((B— A) — (AAB)) =(A— B) — 1(Av B)).
12. S=((AA1B) — B) — (A — B).
13. S=(1(AAB)=(A — 1B)).
14. S=(1Av B) — ((AAB) — B).
15. S=({(B—A)=((IAAB) — A))).
16. S=(B—A)—> (AAB)v(A — B)— 1(AvB).
17. S=T1((A— B) — (AAB)) v 1((B — A) — (JAATB)).
18. S=((AvB)— 1(B— A)=T1((A— B) — (AAB))).
19. S=((A— B)AT(AAB)) > 1((B— A) A (Av B)).
KoHTpoJ/ibHbIE BONPOCHI
1. Yro Takoe moruka?
2. Y10 Ha3bIBaeTCs BEICKA3bIBAHUEM?
Uro Takoe yTBepxkKAcHHE?
YTto Ha3bIBAETCS pacCyXJICHUEM?
. UTto Takoe yMo3akiItoueHue?
Yto Takoe JOruIecKoe BeIpaKeHHe?
. Kakue ObIBatOT TOTHYECKHE BHIPAKEHUS?
Yro Takoe anredpa JOruKu?
. TlonsiTne 1 0603HaYEHNE UHBEPCHH.
10 Tabmuibl UICTUHHOCTH HHBEPCUHU
11. IToustue 1 0003HaAYEHNE KOHBIOHKIIUU.
12. TabnuIbl UICTUHHOCTH KOHBIOHKIIHH.
13. INoustue 1 0003HAYEHUE TU3BIOHKIINH.
14. TaOnuubl HCTUHHOCTHU JU3BIOHKINH.
15. Iousartue 1 0003HAYEHUE UMILTUKALIUH.
16. TaOyHIBl ICTUHHOCTHA UMILIUKALIAH.

© 0O~ UA W
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17. Ioustue u 0003HAUYEHNE YKBUBAIEHTHOCTH

18. TabauIbl HCTHHHOCTH SKBUBAJIEHTHOCTH.

19. Topsnok neicTBUi B CI0KHBIX JTOTMYECKUX BBIPAKCHUM.

20. Crioco6 u3MeHeHHsI MOPsIKa IEHCTBUM B JIOTHUYECKUX BBIPAKCHUSIX

CnucoK peKoMeH/1yeMoii JIUTePaTyphbl:
7. bammaxkos M.M. MatemaTtnka. Yueonuk. 2019 .
8. bammakoB M.U. Maremartuka. 3agaunuk YueOHoe mocodue. . — M. «Akagemus», 2018 .

IIpakTuyeckoe 3anaTue Ne7. OnpeneseHne paBHOCHIbHOCTH BbICKA3bIBAHUI

KO0JINYeCcTBO YacoB 1

I_[e.m,: I/IBYIII/ITB JIOTU4YeCKue onepauHH 1 OCHOBHBIE paBHOCI/IIIbHOCTI/I aﬂre6pm JIOTHUKU, Hay‘-II/ITI)CH
COCTaBJIATH TAOJIUIBI HCTUHHOCTH /IS GOPMYJI ajreOphl JIOTUKU U TPeo0pa3oBbIBATh (POPMYJIBI,
HCII0JIb3YAA OCHOBHBIE€ PABHOCUJIBHOCTHU U IIpAaBWJIA IIOTJIOIIEHUA.

3agava: 3aKpenuTh NOJyUYECHHbIE 3HAHUS U HABBIKU, HAYUYUTHCS IPUMEHEHHIO TTOJTYYEHHBIX
HABBIKOB Ha HpaKTI/IKe

Ilepeuyenn cpeacTB, HCNOJIb3yeMbIX IIPH BHINOJHEHUH PadoThl MM 000Py10BaHHE :
TETpajb A MPAKTUYECKUX paboT, pyduka, METOJUYECKHE PEKOMEHJALMU 10 BBIIOJIHEHUIO PadoThI,
KQJIbKYJISITOP.

Bonpocs! 1J1si MOBTOpeHNSsI, 3aKPeNIeHUsI TEOPETHYECKOT0 MAaTepHasia K NPAKTHYECKOMY
3aHSTHIO

Onpeoenenue. JIe dbopmynbl anredpsl goruku A u B Ha3bIBalOTCS paBHOCUIIBHBIMU, €CIH OHH
MPUHUMAIOT OJIMHAKOBBIE JIOTHYECKHE 3HAYSHHS MPHU TI000M Habope 3HaYEHHUI BXOAANUX B (POPMYIIBI
AJIEMEHTAPHBIX BBICKA3bIBAHUN (IIEPEMEHHBIX ).

Obosnauenue. A=B.

Ipumep.

.;:EI,IUIE XLy (IHE)U}’E}’
Onpeoenenue. opmyna A Ha3bIBaeTCSl TOXKJAECTBEHHO HUCTHHHOW (TaBTOJNOTHEH), €Cld OHa

IIPUHUMACT 3HAYCHHC 1 npru BCCX 3HAYCHUAX BXOOAIIUX B HEC TCPEMCHHBIX (Hanp .

xvx,x—(y —>:>:])_

Onpeodenenue. @opmyna A Ha3bIBaeTCsl TOXKAECTBEHHO JIOKHOM (MPOTMBOpEYHEM), €CIU OHa
NpUHKUMAaET 3Hadenue O MU BCeX 3HAYEHHUAX BXOJAIIMX B Hee TIEPEMEHHbIX (Harp., + 4 X ),
Ymeeporcoenue. OTHOIIEHNE PAaBHOCHIIBHOCTH pe(IeKCUBHO, CHMMETPHYHO, TPAH3UTHBHO.
Cessb medxHcoy NOHAMUAMU PasHocunbHOCMU u 9KBUBANEHMHOCMU. €CITN
¢dbopmyiel A u B paBHOCHITBHBI, TO dopmyna A«—B TaBronorus, 51 oOpartHo, eciu
¢bopmyna A—B TaBTonorus, To popmynsl A u B paBHOCHIBHBIL.
PaBHOCHIBHOCTH anreOpbl IOTHKA MOXHO pa3OUTh Ha 3 TPYIIIbL:
1. OcHoBHbIE paBHOCHJIBHOCTH.

LALX=0, XVEI=X
i — 3aKOHBI MJICMIIOTCHTHOCTH,

rnl=x .
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rvl=1
ral=0

rvl=x

XAX=0 _a0n nporusopeuns;

XWX =1 5ar0n uckmouentoro tperbero;

L=X — 3aKOH CHATHUA I[BOﬁHOI‘O OTpULIaHUA;

xv(ynx) =X, xn(yux)Ex
— 3aKOHBI IOTJIOIICHUS.

1. PaBHOCHIBHOCTH, BBIPAXKAOLIUE OJHU JIOTHIECKUE OIIEPALMHU YepPe3 APYTHUE:
xey=(xoy)nfy = x)

X3y=xVYy

XAY=XVY

IVYSEXAY

XAYEXVY

XVY=XAY

3ameuanue. I3 paBHOCUIBHOCTEHN TPYIIIBI 2 CIEAYET, YTO BCAKYIO (opMyly anreOpbl JIOTMKU
MOXHO 3aMEHUTHh PABHOCWIBHOW el (OopMysoi, comepkamield TOJIBKO JIBE JIOTUYECKHE OIEpAlHU:
KOHBIOHKIIMIO M OTpPUIIAHHE, WM JAU3BIOHKLHMIO U OTpHLaHue. JlanpHelee MCKIIOYEHHE onepanui
HEBO3MOXkHO. Hanpumep, eciam UCnonb30BaTh TOJIBKO KOHBIOHKIUIO, TO YK€ Takas mpocrtas ¢popmyna,
KaK  HE MOXeET OBbITh BBIpayK€Ha C MOMOUIBIO ONEpPA[ii KOHBIOHKIIHH.

Cyl1ecTByIOT omnepanuu, ¢ MOMOUIbI0 KOTOPBIX MOXET ObITh BbIpaK€Ha Jr00ast U3 5 JTOTMYECKHX
omnepauui:
1) Cesska lleghpepa — MU3BIOHKINS OTPULIAHUIA.

Obo3nauenue. lezx AY=XVY («X HE COBMECTHO C Y»).

Jlornueckue 3HaueHus cBsizku Llleddepa onmcpiBaroTes cienyroneit TabInie ICTUHHOCTHU

X y | xly

I =)

1 1
1 0
0 1
0 0

_Ex|x;6) xnyE(xly](Ib’}

X
HMeroT MecTo crenyronire paBHOCHIBHOCTH: a)

2)  Cesaska Jlykacesuua — KOHBIOHKIS OTPHLIAHUH.

Obo3nauenue. XY= XVY=XAY («HH X, HA Y»).

Jlornueckue 3HaAYCHUS CBsI3KU JIykaceBHUYa OMUCHIBAIOTCS CIASAYIONMIEH TaOIUIe HCTUHHOCTH:
X y X1y
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O |k |O |-
= |O |O |O

o |0 |- |-

2. PaBHOCI/IJ'IBHOCTI/I, BBIpAXKAOMIUE OCHOBHEIC 3aKOHBI aJ'Il"C6pBI JIOTUKH:

IAYSYNAX _
— KOMMYTAaTHUBHOCTb KOHBbIOHKIIUHU;

ITAYEYAX .
— KOMMYTATUBHOCTb JU3BIOHKIIHUHU,
xn{ynz}E(xny]nz ,
— aCCOIMAaTUBHOCTh KOHBOHKIINH,
x

xu(yvz]zl[ uy]vz _
L — aCCOIMAaTUBHOCTDb JU3BIOHKIIUN,

W {'}, vz } = {}‘C vy ] vz ,ZLI/ICTpI/I6YTI/IBHOCTB KOHBIOHKIIMHY OTHOCHUTCIIbHO JU3BIOHKIINH,
2

X v{ynz]z{xv}:]ﬁ [xvz
—  IUMCTpuOyTHBHOCTb AU3BIOHKLUU OTHOCHUTEIILHO

KOHBIOHKITHH.

3ameuanue. PaBHOCHIIBHOCTH TPYIIIBI 3 TOKa3bIBAIOT, YTO HaA (OpMYIamMH anreOpbl JOTHKH
MOYXHO ITPOBOJHTH T€ )K€ MPeoOpa30OBaHMs, YTO U B ajredpe Yrcerl.

PaBHocuibHBIe NpeoOpa3oBanus Gopmy.a

Hcnone3ys paBHOCWIIBHOCTH rpynn 1-3 MOXHO dacTe (opmynsl wind (opMylTy 3aMEHHTh
paBHOCWIBHOM e popmyioii. Takue mpeoOpazoBanus GopMysT Ha3BIBAIOTCSA PAGHOCUNLHBIMU.

PaBHOCHIIbHBIE TPeoOpa3oBaHUsl MCIOJB3YIOTCS Ul JI0Ka3aTeNbCTBA PABHOCUIBHOCTEH, IS
npuBeneHus GOpMyIT K 33JaHHOMY BHUIY, JUIsl yrporieHus: Gopmyin. @opmyna A cauraeTcst mpoie
paBHOCWIIBHOM €l (hopmyinbl B, ecnu oHa coepKUT MeHbIle OyKB, MEHbIIIE JIOTHUECKUX ONeparui.
[Ipu STOM OOBIYHO oOmepaly SKBUBAJCHTHOCTh W HWMIUIMKAIUS 3aMEHSIOTCS OTepalusiMu

JTU3BIOHKIIMYA U KOHBIOHKIIUH, & OTPUIIAHUE OTHOCAT K SJIEMEHTAPHBIM BBICKA3bIBAHUSIM.
X y=x&y

IIpumep 1. Jloka3aTb paBHOCHJIBHOCTb
Pemenue. /[ns noka3arenbcTBa paBHOCUIBHOCTH ITOJBEPTHEM €€ JIEBYIO YaCTh PAaBHOCUIBHBIMU
peoOpa3oBaHUAMU:

X ¥y=xXWwy E_;:&__}'E &y

Ipumep 2. Yupocrurs popmyy A=livy o=y -}}‘& ¥
Pemenue. Ioasepraém hopmyiy A paBHOCHIEHBIM TIPEOOPa3sOBaHMSM:

A= {;a:‘-,’}-‘ — }'_}& y=lovyw ;:*l.f"}'_& ¥ =

s{iviiky=idy

= {_J: WO % ¥ }& ¥ Hw W ;iv f'L W b}}& ¥ =

I8

-
A= ;o
IMpumep 3. [lokasats, uto Gopmyna i=x =iy —=x) TOXICCTBEHHO UCTHHHASL.

Pemenue. TTonsepruém Gpopmyiny A paBHOCHIIBHBIM TPEOOPA30BAHUSIM
A=sx—=ly—=xl= iyl [.‘E‘V}'}E

sixvxlvysivy=1l
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3agaHus 1715 NPAKTHYECKOT0 3aHATHS:
Ynpaxnenue 1. /lokazaTe paBHOCUIBHOCTB!

10 (xv y}&\{x R ;

2) xm'g&}'_fs XV

g) WV YVITSET o v,
4) iy ri=x&y—or .
5) J:E{Ja:& 3«'&2\}\;‘;}'&}'& E}‘U’[}:& v zh{x&;&z} .

Yupaxkuenue 2. Ypoctuts GopMyIny:

1) X-VWiT S vhex

2) e vli&ivw .
3) r—ovikivorioiz o,

4) [z v ['L. Azl (¥ ziy {E MY A ::‘ .

&y vzl *v; A &;\}w'xw[y & w& :c} .
5) 3 vl .

6) rovikivorioixr—o o).
Ynpaxknenue 3. JIokazaTh TOKAECTBEHHYIO HCTUHHOCTD MJIM TOXJICCTBEHHYIO JIOXKHOCTh (POPMYIIT:

1) xoivoriolrry— i,

2) iLA'L —* :_I —* [x — [}' —?z}; :
KoHTpoJibHbIE BOPOCHI

1. Yro HazbIBaeTcs popmysioi anredpsl JIOTUKU?

2. Yto Takoe MUHUMU3ALMS (POPMYIIBI anreOpsl JJIOTUKU?

3. Kaxwue tumsl popmyn THI 3HaEUIH?

4. Kak npoBepUTh paBHOCHJIBHOCTB JIBYX (hOpMYJI JIOTUKHU?

5. Kakum 00pazom MOXHO yIIpOCTUTH JOrH4eckue Gpopmybi?

Cnucok peKoMeH/1yeMoi JIUTepPaTypbl:
1. bBammakoB M. 1. Maremaruka. YueOHuxk. 2019 .
2. baimvakoB M .M. Matematnka. 3agauauk YueOHoe mocobue. . — M. «Axkagemusi», 2018

Pa3nen 4. MHokecTBa
Tema 4.1. MHo:xecTBa. JlelicTBUSI HAl MHOKECTBAMM
IMpakruyeckoe 3ansiTue Ne 8, 9. Onepauun Haa MHo:kecTBamMu. M300paskeHne MHOKeCTB
¥ ONlepalMii Hal MHO’KeCTBAMH € NOMOIIBIO JUarpamMm Jiliepa-Benna
KOJIMYeCTBO 4YaCcOB 2
I.le.m;: HAy4YUTCA 3a1aBaTh 3JICMCHTBI MHOXKCECTBA; pa3jindaTb U KJ'IaCCI/I(l)I/IL[I/IpOBaTL MHO>KECTBA, BBITIOJIHATH
oInepanuy HaJ MHOXKECTBAMU.
3agaya: 3aKpENuUTh NOJTYYEHHbIE 3HAHUSA U HABBIKH, HAYUYUTHCS IPUMEHEHUIO MTOJIyYEHHBIX
HAaBbIKOB Ha MMPaKTUKE

Ilepedennb cpeacTB, HCMOJb3YeMbIX NPH BBINIOJHEHNH PAa00ThHI HJIH 000PyAOBaHHE :

TeTpaab M MPaKTUYEeCKUX padoT, pydyka,  METOJMYECKHE PEKOMEHIAIMM I10 BBIMOJHEHHIO PadoThI,
KaJIbKYJISTOP.
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Bonpocsl 17151 moBTOpeHNsl, 3aKpeNnJieHNs TeOpeTHIECKOro MaTepuaa K NIPAKTHIeCKOMY 3aHATHIO
Onepaunu HaJ MHOKECTBAMH

PaBeHCcTBO MHOKECTB.

MHuosxecTBa A U B cUNTAIOTCS PaBHBIMU, €CITU OHU COCTOSIT U3 OOHUX U meX Jice DJIEMEHTOB.
PaBeHcTBO MHOXECTB 0003Ha4alOT Tak: 4 = B.

Ecnu MHOecTBa HE paBHBI, TO UIIYT A  B.

3anuch paBeHCTBA BYX MHOXeCTB A = B sKkBuBaneHTHa 3amucu A | B, umm B 1 A.

Hamnprmep, MHOKECTBO PEIIeHH ypaBHEHHS X° — 5X + 6 = 0COIEpIKHT Te XKe caMble IeMEHTHI (drcia 2
1 3), 4TO U MHO>KECTBO MPOCTHIX YUCEJI, MEHBIIUX IISITH. DTU JABa MHOXecTBa paBHBL. (IIpocThiM
YHCIIOM Ha3bIBA€TCSl HATYPAIbHOE YMCIIO, KOTOPOE AeTuTcs 0e3 ocTaTka ToJIbKo Ha 1 u Ha camo ce04;
IIPU 3TOM | — IPOCTHIM YUCIIOM HE SBJISIETCSL. )

Ilepeceuenne (yMHOXKEeHUE) MHOKECTB.

MHnosxectBo D, cocrosiee u3 Bcex 371€MEHTOB, IPUHAUIEKALIMX U MHOdCecm8y A u mHodcecmey B,

Ha3BIBACTCS MEepeceueHneM MHOKECTB A U B u o6o3HauaeTcst D = 4 B.

Paccmorpum aBa muokectBa: X = {0, 1,3,5} u Y= {1, 2, 3,4}. Uucna 1 u 3 u TONbKO OHH
MIpUHA/IJIEKAT OJTHOBPEMEHHO 000uM MHOecTBaM X 1 Y. CocTaBieHHOE U3 HUX MHOeCTBO {1, 3}
COJZIEP>KUT Bce oOImue 1511 MHOKecTB X 1 Y anemeHThl. Takum oO6pa3oM, MHOXeCTBO {1, 3} sBnsercs
MepECeYCHNUEM PAaCCMOTPEHHBIX MHOXKECTB X U Y

{1,3}=4{0, 1, 3,5} {1, 2, 3, 4}.
s otpeska [-1; 1] mw uaTepBana ]0; 3[ mepecedeHreM, T. €. MHOKECTBOM, COCTOSIIIAM U3 00X
3JIEMEHTOB, siBiigeTcs mpoMexyTok ]0; 1] (puc. 1).

PIVIIITIIINIII S —

ot - e
-7 7 @x
P VI I IIIIIIIIIIIIIE ) -
g g ®

—GLLLL LY 3’
a / &

Puc. 1. Ilepeceuennem otpeska [-1; 1] u untepsana |0; 3[ saBisiercs mpomexyTok |0; 1]
[Tepeceuennem MHOXKECTBA MPSIMOYTOJILHUKOB M MHOXKECTBA POMOOB SIBJISIETCSI MHOKECTBO KBaIpaToB.

HepecequHe MHOXKECTBA YYEHHNKOB BOCbMBIX KJIaCCOB ].IEIHHOﬁ ITKOJIbI 1 MHOXKECTBA YICHOB
XUMHUYECKOI'O KPYXKKa TOM 7K€ IIIKOJIbI €CTh MHOKECTBO Y4YE€HHNKOB BOCbMBbIX KJIACCOB,
ABJIAIOIIUXCA YI€CHAMU XUMHWYECKOI'O KPY>KKa.

ITepeceuenne MHOKeCTB (U JIpyTye OIepaIiii — CM. HUKe) XOPOIII0 WTIOCTPUpYeTCs IpU
HaIJIA/THOM U300paskeHUHN MHOKECTB Ha IJIOCKOCTU. DIJIep MPeIJIo KU JJ1 3TOTO
HCII0JIb30BaTh KpyTu. M300pakeHue nepecevueHus1 (BbIZIeJIEHO CEPhIM) MHOKECTB A U B ipu
IIOMOIIA KPYT'OB Jiliepa Mpe/icTaBIeHo Ha PUC. 2.

AnE

Puc. 2. I300pakeHue nepeceueHus (BbIZieJIEHO CEPBIM) MHOKECTB A U B Ipu IOMOIIIU KPYTOB
ditniepa
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J1711 HaTJIATHOTO IPE/ICTABJIEHUS COOTHOIIIEHUI MeK/Iy HECKOJIBKUMU MOMHOKeCTBAMU
KaKoro-1100 YHUBepcyMa. BeHH MpeiyioKuI UCIIOIb30BaTh KPYTU U MPSIMOYTOJAbHUKU. [1pu
3TOM YHUBEPCYM IIpe/ICTABJIAETCA MHOXKECTBOM BCeX TOUeK HEKOTOPOTO MPAMOYTOJIbHUKA, a
ero IOIMHOKECTBA — COOTBETCTBYIOIIUMHU KpyraMu. B nasbHelilieM Takue CXeMbl CTaIu
Ha3bIBaTh AUarpaMmamu Jisiepa-Benna. [lepeceuenne MHOKECTB (BBIJIEJIEHO CEPHIM)
1300pakeHo Ha JUarpaMMe puc. 3.

Ang

Puc. 3. [lmarpamma diiiepa-BenHa nepeceuenus (BbIZIeJIEHO CEPHIM) MHOXKECTB A U B,
SIBJITFOIIUXCS TIOIMHOKECTBAaMH HEKOTOPOTO YHUBEpPCyMa, H300pasKEHHOTO B BU/IE
MIPSAMOYTOJIbHHUKA

Ecnu MmHOKEcTBA A 11 B He UMEIOT O0IUX 3JIEMEHTOB, TO TOBOPSAT, UTO 3TU MHOKECTBA HE
IIEPECEKAIOTCA WIN UYTO UX IlepeceuyeHne — IIyCTOe MHOKECTBO, U TuiryT A N B = /K.

Haan/IMep, IepeceueHnrue MHOXKECTBa YETHBIX YHCEJI ¢ MHOKECTBOM HEUETHBIX UHCEJT IIyCTO.

[IycThIM SIBJISIETCSA U TIEpECceUeHNEe YHCIOBBIX IPOMEKYTKOB |-1; 0] u [2; +¥[ (puc. 4).

P . s

/ g 2 v

Puc. 4. IlepecedyeHne YnCIOBBIX TPOMEKYTKOB |-1; O] u [2; +¥[ mpezacTaBiiser coboi mycToe
MHO>KECTBO

ITepeceuenue J11060T0 MHOKECTBA A € IIyCTBIM MHO?KECTBOM €CTh, OUYE€BHUHO, ITyCTOE
MHOXKecTBO: A N A = A.

Mo3KHO paccMaTpUBATh IIepeceueHre N MHOKECTB:

A = Ai =A1 nAzn cee nAn,

IIpu 5TOM B A BXOOAT TOJIBKO T€ 9JIEMEHTbI, KOTOPbIE€ BXOJAAT BO BCE MHOXKECTBA A1, Az, A

Hanpuwmep, eciii A, B u C — COOTBETCTBEHHO MHOK€eCTBa Y4€HHUKOB KJIacCa, PeIIMBIINX Ha
KOHTPOJIPHOM [0 MaTEMaTHUKE 3a/jauy 1o ajirebpe, 3a/1a4uy 110 TEOMETPHH, 33/1a4y 10
TPUTOHOMETPHH, TO MlepeECEUEHUE ITUX MHOKECTB €CTh MHOKECTBO YYEHHUKOB 3TOT0 KJIacca,
PENTUBIINX BCE TPU 3aJIaUU.
O0bequHeHUuEe (CyMMa) MHOKECTB.
O0bequHEHNEM MHOKeCTB A U B Ha3bIBaeTca Takoe MHOKecTBO C, kaxcOblil 3JIEMEHT
KOTOPOTO COEPIKUTCS X0Ms Obl 8 00HOM 13 MHOKecTB A i B: C=A U B.
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N3obparkeHre 00beMHEHNST MHOKECTB (BBIJIEJIEHO CEPBIM) MTPU IIOMOIIA KPYTOB Jiiepa
IIpe/ICTaBJIEHO HA PUC. 5.

—

Al B

Puc. 5. O0beguHeHIE MHOXKECTB A U B

Hampuwmep, ectu A ={1,2,3,4tuB=4{1,3,5,7,9},10C=AUB={1,2,3,4,5,7,9}.
O6’beI[I/IHeHI/IeM MHOXKeCTBa y‘leHI/IKOB IIKOJIBI MOJIOXKE 12 JIeT C MHOXKECTBOM y‘IeHI/IKOB
TOfI)Ke IITKOJIBI CTapme 10 JIEeT ABJIAETCAd MHOXKECTBO BCeX y‘-IeHI/IKOB ILaHHOfI IITKOJIBI.

MoxHO paccMaTpuBaTh 0ObeJUHEHNE N1 MHOYKECTB:
'

0
A= A=A Ao An,
IIPY 5TOM B A BXOZAT BCE BJIEMEHTHI, KOTOPbIE BXOZAT XOTA ObI B OZIHO M3 MHOMECTB A1, Az,
.. An.

Hanpumep, MHO>eCTBO Beex JIeCTBUTEIIBbHBIX Yrcesl R COCTOUT U3 MHOKeCTBa
MIOJIOXKUTEJIbHBIX Uricesl R+, MHOKEeCTBA OTPHUIATEIbHBIX YKcesl R- 1 MHOXecTBa {0}, T.e.:

R =R+ U R-U {o}.

ObbenHeHNEe MHOKECTB BEPIIUH TPEYTOJIbHUKOB, BIIMCAHHBIX B JIAHHYIO OKPY>KHOCTb,
IIpeJICTaBJIsAET COO0H MHOKECTBO TOUEK ITOU OKPY?KHOCTH.

3ajgaua 2.

[Tycth E — HEKOTOPBIM YHUBEPCYM, @ MHOXKECTBO A IPUHAJJIEXKUT 3TOMY YHUBEPCYMY,

T.e. AIE.

3anucarb 1 ©300pa3uTh C IOMOIIBIO inarpaMM dityiepa-BeHHa nepeceuenue u 06beINHEHNE
3TUX MHOXKECTB.

Pemenue.

YausepcyMm E n300pa3uM B BH/Ie IPSIMOYTOJIBHUKA, a €T0 MIOJIMHOKECTBO A — B BUJIE KPYTa,
PACIIOJI0KEHHOTO BHYTPHU IPAMOYTOJIBHUKA.

Jlns1 citydasi mepeceveHus morydaeM (CM. puc. 6 — mepeceyeHre BbIJIEJIEHO CEPBIM IBETOM):
ANE=A.

E

N

Puc. 6. [lepeceuenue (BpIieJIEHO cepbIM) YHUBEPCYMa E U €ero OAMHOKECTBA — MHOKeCcTBa A
JIo1s1 cny4yast o0beqUHEHUST pacCMaTPUBAEMbBIX MHOXKECTB (CM. PHUC. 7 — 00beIUHEHE
BBIJIEJIEHO CEPHIM I[BeTOM) nMeeM: A U E = E.

E

e

Puc. 7. O6benuHenue (BBIZIEJIEHO CEPHIM) YHUBEpPCYyMa E 1 ero MOoJIMHOKeCTBa — MHOKECTBA A.
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PazHocTh ABYyX MHOKECTB. /[onmotHeHHue.
PasnocThIO 1BYyX MHOXKECTB A U B Ha3bIBaeTCs MHOXKeCTBO G, coziep:Kallee Aullb
me 3J1eMeHThI U3 A, KOTOphIe He 8x00sm B B: G = A \ B (puc. 8).

Hanpuwmep, G =11, 2, 3, 4} \ {1, 3, 5, 7, 9} = {2, 4}.

Eciu MHOkKecTBO B — moiMHOXKecTBO MHOkecTBa A (B iA), TO
pasHocTb A \ B HazbpIBaeTcs JIonoJIHeHeM K B 0 A (puc. 9). Hanpuwmep, eciun A = {1, 2, 3, 4,
5,6} u B = {2, 4}, To MHO>KecTBO {1, 3, 5, 6} — momoJIHEeHMeE K B 710 A.

JlommostHeHME K A 710 yHuUBepcyMa E numeet ocoboe obo3Hauenue: E \ A = QA (puc. 10).

Puc. 8. Paznocts A \ B (BBII€IEHO CEPHIM) JIBYX MHOXKECTB A U B

AVE

Puc. 9. Paznoctb A \ B (BbIIESIEHO CEPHIM) ABJISIETCS TOTIOJTHEHUEM K B /10 A

Puc. 10. /lonostHeHue (BBIZIEJIEHO CEPHIM) K A 10 YyHUBEpPcyMa E uMeeT 0co0oe 0003HaYeHne
QA: E\ A = QA

3agaua 3. PaccMoTpuM MHOKECTBO BceX CTYAeHTOB. ITycTh A — MHOKECTBO CTY/IEHTOB,
yJaluxces Ha opugndeckux pakysbTeTax. B — MHOKeCTBO CTYZ€HTOB, U3y4JaloIIux

aHTVIMHCKUH s3bIK. OnircaTh MHOKecTBAa A U B, A N B, A\ B, QA.

Pemenue.
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1) A U B — 3T0 MHOKECTBO CTy/IEHTOB, KOTOpbIe JIU0O0 yuaTcs Ha IOpUANUECKUX (PaKyIbTeTaxX,
JIn00 U3YUYaIOT AaHTJIMHUCKUH A3BIK, JTUOO U TO U IPYTOE BMECTE.

2) A N B — 3TO MHOKECTBO CTY/IEHTOB-IOPHCTOB, U3YYAIOIINX aHTJTUHCKUN A3BIK.

3) A \ B — MHOKeCTBO CTYZIEHTOB-IOPHCTOB, KOTOPBIE HE U3Y4YalOT aHTJTUHCKUH A3BIK.

4) @A — MHOXKECTBO BCeEX CTY/IEHTOB-HE IOPUCTOB.

Hecmotps Ha BCro abcTpakTHOCTh U pa3HOOOpa3ne MHOXKECTB, €CTh HECKOJIBKO OCHOBHBIX ONepalui,
apryMeHTaMu KOTOPBIX MOTYT BBICTYIATh a0OCOIFOTHO JIt00ObIe MHOXKeCTBA. Oniepanuu 3T
PEKOMEHIyeTCs IOHUMATh U IOMHHUTH B HE MEHbIIIEH CTEIeHH, YeM CaMO OIpeJIeJIeHHe MHOKECTBa,
100 OHH, HAPABHE C ATHM ONPEICIICHUEM, SBIISIOTCS OMIOPOH MaTEeMAaTHUKH.

Wrak, nmycTh y Hac ecTh 1Ba MPOU3BOJIbHBIX MHOXKeCTBAa A 1 B .

Obvedunenuem MHOXKECTB U Ha3bIBaeTcs MHOXKecTBO C , cozieprkaiiee u Bce dIeMEHTHI A | U Bce
aneMeHTsl B; u Tonbko ux. (IIpuuém ecnu kakoii-To 3J€MeHT ecTh U TaM, U TaM, To B C oH Oyer,
paszymeercs, B €IMHCTBEHHOM dK3EMILISPE, BEb, KAK MbI 3aMETHJIN BBIIIE, SJICMCHTHI B MHOXKECTBaX HE
noBTopsitoTcs.) MuokecTBo C 0603Havaercs kak A UB ; mpudém MBI MOXKEM 3alUCaTh €ro, UCTIONb3Ys
BBEAEHHBIE BBIIIIE 0003HAYECHHUS:

C={x:xEAumuxERB}

To ecTh onepanust 00beJMHEHUSI MHOKECTB UMEET YETKYIO JIOTHUECKYI0 HHTEPIIPETALNIO: €ClTU X
npuHamiexxut C, To 1100 X mpuHAISKHT A , OO0 X mpuHaAIexKuT B (BapuanT «u T0, 1 TOY,
pasymeercs, TO>Ke BO3MOKEH).

Hanpumep, ecnu A © B, To AU B = B, moromy 4TO BCe 3JIeMEHTHI U3 A U Tak yxe cojaepxkarcs B B .
Hanee, nepeceuenuem muoxect A u B Ha3biBaeTcst MHOKeCTBO C , cozepikallee TOIbKO T€ DJIEMEHTHI,
ytoectb uB A, uB B. MuoxecrBo C o0o3HauyaeTcs kak A M B; mpuyém MbI ONSATH-TaKH MOKEM
3amMcath €ro, UCIob3ys 001ue 0003HAUYCHHUS:

C={x:xEAumuxERB}

To ecTh Moruyeckas MHTEPIPETALMs OTIEpAlUU MIEpECeUeHUs Takas: eciu X mpuHaiesxkut C ,

TO X HEIIPEMEHHO NpUHAIEKUT UA , 1 B .

A 4To mpou30iaéT, ecnu y MHOKeCTBA U B HeT HUKaKuX 0OIUX 7E€MEHTOB?

MuoxectBo € = A MNE Torma He NOHKHO COACPkKATh HU OJHOTO dnemMeHTa. Tak u 6yaer! MHoxkecTBo,
HE CojiepyKalllee HU OJJHOTO 3JIEMEHTA, Ha3bIBAETCS 1y CMbLM MHOMCecmeom U obo3Hadaercs @ .
Kcrartu, xorja roBopsT 0 ABYX HemepeceKarmxcs MHOKecTBax A u B , To ux o0beinHeHne HHOT1a
0003HaYaroT crenuaibHbIM 3HauKOMALIE | 4TOOBI TOMYEPKHYTH, UTO «ClIaraeMbIe» HE MEPECEKAIOTCS.
Pasnocmuio muoxkectB A u B HazpiBaeTcs MHOecTBO C , copepaxkaiiiee Bce 2eMeHTHI A | He

conepskaruecs B B.C o6o3nauaercs uepe3 A\ B u B 001mmx 0603HAYEHHSX 3aMHCHIBACTCS KaK
C={x:xEAux&B}

To ectb C — 3T0 MHOXKECTBO A , M3 KOTOPOTO «BBIPE3aJIH» MHOXKECTBO B .

Cummempuueckoii paznocmvio MEHOXecTs A u B HaseiBaetcs muoxectso C= (4 \ B)U(B '\ A). Ono
o6o3Hauaercs kak A AB . Jlerko BHIETh, OTKy/Ia y 3TOM OINEpaluy TaKOEe Ha3BaHHE — B OTJIUYHE OT
OOBIYHOMN Pa3HOCTH, OHA CUMMEMPUUHA, TO €CTh OT HEPEMEHBI MECT «CIIATAEMBIX)» «CyMMa» He
M3MEHSeTCS.

3.1. Imarpammsbl Benna

Juazpammuvl Benna — oTIMUHBIHA CIOCOO CIeIaTh BHILEH3I0KEHHOE elIé MOHATHEE U OYeBUIHEe. BOT
IpUMep auarpaMMbl BeHHa, n300paxaromieil pe3ysbTaT orepalyy IepecedeHus:
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To ects mpocTo Hamm MHOXKecTBa A U B coBepIlIeHHO 3araouHOM ISl HAC IPUPOJIBI
M300paKaIOTCs CXEMAaTUYECKU B BUJIE KPYTroB. Takoii Moaxo/1 Mo3BOJISET MPEIeIbHO HATIISIHO
M300pa3uTh PE3yabTaThl IIEMEHTAPHBIX ONepalliii Hal MHOKeCTBaMU. Ha KapTHHKE BBIIIIE
3alITPUXOBAHO NepecedeHre MHOKecTB A n B . A BOT kak OyJeT BBIIVIAIETh UX 00bEIMHEHHE:

A BOT pa3HOCTb:

Juarpammbel BeHHa TTO3BOJISIOT U300pa3uTh CUTYAllUU U TIOCIOXKHEE, U B JATbHEHIIIEM MbI Oy/1IeM UMHU
MOJIb30BaThCA JUJIS IOKA3aTeIbCTBA HEKOTOPBIX COOTHOIIEHUI. BoT npumMep auarpammel BenHa ¢ Tpemst
MHO>KECTBAMH:

(ITonpoOyiiTe oTragars, kakas ¢popmyna c A, Bu C  cOOTBETCTBYET TaKOMY MHOXKECTBY!)
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3.2. 3akoHbl 1e MopraHna

IlepBoe, B 4éM MBI TIOIIBITaEMCsI Pa300paTHCS C MOMOIIBIO AuarpaMM Benna, — 310 1Ba 3akoHa de
Mopeana.

Jlis 5TOTrO0 HaM TTOHAO0ATCS KOe-KaKkue MpUroToBieHus. [laBaiite BO3bMEM Kakoe-HUOY b OOJIBIIOE
MHOecTBO {1 (HampuMmep, BElECTBEHHYIO IJIOCKOCTh) U Oy/IeM Ipeanoiararh, YTo Hallu
MHOkecTBa A u B sBisitorcs mogmHoxkectBamu (1. IIpu TakoM paccMOTpEHUHU Mbl MOKEM BBECTH
elI€ OJIHY JIEMEHTAPHYIO OIEPALMI0 — ONEPALUIO OONOIHEHUS.

Hononnenuem Ko MHOXKeCTBY A BO MHOKeCTBe {1 HaspiBaeTcs MHOKecTBOL = 1\ A . OHo
o0o3HavaeTcs Kak A (€cim TOJNBKO M3 KOHTEKCTa MOHSTHO, B KakoM {1 uaéT 1es10; ecli HeT, TO
HCIIOJIB3YIOTCS albTePHATHBHEIE 0003HaueHUs, Hanpumep A~

Teneps, 3Hast HOHATHE AOMOJIHEHUS U 3adUKCUPOBAB Kakoe-HUOYIb MTPOU3BOJIbHOE 2 Ha Balll BKYC, MbI
MOKeM c(HOpMYyITUPOBATh J[Ba JIOTHUECKUX 3aKoHA 0e MopeaHa.

AUB=AnB,

AnNBE=AUB.

3aKOHBI 3T 5 Ha3BaJ JJIOTUYECKUMHU, IOTOMY UTO OHU MPUIILIK K HaM U3 0c000ro paszjaena
MaTeMaTUKu — MareMaruudeckoi jJoruku. Oracrec [le Mopran He BUACH B HUX KaKue-I100
MHO’KECTBa — OH BH/IEJN JIOTHYECKOE yTBEepKAeHne A U Jorudeckoe yrBepxkaeHue B (moxa poruueckum
s [IO/Ipa3yMEBAl0 YTBEPXKACHHUE, KOTOPOE 3aBEIOMO JIMOO SIBISIETCS UCTUHOM, JINOO JIOKBIO).
O6benunenne A u B ObUIO 7151 HETO TOTUYECKUM YTBEPKICHHEM «BEPHO XOTS ObI OJTHO U3
yrBepxkaeHuit A u B », nepeceuenne — «BepHbI OAHOBpEMEHHO U , A 1 B», a nononxnenue

K 3HAYWJIO YTBEPXKJIEHUE, POTUBOIIOIIOKHOE (TO €CTh SBJISIONICECS UCTUHHBIM, €CJIA JIOKHO, U
JIO’)KHBIM, €CJIM MCTHUHHO). BcmnoMHuTE Halllm 3aMedyaHust 110 IOBOY JIOTMUECKON MHTEepIIpeTalun
ornepanuii HaJl MHOKECTBAMU — BOT OHU M PUTOIUIINCE.

JlaBaiiTe Teneps, Kak obemaiu, yoeauMcest B BEpHOCTH 3aKOHOB Jie¢ MopraHa ¢ moMoIIblo JUarpaMm
Benna. J[ns1 3T0ro Bo3pMEM B KauecTBE MpUMEPA MEPBBINA 3aKOH U POCTO U300pa3uM, 4To 32
MHO’KECTBA HaXOJATCS B JIEBOM U MPABOM YaCTH PABEHCTBA.

Urak, Bo-TIepBBIX,

AUB =

CnenoBartenbHO,

Ha nuarpamme {2 — 3T0 Bech NPSAMOYTOJIbHHUK.
Bo-BTOpBIX, HMEEM
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CnengoBarteibHO,

ANB =

WTax, MBI TOJTyYWIIN B JIEBOW M TPAaBOM 4acTH (OPMYIIBI OHO U TO )K€ MHOXKECTBO. TOYHO TaK ke
MO’KHO JI0Ka3aTh ¥ BTOPOH 3aKoH. Bipouem, cTporum 10ka3aTeabCTBOM 3TO Ha3BaTh HEJb3s, HO, XOTA U
TakK, ero MoJIE3HOCTh CIIOKHO NepeoneHuTh. J(narpammel BeHHa 1anu HaMm MOHSTb, noueMy CTIPaBeJTHB
3aKoH Jie MopraHna, — 1 3To camoe BaxxHoe. Hy a cTporoe 10ka3aTesibcTBO — 3TO YK€ €TI0 TEXHUKH.
(ITormpoGyiite ero npoaenaTs!)

3.3. IIpousBeaeHHe MHOXKECTB

Emé onna kpaifHe BakHasi M 4aCTO BCTPEUAIOMIASCS OTEPaIns HaJl MHOXKECTBAMH — UX NpouU3eedenue.
YroObl JaTh onpeeeHre 3Toi NpUYYAJIUBON onepannu, HaM NoTpedyeTcs MOHIATHE Habopa.
Habopom, nnu kopmedsicem Ha3bpIBACTCS COBOKYITHOCTh KOHEUHOTO YHCIIa DIIEMEHTOB, 3a/IaHHBIX B
orpeieIéHHOM nopsiike. BaxkHo: B Habope, B OTJIMYME OT HAIIErO TPaJIUIHIOHHOTO

MHOYECTBA, 21eMeHmbl Mo2ym nosmopsamscs. Habop U3 3IeMEeHTOB X4, X4, ..., X 324aCTYIO
0003HAYAETCS KAK (X 1,X 5, e vy Xy) .

CoOcTBeHHO, B 3TOM Naparpade Hac OyJeT HHTepecoBaTh 10 OOJIbIIEH YacTH OJWH YaCTHBIN ciaydai
Habopa — ynopsaoouennas napa. Ynopsaoouennas napa — 3T0 TPOCTO HAOOP U3 ABYX eMeHTOB. [lapy
U3 3JIeMeHTOB a U b MbI Oyaem o6o3HadaTh Kak (& U b) (He myTaTh ¢ MHTEpBAIOM BELICCTBEHHOM
npsimMoit!).

BoT Teneps MOXKHO MEpeHTH U K CAMOMY HHTEPECHOMY.

[IpencraBpTe, 9TO y HAC €CThH ABA HEMyCTHIX MHOKecTBa A 1 B . X a;memMeHTsI, Kak 00OBIYHO, MOTYT HE
UMETh MEX]y COO0M HUYEro 0OIIEero; caMiu MHOXKECTBA MOTYT ME€peCceKaThCsl, @ MOTYT U HET — B
TaHHBI MOMEHT Hac 3TO COBEPILICHHO HE BOJMHYET. Tak BOT, dekxapmogvim npousgederHuem IByX
MHOKecTB A u B HasbiBaeTcst MHOXecTBO C BCEBO3MOXHBIX yIOPSIOUEHHBIX map (aub), B
koropeixa E Au b € B u . OHo 0o603Ha49aercst kKak A X B.

Wtak, uTo 5xe MbI cienanu? Mbl «CKpecTUIN» 1Ba MHOXecTBa A 1 B |, mosryyuB HOBO€ MHOXECTBO C
COBEPIIIEHHO HOBBIMH IeMeHTaMu. Eciii paHblie, Hanmpumep, 2JIeMEHTaMU «MHOXKATeNe» A n

B ObuM yKcna, TO MbI HOTYYMM MHOXECTBO, 3JIEMEHTHI KOTOPOTO — IMaphl YKCE.

Hampumep, myctes 4 = {1,2,3}u B = {4,5,6} . Toraa

A X B ={(14).(15),(16).(2:4),(2,5).(2,6).(3.4).(3.5). (3.6)}
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Kcraru, mHOXeCcTBO A X B MOXKHO 3amucarh B yI0OHOH GopMe, KOTOPYIO MBI YK€ U3YUHIIN BBIIIE:
AxB={(a,b):a€BubgcBE}

Paccmotpum npumep nocnoxHee. Bbl, HaBepHOE, MOMHHUTE, YTO TOYKU Ha IJIOCKOCTH yI00HO
OIMCBIBATH JIBYMsI YMcIaMHi — €€ KoopAauHaTamu. To ecTs 1000ii Touke miockoctd M ¢
KOOPIMHATAMU X7, ¥3y COOTBETCTBYET YIOPSAAOUYEHHAS mapa (X, ¥y ) | 3HAUHT, yIIOPSI0YEHHEIE
napbl BEIIECTBEHHBIX YHCEN MOYKHO PacCMAaTPUBATh KaK TOYKH HA TUIOCKOCTH. Tak U OyJeM Jenarh.
Teneps nycts 4 = [a,b] u B = [c,d]u — nBa oTpeska BemecTBeHHOI npamoii. Torna UX AeKapTOBBIM
MIPOU3BEICHNEM OYAeT MHOKECTBO TOUYEK TUIOCKOCTH C , KOTOpOe MMEeT BUJ]

y
d

a b X

To ecTb MBI IOITy4aeM NPSAMOYTOJbHUK Ha INIOCKOCTH! JIEMCTBUTENBHO, €CIIN NIEPBBIE KOOPAUHATHI
Bcex Bxomsmux B C Touek M3MEHSIOTCS OT & 110 b, a BTophie — 0T C 710 d, To ¢urypa, KOTopyro OHH
00pa3yloT, U OyaeT n300paKEHHBIM BbIILIE MPSIMOYTOJILHUKOM.

JaBaiiTe nBUraThCs Janbiie. YTo, €CiIM MOITy4YEHbI NPAMOYTOJIbHUK Mbl YMHOKHM Ha €IIE OJIUH
oTpe3ok [, q]? DieMeHTaMu 0JTy4EHHOTO MHOKECTBA OYAyT yIOpsI0YeHHbIE TTaphl BUAA (S,2)

e Z € [p.q], a's — toxe ynopsagouennas napa suaa(x,y) . To ecTh Best 3Ta KOHCTPYKIMS HMEET
Buz(X,y,z) . Jaaiite oToxxaecTBUM €€ ¢ HAOOPOM U3 TPEX AIEMEHTOB — U MOJIYYCHHOE HAMU
MHOECTBO TENEPh MOXKHO CBS3aTh C HEKOTOPBIM MHOKECTBOM B TPEXMEPHOM IIPOCTpaHCTBE. MoxkeTe
CaMOCTOSITEJIbHO IPOBEPUTH, YTO B IAHHOM Clly4yae 3TO Oy/eT NPsAMOYTOJIbHBINA Hapaiesenunesy
pasmepa(b —a) X (b—c) X (g — p)

Emé ogaum npuMepom TpExmMepHOi (UTYpHI, TOTYYEHHON JEKapTOBBIM ITPOU3BEICHIEM MHOMXKECTB,
MOJKET OBITh LIUJIUHJIP:

z

h

B

X

KcraTn, 3ameThTe, 4TO KPYT JIEKApTOBBIM IPOU3BEICHHEM JABYX MHOKECTB 8 0eKAPIMOBbIX
KOOpOUHAmMax y>xe He MoJIy4uTh (onpoOyiiTe 3To 10Ka3aTh!).

Jlnst ynoOcTBa BBOAT MHOTIA ONPEIeNICHHE AeKapTOBa POU3BEACHUS N MHOXKECTB; AEKapTOBBIM
npou3BeZieHneM N MHOXKeCTB A1, Az, ....,An Ha3bIBAlOT MHO>KECTBO

A={{xy 2y 2, )y EAL X, E Ay, x, € AL}

311ech 27€eMEeHTaMU IPOU3BEACHUS Cpa3y ABISIOTCS HAOOPHI U3 3JIEMEHTOB MCXOJHBIX MHOXKECTB, a He
naphbl, CoJep Kallie qpyrue mapsl, 9TO TMO3BOJSIET Cpa3y pacCMaTpUBAaTh MHOXKECTBO Kak
MHOTOMEpPHYIO (GUrypy 6€3 TOMOIHUTENBHBIX 3aMEeYaHni, cIelaHHbIX HaMH BbIe. Kcratu, Takoe
Mpou3Be/IeHne 0003HavaeTcs Kak A4 X A, X .. A4, .
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Ceoiicmea onepayuii HA0 MHOXMCECMeamu

CBOICTBa MHOKeCTB OTHOCHTEIIbHO
OIlepallHH 00beIHHEeHHS

CBo¥iCTBA MHOKECTB OTHOCHTEIIBHO
OIlepallHH [epeceueHns

1. KoMMymamugHocmsb
AvB=BuA

2. AccoyuamusrHocnb
(AuB)uC=4Au(BuC)

3. JucmpudymueHocme
ANnBuC)=(AnNB)u(ANC)
4. HoemnomexHmaocms
AwAd=4

5. 3axon 0e Mopzana
AUB=ANBEB

6. Onepayuu ¢ mHoxcecmeom <
Auv =4

7. Onepayuu ¢ maoxcecmeom U
AvU=U=2U=02U=9
8. 3axotivl noznoujeHuA.

A v (_‘1 M B) =4

AUuA=U

9. Ceoticmsa onepayuil pasHocmu.
A\(BuwC)=(A41B)n(A410C)
(AuB)IC=(A41C) v (BIC)
(A\B)\C=4\(B uvC)
A\(BIC)=(A1B)uANC)

AnNnB=BnNA
(AnB)"C=4A(BNC)

AUBNC)=(4B)(4C)

ANA=A
BB
A =2
ANU=A4

An(4dB)=A4
AnA=0O

A\B=AnB,A\A=O
A\BNC)=(A\B) v(A4\C)
(ANB)\C=(A\C)n(B\C)
A\(A\B)=4NB

10. Cesoticmea onepayuu
CUMMEMPUYHOL PASHOCINU.!
AAB=B A4

AAB=(4 vB)\(4NB)
(AAB)AC=AA(BAC)
ANBAC)=(4A~B)A(AC)

3ananus 1 NPAKTHYECKOT0 3aHATHSI:
Bapuanr 1.

3aganue 1. Ykaxxure, Kakoe U3 YTBEPKICHUN MTPaBUIHHOE:

a)—76 €R;6) 107 € Z; B) /625 = Q

3aganue 2. BemumuTe Bce anmeMeHTsl MHOXecTBa 1, ecn J| — MHOXKECTBO YETHBIX OJJHO3HAYHBIX HATYPAIbHBIX
YHCell.

3aganme 3. 3anummTe MHOXKECTBO 00mIuX neauTenei yrcesr 120 u 150.

3ananue 4. Haiinure nepeceuenune u o0bennHeHne MHOKECTB A u B, eciu:

a) A=1{2;3;7},B=1{3;5;7};

6) A =(a, B, Y}a B ={a,b, By ).

3aganue 5. Haiinure o0beqHeHNE U IEpeceueHre YUCIOBBIX MPOMEKYTKOB!

a) (- o005 5)m (1;+00);6) (15 3) u[1; +o0); B) [0; 2] m (- 0; 0).

Bapuanr 2.

3aganue 1. YKaxwure, Kakoe U3 yTBEPKACHUI MPaBUIIbHOE:
a)—52€N;0)20,18¢Z;8)10€ Q.

3apanmue 2. BoinummTe Bce 3JIeMEHTHI MHOXKECTBA A, eclii A — MHOXKECTBO LIBETOB PAIyTH.
3apanue 3. 3anumnTe MHOXKECTBO HATYypaJbHBIX ACNUTENCH uncen

a) 60; 6) 73.

3ananue 4. Haiinure nepeceuenune u o0bennHeHrne MHOKECTB A u B, eciu:

a) A= {a; b; c}, B= {b;d};
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0)A=1{0;1;2},B={-3;-2;-1;0}.
3ananue 5. Halimute o0beNMHEHNE U TIEPECCUCHNE YHCITOBBIX TPOMEKYTKOB:
a)(-7;7)u(-o;-1);6)[0;3)u[-3;0];B) [4+0)u[l;2).

KoHTposbHbIE BONIPOCHI
1. Kaxkwe uncna Ha3pIBAIOT HATYPAITBHBIMHE, IEIBIMHU, PAIIHOHAIbHBIMH, JEHCTBUTEIIEHBIMA?
Cdhopmynupyiite onpeeneHusl.
Yto Ha3BIBAIOT MHOXKECTBOM?
Yro Takoe 3JeMEeHT MHOKecTBa?
Uro Ha3bIBalOT 00BEAMHEHHEM MHOXKECTB? UTO Ha3bIBAIOT MEPeCEYCHUEM MHOXKECTB?
Kakoe MHOeCTBO Ha3bIBAIOT MTyCTHIM?
BrmonauTe 3amaHus cOTIIacHO CBOEMY BapHaHTy. PaboTy odopMuTe 1Mo cxeme pemeHus] THIIOBBIX
3aJIaHH.

N oA W

Cnucok peKoMeH/1yeMoii JIUTePaTyphbl:
1. Baimmakos M.. Maremaruka. Yueonuk. 2019 .
2. bammmakos M.M. MaTtemaTtuka. 3amauduk YueOHoe mocodue. . — M. «Akagemusi», 2018

Tema 4.2. KoHeuHbIe MHOKeCTBA
IIpakTuyeckoe 3anaTue Nel(. Pemenue 3agau ¢ noMoub0 KOMOMHATOPHBIX
KOHCTPYKUMI
KOJIM4YecTBO 4acoB 1

Hessn: oTpaboTaTh HABBIKK IPUMEHEHUS OTPE/ICIICHUI SIIEMEHTOB KOMOWHATOPHKH, €€ OCHOBHBIX CBOWCTB
1 GOpPMYII TIPH PEIICHUN YIPaKHEHUH U 3a/1a4 IO TeME MHOKECTBA.

3anpava: 3aKPCHUTD MMOJYUYCHHBIC 3HAHUS U HABBIKY, HAYYHUTHCA MPUMCHCHUTIO ITOJTYUCHHBIX
HaBBIKOB Ha IIPAKTUKE

IlepeyeHb cpeaAcTB, HCIOJIb3YEMbIX IPH BHIIOJIHEHNH Pad0ThI HJIM 000PYAOBaHUE :
TeTpaab JUIsl NPAKTHYECKHMX paboT, pydyka,  METOJUYECKHME PEKOMEHIALMH I10 BBHINOJHEHHIO PadoThl,
KaJIbKYJISITOP.

Bonpocsl 17151 TOBTOPeHHUs, 3aKPeIJIeHHsI TEOPETHYECKOr0 MaTepHaia K NPaKTHYeCKOMY 3aHATHIO
KomOnHaToprka Kak HayKa W3yJaeT KOJMYeCTBa KOMOWHAINHA, TOJYMHEHHBIX OIPeIeIIeHHBIM
YCIIOBUSAM, KOTOPbIE MOYKHO COCTaBUTh U3 JIEMEHTOB 33/1aHHOT0 KOHEYHOr0 MHOXecTBa. [Ipupona
9JIEMEHTOB B JJAHHOM CITy4ae He UMeeT 3HaueHus [4, 6].

MBpI pazzienseM 3a1a4M Nepecyera, NepeyrcaeH s i ONTUMHU3ALHH.

Ecnu Hac mHTEpECYET, CKOIBKO AIEMEHTOB, IPUHAICKAINX KOHEUHOMY MHOXKECTBY, 00J1a/1a€T HEKUM
CBOWCTBOM (HaOOpOM CBOWCTB), TO 3TO 3a/1a4a nepecuema.

Ecnu He0OX0IMMO BBIZICTUTH BCE DJIEMEHTHI MHOXKECTBA, 00JIIaf0NINe 3aJaHHBIM CBOHCTBOM, TO TO
3a/1a4a nepeyucieHusl.

Ecnu Ha MHOXecCTBe 3a1aHa HeKasl 1eneBast QyHKIHUS U HaC MHTEPECYIOT AIIEMEHTH MHO)KECTBA, Ha
KOTOPBIX (DYHKIIMS JOCTUTaeT SKCTPEMAIbHOTO 3HAYEHUs, TO 3TO 3a]1a4a OnmuMus3ayuu.

[Ipu pemennn mr000T0 THUTIA YKA3aHHBIX 337144 UCTIOIB3YIOTCS CICAYIONTNE TTOHATHS [4].
[TorMHOXECTBO U3 M HIIEMEHTOB HA MHOXECTBE X, COCTOSIIEM U3 71 3JIEMEHTOB, Ha3bIBaeTcs (J1, m)-
gblbopKoii, TIe m — 00beM 3Toi BeiOopku. Eciu (11, 17)-BbIOOpKa paccMaTpuBaeTcs C y4eToOM MopsiaKa
3JIEMEHTOB

KombOuHnaTopHble 3a71aun Ha MHOXKECTBaxX

KomOunHaTopuka Kak HayKa W3ydaeT KOJMYecTBa KOMOWHAIMMA, TOJUYMHEHHBIX
OTIpe/IeNIEHHBIM YCIOBUSM, KOTOPBIE MOXHO COCTABUTh U3 3JIEMEHTOB 33JaHHOTO KOHEYHOI'O
MHOKecTBa. [Ipupoaa 3neMeHToB B JaHHOM Cllydae HE UMEET 3HaueHus [4, 6].

MpI pa3fenseM 3aauu repecuera, NepeurncaeHus] 1 ONTUMHU3AIIH.

Ecnu Hac uHTEpECyeT, CKOJIBKO 3JIEMEHTOB, IPUHAIIEKAINX KOHEYHOMY MHOKECTBY,
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o0JaiaeT HEKUM CBOMCTBOM (Ha0OpOM CBOKCTB), TO 3TO 3a/1aua nepecyema.
Ecnu HeoOxouMo BBIAECTUTE BCE 3JIEMEHTHI MHOKECTBA, 00JIaJaloIie 3a1aHHBIM
CBOMCTBOM, TO 3TO 3aJa4a nepeyucieHusl.
Ecnu Ha MHOKeCTBe 3a/1aHa HeKas LiejeBas QYHKIHS U HaC UHTEPECYIOT 3JI€MEHTHI
MHOJKECTBa, Ha KOTOPBIX (DYHKITUS JOCTUTAET IKCTPEMaIbHOTO 3HAUEHUS, TO 3TO
3a/1a4a OnmuMuU3AyUU.
[Tpu pemienun 1000T0 THIA YKa3aHHBIX 337a4 MCIIOJIB3YIOTCS CIEAYIOLINE MOHITUS [4].
[TonMHOXECTBO U3 m 3JIEMEHTOB Ha MHOKECTBE X, COCTOSIIIEM U3 71 DIEMEHTOB, Ha3bIBACTCS
(71, m)-6v160pKoii, Tne m — 06bveM 3Toi BeIOOpKU. Eciu (11, 1?7)-BbIOOpKa paccMaTpUBaeTCs C
Y4eTOM IMOpsIKa 3JIEMEHTOB B HEl, TO OHA Ha3bIBaeTcs (11, J17)-pa3MellleHueM 1
obo3navaercss A™ ot croBa arrengment. Ecniu m = 11, TO Takoe (1, J1)-pa3MerieHue
Ha3bIBaeTCs COOCTBEHHO P-nepecmanosKoll.
Ecnu mopsiiok 37eMeHTOB B BRIOOPKE (J1, 711) HE UMEET 3HAYEHUS,
TO OHa Ha3kIBaeTcs (J1, m)-couemanuem n ob6o3Hadaercs C™ ot cimoBa combination.
W nepecTaHOBKH, ¥ COYETAHUS MOTYT OBITH C IOBTOPCHUSIMH U O€3 TIOBTOPECHUH.
Paccmotpum mHO)kecTBO X = {a, b, ¢). Torna Bce ynopsiioueHHbIE U HEYTOPSA0YCHHbBIE
BBEIOOPKH 00BEMOM JIBa BBINJISIIIAT CIICTYIOIIUM 00pa3oMm:
e * pa3MeNIeHUs C MOBTOPEHUIMHM {aa, ab, ac, ba, bb, be, ca, cb, cc}, A: =9,
e * pa3MenieHus 0e3 MoBTOpeHuit {ab, ac, ba, be, ca, cb}, A™ = 6;
* COUYCTaHUs C IOBTOPEHUIMHM {aa, ab, ac, bb, be, cc!, C™ = 6;
e e coueranus 0e3 moBTopeHuit {ab, ac, be), C™ = 3.
[To ompenenenuio nepecTaHOBKAaMH Ha3bIBAIOT KOMOMHAIINH, COCTOSIIINE U3 OJHUX U TEX JKe
J1 pa3JIMYHbIX 3JIEMEHTOB U OTIMYAOLIMECS TOIBKO MOPSIKOM UX pacrnoioxeHus. Yucio
BCEX BO3MOKHBIX MEPECTAHOBOK
P, =n, (1.18)
rae ! =1e¢2e¢3eeq,
3ameTum, uto 1o onpexaeneHuto 0! = 1.
[lepectaHoBKa J1-371EMEHTHOTO MHOKECTBA X — 3TO B3aUMHO oJHO3HauHas ¢pyHkus/: X—» X. Eciu
JUIS IPOCTOTHI MPUHATH X- {1,..., I}, TO MepeCcTaHOBKON MOKHO Ha3BaTh YIOPSAIO0UEHHBINH HAOOP U3 1T
Pa3IMYHbIX YHCE]I, JIeXKAallluX B MPOMEXYTKe OT 1 110 11 (nasiee OyJeT paccMaTpuBaThCs UMEHHO 3TOT
ciryyai).
PaccMoTpuM HECKOJIBKO 3a71a4 Ha TIEPECTaHOBKH 3JIEMEHTOB MHOXKECTBA.
3anaua 1.14
B cnose MUDU mensiom mecmamu 6ykevl. Yemy pasHo Koiuuecmeo 6cex 603MONCHLIX PAZTIUUHBIX
cn08?
Pewenue.
JIBe OYKBBI B CIIOBE COBIAAIOT, CIIEAOBATEIHHO, YUCIIO BCEX PA3TUYHBIX MIEPECTAaHOBOK B 2! MEHBIIIE
BO3MOJKHBIX, T.€. PABHO
Bagaua 1.15
B cnose HUAY MUDU mensom mecmamu 6ykevl u npoben. Yemy pasHo Koauvecmeo ecex
B03MOJICHBIX PA3IUYHBIX CLOG?
Pewenue.
Tpu OykBBHI B CIIOBE COBMAIAIOT, CIEOBATEIBHO, YUCIO BCEX PA3JIMYHBIX MIEPECTAHOBOK B 3! MeHbIIIe
BO3MOXHBIX, T.€. PABHO

=60 480.
e 9-8-7-6-5-4-3-21
o 3l

Paszmewenusimu Ha3pIBAalIOT KOMOMHAIIMH, COCTABIICHHBIE U3 71 PA3IIUYHBIX DJIIEMEHTOB T10 /711 DJIEMEHTOB,
JIeXKAIINX B MPOMEXYTKE OT 1 10 7, KOTOPBIE OTJIMYAIOTCS JIMOO COCTABOM AJIEMEHTOB, JIMOO MX
MOpsAIKOM. J[pyrumu cioBamu, pa3MenieHne — 3TO MHOKECTBO ¢ MOBTOpeHUsMU. O003HAYNM YUCIIO
€ro aJeMeHToB uepe3 4 ™.
Hucno Bcex BO3MOXKHBIX pa3MEILEHUI
A™ = pn-)(n-2)...(n-m+ 1). (1.19)

70



Teopema 1.6. Hucno pa3menieHuit

Yucno ynopsooueHubix m-31eMeHmMHbIX NOOMHONCECE MHONCECMBA Xy, CO0epAHCAueco N I1eMEeHmMos,
PasHo

A™=——_ (1.20)

(n-m)

CoueTaHue U3 /1 DIIEMEHTOB I10 71 — 3TO HEYNOPSAJOYCHHBIH HA00p (MHOXKECTBO) M3 7 PA3IMIHBIX
4yucell, MpUuHaJyIekalux MHOkecTBY X. Takum 00pa3om, couemanusimuy Ha3bIBAIOT KOMOMHAIIUH,
COCTABIICHHBIE U3 71 PA3JIMYHBIX 3JICMEHTOB IO 71 JJIEMEHTOB, KOTOPBIE OTJIMYAIOTCS XOTS ObI OJTHUM
asieMeHTOM. Tak Kak coYeTaHue SBISETCS HEYMOPAA0YCHHBIM HAOOpOM, TO KaXIOMy TaKoMy Habopy
COOTBETCTBYET /1 Pa3MEIECHHH (T.€. YIOPSIOUEHHBIX HAOOPOB TEX K€ IJICMEHTOB).

Teopema 1.7. Yucno coueranuit
Yucno Heynops0o4eHHbIX m-21eMeHMHbIX NOOMHOICECTE MHOJICeCmEad Xy, codepaicaiyeo n
9/1eMeHmMOos, Pa6HO

H *
2-1/77 (1.21)

m(n - m)

MoxHo IMPHUBCCTHU HCKOTOPLIC CBOMCTBA COUECTAHUM:

1/~<m _n-m.

Ay o (1.22)
[-im , /~<m+ _tim+lI. (1.23)
0K _ /~iK

) A (1.24)

DTH CBOMCTBA CIENYIOT U3 CAaMUX OMpeeNIeHUI U MPOBEPSIFOTCS HETIOCPEICTBEHHO MOICTAaHOBKOIA.
PaccMoTpuM HECKOJIBKO 3371a4 HA pa3MEIeHUE ¥ COYCTaHHS.

Bagaua 1.16

Yemy pasno KOIUUECMBO 8CEX BOZMONCHBIX PASTUUHBIX CN08, COCIMABIEHHBIX U3 MPeX PA3TUYHLIX OVKE
mHoxcecmsa {A, B, C, ]1 7}?

Pewenue.

Bce GyKBEI B CIIOBE HE COBIA/IAIOT, CIEJ0BATENFHO, YHCIIO BCEX PA3NIMUHBIX pa3Menlenuii 4°5, paBHo
Al = 5*4* = 60.

Bagaua 1.17

B cnose ITUPAT svioupaiom 0ge 6ykevl. CKOIbKUMU CROCOOAMU IMO MONCHO COeNamp?

Pewenue.

Tak kak MopsIoKk OYKB B IAHHOM CJIydae HE UMEET 3HAYCHHSI, TO PE3yJIbTaT Olpeaessercs mo GopMyie
JUTS YUCIIa COYCTAHUNA:

e bl
e 21(5-2)!
Samaua 1.18

Onpeodenums, CKOIbKO Cyujecmeyenm pasiudHslx cnoco6os gvlbopa (nopsaodok He umeem
3Hauenust) 3 momos u3 5-momrozo coopanus couunenuii A.I1. Yexosa.

Pewenue.

Pesynbrar onpenensiercs mo dhopmysie s YUCiIa COYETaHUM:
e 5l
e 2I(5—2)!

3agaua 1.19
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B cnose CKAHEP svi6upaiom no 0ge 6yKkawl (8ce OYK8bl paziuyinsl) U COCMABISAION U3 HUX CILOBA.
Cronbkumu cnocobamu 3mo mModxcro coenams? Pewenue.

Hcnonb3ys hopMyity pa3menieHusi, moaydaem

A} =6-5=30.

3anaya 1.20

B cnose HUAY MU®DU svibuparom no 06e OYyK6wvl (6ce OVKEbl pa3IuyHbl) U COCMABIAIOM U3 HUX CLOGA.
CKObKUMU CNOCOOAMU IMO MONCHO COenamy ?

Pewenue.
Hcnonb3ys hopMyity pa3memnieHus, moayqaem
A] =6-5=30.

Teopema 1.8. KonuuecTBo nepecTaHOBOK € MOBTOPEHUSIMU

Konuuecmso nepecmanogok n snemenmos, u3 Komopwix ny omuocmes k muny 1, np omnocumes
muny 3, u m.o., 6n10Ms 00 N INEMEHMO8 MUNA 2, PAGHO

Pn=,"],s0-25)

NnxNn2...N;
HpaBI/IJIO cyMMI)I /| leOI/I3BeL[eH]/Iﬂ

Pemienue OonpMHCTBA 331a4 B KOMOMHATOPUKE OCHOBAHO HAa IPUMEHEHUH JIBYX OCHOBHBIX IIPAaBUI —
MIpaBUJIa CyMMBI U TIPAaBUJIa IPOU3BEICHUSI.

PaccmoTpuM cnenyromue 3a1a4u.

3aoaua 1. B otnene «Urpymku» umerorcs 4 Bua KykoJ U 3 BUJ1a HOCYAHbIX HA00poB. CKOJIBKUMHU
croco0amMM MOKHO BbIOPATh OJJHY UTPYIIKY JJIS I€BOUKU?

3aoaua 2. B Ba3e mns GpyKTOB JekaT 8 cimB U 6 abprkocoB. CKOIBKUMH CIIOCOOAMH MOYKHO BBIOPATh
OoIuH mwion?

OTH 32141 MOYKHO NIEPEBECTH Ha S3BIK TEOPHH MHOXKECTB U C(POpMyITUPOBATH B OOIIIEM BUJIE:
HMeroTcst Ba KOHEYHBIX MHOXKECTBA A = {a1, @, ..., an} u B = {by, bz, ... bm}, He UMeroUX 06IIMX
3eMeHTOB. CKOJIBKUMH CII0cO0aMU MOYHO BbIOpaTh 00BEKT, MpuHauIexaiui 1moo A, nudo B?

Tak kak ANB=0, 10 {X |XeA v xeB} = AUB, a torza m(ACB)=m(A) + m(B) =n + m

3TO yTBEpXKJACHNE B KOMOMHATOPUKE HA3bIBAIOT MPABUIIOM CYMMBEI.

Ipasuno cymmer. Ecniu d1eMeHT a MOXKHO BBIOpATh N criocodamu, a aneMeHt b — m crocobamu,
MPUYEM HHU OJIMH M3 CIOCOOOB BHIOOpA AJIEMEHTA @ Ha COBIAIAET CO crtocoOoM BIOOpa 3eMeHTa b, To
BBIOOp «IHO00 a, 1160 D), MOKHO OCYIIECTBUTD

n + m cnocobamu.

[IpaBuIIO CYMMBI JIETKO paclpoOCTpaHsIeTCs Ha TOT CiIydai, KOI/la YnuCIIo MONapHO HeMepeceKaromuxcs
MHOXeCTB OoJiee AByX. McTonb3ys MpaBMiIo CyMMBI, JIETKO PEIINTh PACCMOTPEHHBIE BBIIIE 3aa4H.

1. Tlockonbky umeercs 4 BUAa KyKOJ, TO CYyLIECTBYET 4 crioco6a BEIOpaTh OJHY U3 HUX.
AHaNOru4Ho, cymecTByeT 3 crnocoda BbIOpaTh OMH MOCyAHbIN Habop. 1o npaBuy cymmbl
BbIOpATh «I100 KKy, 11060 Habop mocyas» MoHO (4+3=7) 7-10 cniocobamu.

2. Tlo mpaBmiry cyMMBI cymiecTByeT 8+6=14 criocoOoB BEIOpaTh OJIMH TUIO.

Jlanee paccMOTpUM ClIeyIOIIKeE 3aJauu.
3aoaua 3. B MeHI0 cTOJIOBOM 4 BUAA MEPBBIX OO ¥ 6 BUAOB BTOPHIX. CKOTBKUMHU CIIOCOOAMH MOYKHO
BBIOpATh 00€, COCTOSIIINI U3 OJHOTO MEPBOTO U OJTHOTO BTOPOTO 01017
3aoaua 4. CKOIBKUMH CIIOCOOAMHU MOXHO COCTaBHTh KOMaH/y U3 OJIHOTO IOHOIIN U OJJHOU JAEBYIITKU
JUTSl y9aCTHsI B COPEBHOBAHUSX TI0 IIaXMaTaM, €CJIA B TPYIINE S5 MIaXMATUCTOB U 3 MIaXMaTHUCTKH?
Pemrenue 3Tux 3a7a4 CBOJUTCS K MOJCUYETY YHUCIIA YIOPSIOYEHHBIX Map, KOTJa U3BECTHO YUCIIO
croco00B BbIOOPA MEPBOI KOMITIOHEHTHI U BTOPOH.
[Tycts uMeeM MHOXKeECTBO A = {a1, @, ..., an} U B = {by, b2, ... bm}. MHOXecTBa BceX ymopsa0YeHHBIX
rap, COCTaBJIEHHBIX U3 JIEMEHTOB 4 U B 00pa3yeT AeKapTOBO MPOU3BEICHUE STUX MHOXKECTB.
H3BecTHO, 4TO
m(A x B)=m(A) -m(B) =n -m
B koMOuHaTOpHKE 3TO YTBEPKIEHUE HA3bIBAIOT MPABUIIOM IIPOU3BEICHUSI.
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Ilpasuno npouseedenusn. Ecav 31eMEHT a MOXHO BBIOpaTh N CIOCOOaMHM, U €CITH TIOCTIE KX I0TO
TAKOTO BBIOOPA 3JIEMEHT D MOKHO BBIOpAaTh M CI1OcOOaMu, TO BEIOOD YIIOPSIOYCHHOM Mapshl (a, B), TO
€CTb BBIOOpP «H a, K D» MOXHO OCYIIECTBUTE N - M CIIOCOOAMH.
[IpaBuso mpou3BeAeHUS JIETKO PaCIpOCTPAHIETCs Ha CiIydail BBIOOpa KopTexka JIr000i KOHEUHOM
JUTUHBI.
Hcnonp3ys npaBuIilo MpOU3BeIeHUs, PEIIUM PACCMOTPEHHBIE 331a4u.
1. TlockoiybKy cymiecTBYeT 4 croco6a BeIOpaTh nmepoe 011010 1 6 CIoCOOOB BEIOPATh BTOPOE
01110710, TO T10 MPABHITY IPOU3BEACHHUS BEIOOP «IIEPBOE U BTOPOE» MOMKHO OCYIIIECTBUTH (4 - 6 =
24) 24-ms criocobamu.
2. AHaJIOTWYHO, CyIIeCTBYeT 15 crioco0OB COCTaBUTh KOMAH/Y Ul y4acTHUs B COPEBHOBAHHSX IO
raxMaram.

IlepecTanoBKHU 0e3 MOBTOPEHUI

[TycTs mMeeM MHOKeCTBO M, cocrodmiee 13 N 3JIEMEHTOB JI000H NPUPOIBL. Y HOPSIIOYUM 3TO
MHOYECTBO, IPOHYMEPOBAB €ro IeMeHTHI. [10ydnmM KOPTekK AIHHBI N C MTOMAPHO Pa3TUIHBIMU
3JIEMEHTaMH, KOTOPbIH Ha3bIBAIOT IEPECTAHOBKOW U3 N 3JIEMEHTOB.

Onpeoenenue. Beskoe ynopsiioueHHOE N- 3JIEMEHTHOE MHOXKECTBO HA3bIBACTCS TIEPECTAHOBKOM

U3 N 3JIEMEHTOB.

OnHO 1 TO K€ MHOXECTBO MOXKHO YIIOPSIOUUTH pa3HBIMU criocobamu. Hampumep, MHOXKeCTBO
CTYZICHTOB I'PYIIIBI MOXKHO YIOPSIIOYUTH IO BO3PACTY, IO POCTY, al(haBUTY, yCIEBAEMOCTH U TaK
nanee. EcrecTBeHHO OCTaBUTH BOIPOC:

CKOJBKMMHU CIIOCOOAMU MOKHO YHOPSJOUUTh MHOXKECTBO M, cozeprkaliee N 31eMEHTOB?

OTBeT Ha 3TOT BONPOC CBOAMTCS K PELICHUIO CIIEAYIOIIeii KOMOMHATOPHOH 3aJaul: ONPENSIUTh YHCIIO
BCEX BO3MOKHBIX MTEPECTAHOBOK M3 N 35ieMeHTOB. O003HAYAIOT YHCIIO BCEX BO3MOXKHBIX IEPECTAHOBOK
U3 N JIEMEHTOB CUMBOJIOM Ph.

Ecnu MmHOXecTBO {a, b} cocTouT M3 IBYX 3JIEMEHTOB, TO OYEBUIHO, YTO YHOPSIOYUTH €r0 MOXKHO
aBymst criocobamu: {a, b} u { b, a}, o ectp P2=2.

Ecnu xe MHOXecTBO {4, b, ¢} COCTOUT U3 TPEX AIEMEHTOB, TO YHOPAJOYUTH €T0 MOXKHO IIECTHIO
cniocobami. J[efiCTBUTENBHO, CYIIECTBYET 3 criocoOa BEIOPATh 3JIEMEHT Ha MEPBOE MECTO, IOCIIE ITOr0
CYIIECTBYET JiBa crioco0a BEIOpATh 3JIEMEHT Ha BTOPOE MECTO U OJIMH CIT0co0 — Ha TpeThe MecTo. Beero
10 MIPABUITY MPOU3BEAEHUS CYILECTBYET 3 - 2 - 1 crnocoOoB yHnopsI0unTh MHOXKECTBO {8, b, ¢}, TO

ectb P3 =3 -2 -1 = 6. BommuchbiBast BCeBO3MOXKHbBIE IEPECTAHOBKH U3 AJIEMEHTOB 3TOT0 MHOKECTBA,
JIETKO YOIUTHCS B CIPABEITMBOCTH MPOBEJICHHBIX PACCYKICHUH.

B o0rmiem ciiyuae cripaBeiivBa cieayromias Teopema.

Teopema. Unicno pa3In4YHBIX IEPECTAHOBOK U3 N AJIEMEHTOB PABHO MPOU3BECHHIO MTOCIIEI0BATEIBHBIX
HATypaJIbHBIX YHCelN OT | 10 N BKIIOYUTENBHO, TO €cTh Pn=1-2-3 - ... - n =n! (unraercs «H-
¢akropuam», n! =1-2-3-...-n)

3aoaua. CKOJIBKO pa3IMYHBIX MATU3HAYHBIX YHCENI MOXKHO 3amucaTh ¢ momortisio nudp 0, 1, 2, 3, 4,
€CITM HU OJ1Ha M(pa B 3aITUCH YKCIIa HE TIOBTOPSETCS ABAXKIbI?

Pewenue. ITo popmyne Pn=1-2-3 - ... - n=n! Uncnao Bcex BO3MOKHBIX IEPECTAHOBOK U3 MATH DD

paBHO P5=5! A nockonbky nudpa HyIb HE MOXKET 3aHUMaTh MIEPBOE MECTO, TO UCKOMOE YUCIIO eCTh: P5
—P4=51-41=120-24 = 96.

Pasmemenus 0e3 mnoBTOpeHuit

PaccmoTpuM KOMOMHATOPHYIO 33/1a4y, CBI3aHHYIO C BEIOOPOM YIOPSIOUEHHBIX MTOJIMHOKECTB
HEKOTOPOTo KOHEYHOro MHokecTBa. OO1iast GopMyaupoBKa 3TOM 3a1a4un TaKoBa:

Nmeercst MHOXKECTBO, cocTosee u3 N 31eMeHTOB. CKOJBKO MOXKHO COCTaBHTh YIOPSA0YEHHBIX
TIOJIMHOKECTB, COJIEPKAIIMX K eTro 2IeMEHTOB?

Omnpenenenue. Beskoe ynopsigoueHHoe K-37eMEHTHOE TTOAMHOMXKECTBO N-3JIEMEHTHOTO MHOXKECTBA
(k <n) HasbIBaeTCs pasmewenuem U3 N 3JIEMEHTOB 110 K.
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Kak cnenyer u3 onpezneneHus, 1Ba pa3MEIIEHNs CYUTAIOTCS Pa3IMYHbIMU, €CJIM OHU OTJIMYAOTCS APYT
OT Jipyra XOTsl Obl OTHUM 3JIEMEHTOM WJIM COCTOAT U3 OJHUX U TEX 7K€ JIEMEHTOB, HO PacloJIOKEHHBIX
B Pa3HOM IOPSAKE.

Yucio pa3auuHbIX pa3MEIeHUi U3 N 3JIeMEHTOB 110 K 3JIeMEHTOB 0003HAYal0T CHMBOJIOM
CrnpaBennuBa ciaeayroias Teopema.
Teopema. Uuciio pa3nu4HbIX pa3MEICHNN 13 N 3JICMEHTOB 110 K 3IEMEHTOB paBHO
IMPOU3BCACHUTIO k MOCJICA0OBATCIIbHBIX HATYPAJIbHBIX YHUCCII, HaI/I6OJIBIHI/IM N3 KOTOPBIX ABJIACTCA n, TO
€CThb

A¥=n-n-1)-N-2)-... -(n—k+ 1) uou

ko m *
An = (n—1)! *)

3agaua. CKOJBKHMH CITIOCOOAMH MOYKHO Pa3/IeTIUTh 5 TyTEBOK B PA3IMYHBIC JOMA OT/bIXa, €CITU
OTJIOXHYTb KeJarT 12 yenoBek?

Pewienue

[Tockonbky u3 12 yenoBeK HYKHO BBHIOpATh 5, a 3aTeM pa3[eIUTh MEXKAY HUMH pa3UYHbIC TyTEBKU, TO

HMCKOMOE YHCIIO CIIOCO0O0B ompeneisiercs mo gpopmyne (*).

. 121 12!
A, =———— = — = 95040
2 (12-5)0 7

Ecmp nu y nyna ¢pakmopuan
Kak BbI ymaeTe, CKOJIbKUMU CIIOCOOaMU MOXHO BbIOpaTh 0 0OBEKTOB U3 N UMEIOILUXCA, WU, IPYTUMHU
CIIOBaMH, He BBIOpAaTh HU OHOTO 00bekTa? Bonmpoc cTpaHHBIA, HO €ci 3amucaTh (popMaibHO, TO
HIOJIYYHM:
o 1! . EI B
"o (n—0) n!
B 001m1eM-T0, 3TO JOrHYHO: €CTh €AMHCTBEHHBIH cr1oco0 He BEIOpATh HU OAHOTO 0OBEKTa
13 N UMEIOIINXCS — HUYETO HE JeNaTh.
Bropoii Bonpoc: cKOIBKUMHU CIOCOOAMH MOXKHO C/I€TaTh YHOPSAA0YEHHBINH BHIOOp U3 N 00BEKTOB
Bcex N 006bekToB? [TocTynuM Tak: BeIOMpaeM 10001 00BEKT, PSIOM ¢ HUM pa3MelllaeM BTOPOH, TOTOM
Tpetuii u T.1. [lomyyaeTcst 0ObIKHOBEHHAsl IEPECTAHOBKA BCEX N OOBEKTOB, U YMCIO TAKUX
nepectaHoBok Pn=n!. C n1pyroii cropoHsbl, COrIacHO HailieHHO! (opMyIIe, 3TO e YUCIO PAaBHIETCS
! !
= T
(n—mn)! O
ITosiBunock HoBoe BhIpaxeHue 0! ((hakTopuasl Mbl ONPEIEIININ TOIBKO JUIs HATYPAIbHBIX YHCEN).
I[Mpeamosnoxkum, 4to 0! — 3TO KaKOe-TO HEU3BECTHOE YKCIIO, U HaleM ero u3 paBeHcTBad, = F, .

n!
TOF,Z[&; = n! , OTKyaa 0!= 1, TO €CTh (l)aKTopI/IaJI HYJISI paBCH CAUHUIIC. CDaKTopI/IaJ'I HYJISL 4aCTO

BO3HUKAET B pa3HbIX KOMOMHATOPHBIX 33Jja4ax, HO BE3/IE€ U BCET/la €ro MPUHUMAIOT PaBHBIM €IUHUIIE.
Couyeranus 0e3 NOBTOPEeHUI

HpI/I COCTaABJICHUU k'3J'IeMeHTHBIX IIOAMHOXKECTB N-3JIEMEHTHOI'O MHO>KECTBA HAC HE BCErga HHTepecyeT
MOPSIOK, B KOTOPOM paciojiaratoTcs 3jaeMeHThl. Hampumep, eciin umeercst 10 cOpTOB TKaHU U HYKHO
BbIOpaTh 4 copTa, TO MOPSA0K, B KOTOPOM BBIOMpAINCh COPTa, 3HaUeHHsI He uMeeT. B Takux 3amadax
peub UJIET O TOAMHOXKECTBAX, HE SABJISIOIIUXCS YIIOPSIOYCHHBIMH.

Onpeoenenue. Besikoe K-3rieMeHTHOE MTOJIMHOXKECTBO N-3JIeMEHTHOTO MHOXecTBa (K <N) Ha3bIBaeTCs
COYETaHUEM M3 N DIIEMEHTOB I10 K.

JlBa cOUeTaHUsI CUNTAIOTCS PA3JIMIHBIMH, €CITU OHU OTJIMYAIOTCS JAPYT OT JAPYyra XOTs Obl OJJHUM
aseMeHTOM. TTOpsAI0K IIEMEHTOB B COUETAaHWH 3HAYCHHUS HE UMEET.

Yucio pa3auuHbIX COUYCTaHUM U3 N AJIEMEHTOB 10 K HaxoauTes mo Gpopmyiie:
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3aodaua. V13 rpynnsl CTYJ€HTOB, HACUUTHIBAIONIECH 25 YeIOBEK, HAJJ0O COCTABUTh KOMaHAY U3 4 4eJIOBEK
it yaactus B 6ere Ha 1000 meTpoB. CKOTBKUMHE CIIOCOOAMH MOYKHO 3TO CIENaTh?

Pewenue. Be16op yaactarkoB B 6ere Ha 1000 METPOB MOYKHO OCYIIIECTBUTD CE“E_:#E;HFIZSSO

CHOCO6aMI/I, TaK KaK OpAJO0K YYaCTHUKOB B 3TOM ClIyda€ HE UMCCT 3HAUCHUA.

CKOIBKHMHU CTIOCOOAMH MOKHO COCTaBUTh KOMaHy IS ydactus B actadere 100+200+300+4007?
25!
[25—4)
Clly4ae y4aCTHUKOB KOMaH/Ibl PACCTABIISIFOT B OMPEICICHHOM MOPSIIKE.

BbIGOp y4aCTHHKOB 3CTaeThl MOXKHO OCYIIECTBUTD Aj: = =303600 criocobamu, Tak KaKk B 3TOM

IIpocreiimme cBOMCTBA YUCJIA COYETAHUM

1. (Vk,neNz, 0<k<n)(cF=crF)
2. (Vk,neNz, 0<k<n)(CF=cCcit+Ck))

Haso ormertuTs, urto €y = 1, Tak kak 0! = 1.
CBOMCTBO 2 TTO3BOJISIET BEIYUCIIATH 3Ha‘-IeHI/I$IC::, saasCy—y uCr_, . [Tonb3ysCch 3TUM CBOMCTBOM,
MOKHO TOCJIEI0BATENBHO BRIMUCIMT C X cHauana npu n=0, 3aTeM 1pu n=1, npu n=2 ¥ TaK JaJee.
Brruncnenus yno0HO pacnonarats B BUIE CIEAYIONIEH TPeyroibHON TaOIHIIbL.
0
o
CiCy i
cicics
0p1pq303
i oh s
Cheiseieass
clclscicics

B (n + 1)-0ii cTpoKe Mo MopsaKy 3amucanbl uncinaCy, o, Cx ..., €. OueBHIHO, UTO KAXKI0€
gucio €, paBHO CyMMe JBYX YMCEN TIPEIBIIYIIEil CTPOKH, CTOSIIMX CJIEBA U CIIPaBa OT HETO.
Takum 00pa3oM, yKkazaHHYO TaOJIHITY JISTKO 3aTIOMHUTH U BOCCTAHOBUTH, HE TIOJB3YSICH (POPMYJIIOM
YHuCiIa COYCTaHUM.

1

11

121
1331
14641
15101051

Paccmotpennas TpeyronbHas Tabinia HOCUT HazBaHue TpeyroibHuKa [lackans. [locnennee HazBaHue
HCTOPUYECKH HETOYHO, TaK KaK TaKoM TabiuIel MoIbp30Bajcs elle nepcuackuii mareMaTiuk Omap
Xaiisam (1048 — oxk. 1131).

IlepecTaHOBKM C TOBTOPEHUSIMH

B IMPAKTHUKE PCIHICHUA 3aaa4 4aCTO BCTPEUYAIOTCA IEPECTAHOBKHU, B KOTOPLIX 3JICMCHTBI ITIOBTOPSAFOTCA.
Ecnu cpenu nepectaBisieMbIX 3JIEMEHTOB €CTh OJJUHAKOBBIE, TO IEPECTAHOBOK MOJIYYaeTCsl MEHBIIE, TaK
KaK HEKOTOPBIE NIEPECTAaHOBKU COBIAJAIOT JPYT C IPYTOM.

Hanpuwmep, nepecranisst 6ykssl cioBa «OHA», MbI osyunm 6 pa3iuyHbIX IEPECTAHOBOK:

OHA HOA OAH

AHO HAO AOH

Ecnu teneps BMecTo cioBa «OHA» B3sTh ciioBo «OHO» 11 BO BCeX BBITMCAHHBIX IEPECTAHOBKAX OYKBY
«A» 3aMeHUTH OYKBOH «O», TO OKaXKETCS, YTO HEKOTOPbIE IEPECTAaHOBKU OYAYT OJAMHAKOBBIMU. A

75



MMEHHO, MBI ITOJTyYHM, YTO YUCIIO Pa3IMYHBIX MIEPECTaHOBOK U3 OykB cioBa «OHO» Oyzaer paBHO 6 : 2
=3.

B o0mmem Buze 3agaua popmynupyeTcs Tak:

HmeroTest aeMeHThl K pa3iIMyHbIX THIOB: @, b, ..., |. OnpeaenuTs 4ucio BceX BO3MOXKHBIX
NEPECTAaHOBOK M3 ATUX DJICMEHTOB, €CIIU JIEMEHT & MOBTOPSIETCS N1 pa3, 3eMeHT b — N2 pa3 u Tak
nanee, snemMeHT | — Nk pas.

Onpeoenenue. IlepecTaHOBKOM ¢ TIOBTOPEHUSIMU U3 3JICMEHTOB @, b, ..., |, B KOTOpO#t 3TH 31€eMEHTHI
MOBTOPSIFOTCA COOTBETCTBEHHO N1, Ny, ..., Nk pa3, HA3bIBAETCS KOPTEX JTMHBI N = Ny + N2 + ... + Nk,
Cpelr KOMIIOHEHT KOTOPOTo a BeTpevaeTcs Ny pa3, b — N2 pa3 u tak ganee, | — Nk pas.

O0603HaYAIOT YKCIIO EPECTAHOBOK C IIOBTOPEHUAME CUMBOJIOM Py o ooy

Teopema. Yncio pa3nuyHbIX EPECTAHOBOK C MOBTOPEHHUSIMH U3 JIEMEHTOB &, b, ..., |, B KOTOPBIX 3TH
AJIEMEHTHI MIOBTOPSIOTCS COOTBETCTBEHHO N1, Ny, ..., Nk pa3, onpeaensieTcs mo Gopmyie
p _ g tmg e dmy)! n!

(myngmm) nyln,!..n,! B gl n,!l.ny,!

3aoaua. CxkonbKO BOCBMH3HAYHBIX YHCET MOXKHO 3amucaTh ¢ moMomsko mudp 1, 3, 5 npu ycioBun, 4to
nudpa 1 moBTOpsAeTCS B KaXKIOM YHCIIEC YEThIpe pa3a, udpel 3 u 5 — o 2 paza?
Pewenue. ickomoe 9iCIIO SBISETCS YUCIOM PA3JIMYHBIX MTEPECTAHOBOK C OBTOpEHUsAMH U3 1udp 1, 3,
5, B KoTOphIX HHdpa 1 moBTOpseTCs yeThipe pasa, a Hudpsl 3 u 5 — no asa pasza. [losTomy o Belie
yYKa3aHHOH (opMyIie UMEeM:

!

Plaan) = grorgr — 120

Pa3meneHusi ¢ noBTOpeHUSIMH

[Tycth uMeeM MHOKeCTBO M, cocrosiiee 13 N 3J1eMEHTOB Jr000i pupoisl. HeooOsi3aTenbho K < n
Onpeoenenue. Koprex amunbl K, cocTaBIeHHBIN U3 3JIEMEHTOB N-3JIEMEHTHOT'O MHOYKECTBA,
Ha3BIBACTCS Pa3MEICHUEM C IOBTOPEHHUSIMH K3 N 3JIeMEHTOB TI0 K.

Yucno pa3nmuyHbIX pa3MeIeHHUil ¢ MOBTOPEHUSMH U3 N 3JIEMEHTOB 110 K onpezenseTcs mo

bopmyme A% = n*,

3aoaua. Ha nuck cekperHoro 3amka HaHeceHbl 10 uudp, mudp cocrout uz 4 uudp. Ckonbko
HEYJauHbIX MOMBITOK MOXKET C/eNaTh YeJIOBEK, He 3HaroIui mudpa?

Pewenue. Tlo npuBeaenHoii Beie GopMyie obmiee yncio koMouHarmii papo 10% = 10000. 3HaunT
HauOoJIblIIee YUCIIO HeYIaYHbIX MOMBITOK — 9999.

Yucno noOmMHOI}CECIE KOHEUHO20 MHOMCECMEA.

ITycts M — koHeuHOE MHOkecTBO. Kak kaxkjoe MHOXKecTBO, M nMeeT moiMHOkecTBa. B HEKOTOpBIX
Clly4yasiX MPUXOJUTCS TOBOPUTH HE 00 OT/ENbHBIX MOAMHOXKECTBAX MHOXecTBa M, a 0 MHOXeCTBe Bcex
€ro MOJMHOKECTB. MHOXKECTBO BCeX MOAMHOXKECTB MHOXKecTBa M Ha3bIBaeTCsS MHOKECTBOM-CTEIIEHBIO
MHOXecTBa M 1 0603HavaeTcst cumBosiom P(M). Hammpumep,

eciu M=, ro P(M) = {J};

eciu M={a}, ro P(M) = {J, {a}};

ecmu M={a, b}, To P(M) ={J, {a}, {b}, {a, b}};

eciu M={a, b, c}, ro P(M) = {J, {a}, {b}, {c}{a, b}, {a, c}, {b, c}, {a, b, c}}.

CrpaBeinBa TeopeMa: eciid MHOXKeCTBO M CotepKUT N 3JIEMEHTOB, TO YHCIIO BCEX MOAMHOKECTB
3TOTO MHOXeCTBa paBHO 2".

CoueTraHusi C IOBTOPEHUSIMHU

PaccmoTpuM crienyronnyro KOMOMHATOPHYIO 3a1a9y.
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3adaua. B moYTOBOM OTIIEJIEHUH MPOJAIOTCSA OTKPBHITKU 4-X BUJOB. CKOJIBKMMHU CIIOCOOaMH MOKHO
KYIUTH 31€Ch 9 OTKPBITOK?

Tak kak mops10K, B KOTOPOM BBIOMPAIOTCS OTKPBHITKH, HE SBISETCA CYHIECTBEHHBIM, TO 3Ta 3a/1a4a
Oyzer Omrke K 3a7la4aM Ha COYETaHMsl, HO B 3TUX COUETAHUAX JIEMEHThI MOT'YT MOBTOPsAThCA. Takue
3aJ1a4M Ha3bIBAIOTCA 3a/1a4aMU Ha COYETAHMSI C TIOBTOPEHUSIMH.

OO6mast popMyIupoBKa 3THX 3a/1a4 TaKOBA:

Hmerorcst aeMeHThI N pa3auyHbIX TUIIOB. CKOJIBKO COBOKYITHOCTEH, COIepIKaluX 1o K 3ieMeHToB
KaX/1asi, MO)KHO COCTaBUTb U3 HUX, €CJIM HE IPUHUMATh BO BHUMAHUE MOPATI0K HJIEMEHTOB B
COBOKYMHOCTU?

Onpeoenenue. CoueTaHreM C MOBTOPEHUSIMU U3 JIAHHBIX N PA3TUYHBIX TUIIOB 3JIEMEHTOB
110 K 371eMEHTOB Ha3bIBACTCS BCSAKAsi COBOKYITHOCTD, COJIEpKaIiias K 3JIeMEHTOB, KaX/IbIil U3 KOTOPBIX
ABJIICTCA OAHUM U3 3JICMCHTOB YKA3aHHBIX THIIOB.

Yucio pa3saudHbIX COUYETAHHM C IIOBTOPSHUSMH M3 N THIIOB 3JICMEHTOB IO K 3JIEMEHTOB OIpeAescTCs
% __ mEe-1)l
1o gpopmyine CF = e Cozin_1

IIpumenum 3Ty hopMyJly K peliecHUIO IPUBEACHHON Bbile 3aga4u. O4eBUIHO, YTO YUCJIO0
CMOC000B KYNIUTh OTKPBHITKH PABHO YHCJIY PA3JIMYHbIX COUYETAHUI ¢ MOBTOPEeHUAMU U3 4
3JIEMEHTOB 10 9, TO €CTh:
(44+9—1) 12!
91(4—1)1 913!
Pemenue kKoMOMHATOPHBIX 32124

=220

G 5
Ci=0Cliaq

[Ipu pemieHnn KOHKPETHON KOMOMHATOPHOW 3a7]auyl HAJ[0 CHavYalla BBIICHUTH, HE PEIIACTCS I OHA
HENOCPEACTBEHHO IIPUMEHEHUEM MPAaBUJI CYMMBI U IIPOU3BeIeHUsA. Eciiu Takoe peleHne OKaKeTcs
3aTPYAHUTEIBHBIM, TO CJIEAYET COCTAaBUTh MATEMATUYECKYIO CXEMY PEIIAEMON 3a4a41, BBIICHUB, HJIET
JIM B HEW pedb O COCTABJIICHUH IIOJMHOXKECTB UJIM KOPTEKEH, JOIYCTUMBI MJIM HET IOBTOPEHUS.
HpI/IBGI[C;\/I MIPUMEpPHI pelIeHNss KOMOMHATOPHBIX 3a/1a4.

Puc. 1

1. 3 2copooa A 6 20po0 B eedym name dopoe, a uz ecopooa B 6 copoo C — mpu dopoeu. Cxonvko nymelt,
npoxooawux uepes B, sedoym uz A B C?

Kaxip1ii myTh HCKOMOTO BH/Ia 3a1aeTCs mapoit (a, b), riae a — onun u3 nyreit, coeaunstonmx A u B,

a b — oaun u3 nyreit, coequnstomux B u C. Tak Kak 1Mo yCIOBUIO ¢ MOXHO BBIOPATH MATHIO CIOCOOAMH,
a b — tpems criocobamu, To mapy (a, b) MoXxHO 1Mo mpaBuITy IpoU3BeIeHUs BHIOpaTh 5 - 3 = 15
CIOCO0aMH.

Pemrenue 3a1aun MoxeT OBITH OOJIeE HATIISAHBIM, €CITH COCTABHTH CXEMY, H300pKEHHYIO Ha PUCYHKE
1. 3nech pumckue udpsl — Homepa nytel u3 A B B, a apabckue — Homepa nyteit u3 B B C.

2. CronbKumu cnocobamu MOJICHO 8blOpamy 21ACHYIO U CO2NACHYIO OYKEbL U3 C108A «NOAKA»?
B sToMm cnoBe nBe riacHblie OyKBBI M TpU coruacHble. [1o npaBuity npousBeieHus: BIOOP MOXKET ObITh
crenal 2 - 3 = 6 cnocobamu.

3. Umeemcs 6 nap nepuamox paznuunvix pazmepos. CKOIbKUMU CHOCOOAMU MOICHO 8b1OPAMb U3 HUX
OOHY NepuamKy Ha 1e8yio pyKy u 00HY Nepuyamky Ha npasylo pyKy mak, ymoobvl 3mu nepuamxu Oviaiu
DPAa3IUYHbIX PaZmMepos?

Oty 3a/1a4y TOKE MOKHO PEIIMTH I10 MpaBUily NpousBeneHus. [lepuarka Ha J€BYIO pyKy MOXKET OBbITh
BbIOpaHa 1mecThio criocobamu. Ilocne Toro kak oHa BeIOpaHa, IepYaTKy Ha MPABYIO PYKY MOKHO
BBIOpATh JINIIb MATHIO cIoco0aMu (pa3Mephl epUaToK JAOKHBI ObITh pa3HbiMU). [loaTOMY Beero
umeeM 6 - 5 =30 cnoco6oB BeIOODA.
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Jlpyroii cioco0 pemeHus 3Toi 3aJaun OCHOBaH Ha (opMyIie Ui pa3MeleHHi 0e3 MOBTOPEHUH.
Kaxap1ii BEIOOp MOKHO 3a/1aTh [APOi pa3saM4HbIX uncen (a, b), rnel < a < 6,1 < b £ 6. Yucio
Takux map paBHoA: = 6 - 5 = 30.

4. CronvKkumu cnocobamu MOJICHO cOCmasums iaz, COCMosSuil U3 mpex 20pu30HMAIbHLIX NOJIOC
PA3TUYHBIX YBEMO8, eClU UMeemcsl MAmepua namu paziuinsblx Yyeemog?

O003HaYMM TISITh UMEIOIIUXCS IBETOB OyKBaMmu a, b, ¢, d, e. Torma mo6oii diaar «3ammdpoBbIBaCTCS»
KOPTEKEM U3 TpeX pasnudHbIX OykB. [loaToMy uncno (iaroB paBHO 4rcy pa3MenIeHu 0e3
NIOBTOpeHUi 13 5 1o 3, T. €. A3 =5 - 4- 3= 60.

5. CKonbKUMU CROCOOAMU MOJNCHO COCMABUMDb YemblpexysemHulil (hiaz u3 20pu3oHmMalbHbIX HOIOC,
umesl yemvlpe pasnudHulx yeema?

B sToMm ciyuae paznuunble (uiard OTIIMYAIOTCS APYT OT APyTra JIHILIb MOPSIKOM BETOB. X uucio
PaBHO YHUCITY MIEPECTAHOBOK U3 YETHIPEX AIEMEHTOB, T. €. P4 = 41 = 24,

6. U3 konoowl, cooepacaweii 52 kapmot, eoinyau 10 kapm. Crorvkumu pasiuuHbimu cnocooamu 3mo
MOJICHO cOenamsv? B cKonbKux ciyuasx cpeou Smux Kapm oKaxicemcst xomsi ovl 00ur my3? B ckonbKux
CAYUAsAX oKaxcemcsi posHo 00un my3? B cxonvkux cayuasx — posno 4 mysza?
Kax b1t BEIOOp KapT U3 KOJIOJIbI €CTh BEIOOp 10-MHOXKECTBA U3 52-MHOXKECTBA. DTO MOXKET OBITh
CHIEJIaHo

o 52! 52-51-50-49.48-47-46-45-44-43

27 101421 1-2-3-4-5.6-7-8-9-10
CIIOCO0aMH.
Haiitu ymcio crioco06oB, Korja cpeay BHIOPAaHHBIX KapT €CTh XOTs Obl OJIUH TY3, Ha TICPBbIIA B3IJIST
CIIO’)KHEEe — HaJI0 pa3duparh CiIydau, KOTr/ia €CTh POBHO OJIMH TYy3, POBHO JIBa Ty3a, POBHO TPH TY3a,
POBHO ueThIpe Ty3a. Ho mpoiiie HalTH cHavaa, B CKOJBKUX CIy4asX CPEId BIOpaHHBIX KapT HET HU
OJTHOTO Ty3a — BO BCEX OCTAJIbHBIX CIIydasix OyneT xots Obl o7uH Ty3. Ho ecnu cpeny BRIOpaHHBIX KapT
HET HU OJJHOTO TYy3a, TO BBIOOp coBepIuancs He U3 52, a u3 48 kapt (Bcex KapT, KpOMe TY30B), a IOTOMY
YHCIIO TAKUX BBIGOPOB paBHO C AP, CreoBaTenbHO, XOTS GBI OMH Ty3 OyzeT B C27 — Cif crydasx.
YroObl HalTH, B CKOJIBKUX CIIydasx OyZeT pOBHO OJIMH Ty3, pa300beM OIepaliio BbIOOpa KapT Ha JIBe
— CHaYasa BBIOMPAIOT U3 YETHIPEX TY30B OMH Ty3 — 3TO MOKHO CENaTh crnocodaMul). A moToM us3
ocTaBIIMXCs 48 KapT BBIOEPEM 9, 4TO MOKHO caenatbl . criocobamu. [1o IpaBmiTy MPOU3BEICHHUS
TIOJTy4a€eM, YTO BECH BHIOOP MOXKHO cenath CF. -Cis. crioco6amu.
HakoHer, BBIOOD, COJEpIKALINIA YETHIPE Ty3a, MOKHO CIENaThC ;. Coco6amMu — Hajlo B3ATh 4 Ty3a U
BbIOpaTh eme 6 kapt u3 48.

7. B nekomopom 2ocyoapcmee He 0bl10 08X dcumelieli ¢ 00UHAKO8bIM Habopom 3y608. Kakosa moicem
ObIMb HAUOOILULASL YUCTEHHOCMb HACeNleHUs 20cyoapcmea (HaubobIlee Ynucio 3y0oB paBHO 32)?
Kaxiomy >xuTelnto rocyjapcTBa COOTBETCTBYET MTOJIMHOKECTBO MHOXKECTBA X, COCTOSAIIEro U3 32
3y00B, MOKa3bIBAOIIIEE, KAKOB HA0Op 3y0OB y 3TOTO *)uTest. OOIee Yicio moAMHOXKECTB 32-
MHO’KeCTBa paBHO 22, 3HAUMT, B FOCYIapCTBE He MOKET OBITH GombIie, yeM 22 sKuTeneii.

8. Cronvkumu cnocobamu MoxcHo paccmagums denvle pueypsi (2 koHs, 2 cioua, 2 1advu, ghepssa u
KOpPOJis) HA NepBoll TUHUU WAXMAMHOU 0OCKU?
B »TOM 3a1a4e Ha/I0 HAWTHU YUCIIO KOPTEXKEH JUTMHBI 8, IMEIOIINX 3aJaHHbIM cocTaB (2, 2, 2, 1, 1).
Yuciao Takux KOPTEKEM (TO €CTh MEPECTAHOBOK € MTOBTOPEHHUSIMH) PABHO:

!

P(2,221,1) = > = 5040

P.2r-2r.11-11
9. I[lamuaoyams 3aHyMePOBAHHBIX OULTUAPOHBIX WAPOG PA3NONCEeHbl NO wecmu Ay3am. CKOTbKUMU
cnocobamu 3mo MoHCHO coenamnv?

[ToctaBuMm kaxaomy uncity oT 1 10 15 B COOTBETCTBUE HOMED JTY3bl, B KOTOPYIO MOJIOKEH IIap, HOMEP
m1apa paBeH 3ToMy ynciy. [lonyunm xoprex anunsl 15, cocraBnennsid u3 uudp 1, 2, 3,4, 5, 6
(HOMepoB 1y3). Uncio Takux KopTexkeii paBHO 61°.
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11. Ckonvkumu cnocobamu MONCHO paccmasumo Ha 32 YepHBIX NOJAX waxmamuou oocku 12 benvix
u 12 uepnoix wawex?
Tonst st GENBIX MAIIEK MOXKHO BBIOpaTh €43 ciocobamu. Ilocie storo ocraercs 20 nosei, u3

KOTOPBIX MOXKHO criocodbamu BH6paTb MOJIA JJI1 YEPHBIX MIAIICK. Bcero noJrydaeM
12 1z 32 0 32
Ca: ) C:u -

. = CII0CO0OB.
176200 1248 12L.17.8!

12. Cronvkumu cnocobamu ModCHO cocmasums HAboOp u3 8 NUPOICHLIX, eciu umeemcs 4 copma
NUPOIHCHBIX?
[TockonbKy B 3TOH 3ajjaue MOPSAJOK MUPOKHBIX HE UTPAET POJIH, TO KaXIbIii HA0Op 3a7aeTcs KOPTEKEM
JUIMHBI 8 U3 4 371EMEHTOB (Ha3BaHUI COPTOB MUPOXKHBIX ), IPUUYEM MOPSIOK KOMIIOHEHT KOPTEXkKa HE
urpaet posiu. MHpIMU c10BaMu, HaM HaJI0 HAWTH YKUCIIO PA3IMYHBIX COCTAaBOB TAKUX KOPTEKEH. A 3TO
YKCII0 PABHO YUCITY COYETAHMH C TOBTOPEHUAMH M3 4 3J1eMEHTOB 110 8, T. €. Cf; = 165. 3Hauwr,
cymecTByeT 165 pazauvHbIx HAOOPOB.
3aganus 1J1s NPAKTHYECKOr0 3aHATHS:

&1-5! &! 116!

1. BbluncauTts: a) = 0 T’ B)? .
; 0)

Py E..B,
BgByg E

CKOJIBKMMHU cI0CO0aMH MOKHO PACcCTaBUTh 6 KHUT HA MOJIKe?

W3 6 kaur Hago BeIOpaTh 3. CKOIBKUMH CIIOCOOAMH 3TO MOKHO CAENaTh?

CKONbKMMHU cIOCO0aMH MOKHO Pa3MECTUTh 6 JieTel Ha 6-MeCTHON Kapycesu ¢ Hepa3InuuMbIMU

MecTamu?

B miaxmatHOM TypHHpE NPpUHUMAIK yyacThe 15 maxMaTHCTOB, IPUUEM KaXKAbIi U3 HUX ChIrpal

TOJIBKO OJIHY MapPTHIO C KaXJIbIM U3 OCTaJIbHBIX. CKOJIBKO BCETO MAPTHUIl CHITPAHO B TypHUpPE?

7. CKOJIBKUMHM CIIOCOOAMU MO>KHO BBICTaBUTBH J1030p U3 TPEX COJIJAT U OJTHOTO oduLepa, eciau ecTh
80 conmar u Tpu oduiepa?

8. UerBepo cTyneHTOB catoT 3k3aMeH. CKOIBKMMHU CIIOCO0aMH UM MOT'YT OBITh TIOCTaBIICHBI
OLIEHKH, €CJIM U3BECTHO, UTO HU OJIMH U3 HUX HE MOJYYUT «HEYJIOBIETBOPUTEIBHO»?

9. U3 crynenueckoit rpynnsl B 20 yesloBeK HYKHO BBIOpATh JBYX MPEACTaBUTENCH B CTYACHYECKHIMA
coBeT. CKOJIBKUMHU CIIOCOOaMH 3TO MOKHO C/IEaTh?

10. CkonbKuMH CIIOCOOaMH MOKHO pa3MeCTUTh N 4enoBek Ha K CTynbsIX, eciiu:
a)n =k =15;
6)n=15 k=10

11. CkonbkuMu crioco0aMu MOKHO U3 25 pa3IHuHbBIX P03 BEIOpATH 3 po3bl it Oykera?

12. Cxonpkumu crioco0aMu MOKHO U3 25 BUI0B po3 BEIOpaTh 3 po3bl Ajs OykeTa (MMeeTcst
JIOCTAaTOYHOE KOJIMYECTBO PO3 KaXI0T0 BUIA)?

13. Cxonbkumu crioco0aMu MOKHO 25 po3, cpeid KOTOPBIX 8 KpacHbIX, 10 po30BBIX U 7 XKENTHIX,
MOJIApUTh 110 OJHOM 25 mpu3epam KoHKypca?

14. CxkonbkuMU crioco0aMu MOKHO COCTaBUTh YETHIPEXIIBETHBIN (hy1ar U3 rOpu30HTAIBHBIX TOJIOC,
UMesl YeThIpe Pa3IUYHbIX 1BeTa?

15. U3 xononpl, coaepsxaieit 36 kapt, BeIHYIH 10 kapT. CKOIBKUMU pa3IMYHBIMU CIIOCOOAMHU 3TO
MOJKHO CJlienaThb?

16. CxOJIBKMMH CITOCO0aMHU MOXHO COCTAaBHTh HA0Op M3 8 MUPOKHBIX, €CITH UMeeTcs 4 copTa
MUPOXKHBIX?

17. CxonbKo CyIIEeCTBYET ABY3HAUHBIX YHCEII, KOTOPbIE 3alMChIBAIOTCS PAa3IUYHBIMU HUppaMu?

18. CKOJIBbKO pa3NIUYHbIX TPEX3HAYHBIX YHCET MOKHO 3aIMcaTh, He MONb3ysch udppoit 0?

19. CKOJIBKMMH Pa3TUIHBIME CIIOCOOAMHU MOXHO ITOCTPOHTH B MIEPEHTY 5 YeIIOBEK?

20. CKOIBKUMH CITIOCOOaMHU MOXKHO pacCTaBUTh HA NIEPBOM JTMHUU IIaXMAaTHOU JTOCKHU 6 OebIx
MeNeK U 2 YepHbIX?

21. CKOIBKUMH CcITOCOOaMU MO>KHO BBIOpaTh U3 30 YIEHUKOB TpeX JAeKypPHBIX?

22. CKOJBKO Pa3JINYHbIX CIIOB MOXKHO IOJIyYUTh, IEPECTABIIAs OYKBBI B CIIOBE «MaTeMaTHka»? B

CIIOBE «KyKypy3a»? B cioBe «Mo10k0»? (11011 CII0BOM OyeM MOHUMATh JIt000ii Habop OYKB).
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23. CKOJIBKO Pa3IMYHBIX YETHIPEX3HAYHBIX YHCEJI MOYKHO 3aMUcaTh, UCIob3ys uudpsl 0, 1, 2?
24. ABTOMOOWMIIBHBIC HOMEPA COCTOST U3 TpeX OYyKB U TpeX mudp. CKOIBKO TAKUX HOMEPOB MOYKHO
COCTaBHTb, €CITU UCIIOJNB3YIOTC 28 OYKB pycckoro andasura?

KoHTposbHbIE BONIPOCHI
1. Yro takoe n ¢pakropuan? Ero obo3nadenue.
2. Jlaiite ompeneneHue pa3MeIeHHs U 3anuImTe GOopMyiTy pa3MeIleHus U3 N 3IEMEHTOB IO M 3JIEMEHTOB.
3. JlaiiTe ompeneneHue mepecTaHOBKU U 3aMTUINUTE (OPMYITY MEPECTAHOBKHU M3 N PA3IUYHBIX DJIEMEHTOB.
4, HaﬁTC OMpeACJICHUEC COUCTAHUSA U 3aITUIITNTC Q)OpMyJ'IBI COYCTaHUA U3 N 3JICMCHTOB 110 M 3JIEMCHTOB.

Cnucok peKoOMeH/1yeMoii JIUTePaTyphbl:
1. baimmakos M.1. Maremaruka. Yueonuk. 2019 .
2. bammmakos M.M. Matematuka. 3amauduk YueOHoe mocodue. . — M. «Axkagemust», 2018

Tema 4.3. BepositHOCTB
IpakTuyeckoe 3ansitue Ne 11. Boiunciienue BeposiITHOCTH COOBITHS

KOJHUYeCcTBO 4acoB 1
HeJII)Z 3aKpCHI/ITL YMCHPISI BBIYHUCIIATH BCpOHTHOCTI/I CO6BITHﬁ, pemaﬂ HpI/IKJ'Ia,Z[HHG 3a1a4U.

3anava: 3aKPCHUTD MMOJYUYCHHBIC 3HAHUS U HABBIKY, HAYYHUTHCA MPUMCHCHUTIO ITOJTYUCHHBIX
HAaBLIKOB Ha ITPAKTUKC

IlepedeHnb cpeacTB, HCMOJIb3YeMbIX P BBINOJHEHNH Pa0d0ThHI HJIH 000PyAOBaHMeE :
TeTpaab AN MPaKTUYeCKUX paboT, pydka,  METOIUYECKHE PEKOMEHIAIMM I10 BBIMOJHEHHIO pPaboTEHI,
KaJIbKYJIATOP.

BOl'[pOCbI AJIs1 MOBTOPECHUSA, 3AKPCIVICHUSA TCOPETUICCKOI0 MaTepuaJjia K IPAKTUYCCKOMY 3aHATUIO
Teoperuyeckuii Mmarepuan
Teopust BEposATHOCTEH — MaTeMaTHyecKasi HayKa, U3ydaromiast 3aKOHOMEPHOCTH MAaCCOBBIX
CIIy4aiiHbIX SBIICHUH (COOBITHIN). CrnyyaitHpIM cOOBITHEM (WIJIH TPOCTO COOBITHUEM)
Ha3bIBACTCS BCSIKOE SIBJICHUE, KOTOPOE MOXKET MIPOM30UTH HITH HE TIPOU30UTH MTPH OCYIECTBICHUH
OINPEJEICHHON COBOKYITHOCTH YCIIOBUM.

Knaccuueckoe onpeOeﬂeHue eeposimuocmu

BepositHocThIO P(A) cOOBITHS Ha3bIBa€TCsl OTHOLIEHHWE M YKCIIa UCXOJIOB OIBITA, OJaronpHsITCTBYIOIIUX
™
COOBITHIO A, K 001IeMy YHCITy N BO3MOXHBIX UCX0/I0B ombita:P (A) = -

3anaua 1. B norepee u3 1000 6mieroB umerorcst 200 BEIMTPHIIHBIX. BeIHMMaIOT Hayraj oAuH OUJIET.
Yemy paBHA BEPOSITHOCTb TOTO, YTO 3TOT OMJIET BHIMTPBILIHBIN?

Pemenue. O61ee yncno pa3inyHbx Ucxo10B ecTh N=1000. Ynciao ucxonoB, 6J1aronpusTCTBYIOMINUX
MOJIy4eHUI0 BBIUTpHIIA, cocTaBisgeT m=200. CormnacHo Gpopmyie, MoTydum

m _ 200 l

n 1000 5

P(A) =

3

JlucKkpeTHBbIE cJay4daiiHble BeJMYMHBI MOXXHO 3a7aTh TaOMUIICH BHIA:

X1 X2 aes Xn

P pr P2 |- |p»
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3neck OykBoii X 0003HaUeHA CiTy4aiiHas BEIUYUHA, X1, X2, ..., X; — [IEPEYCHb BCEX €€ BO3ZMOKHBIX
3HAYEHUH, a Py, ..., Pn — COOTBETCTBYIOIINE UM BEPOSTHOCTU. TaKkyro TaOIHIly Ha3bIBAIOT 3aKOHOM
pacrnpeieieHus] AUCKPETHOM CIIydyalHOW BEJTMYUHBI.

CoOpiTus X=xi, (i=1, 2, ,3, ..., N) ABIAIOTCS HECOBMECTHBIMHU M €IUHCTBEHHO BO3MOXKHBIMHU, T. €. OHH
00pa3yroT MONTHYIO CUCTEMY COOBbITHIA. [103TOMY CyMMa WX BEpOSTHOCTEH paBHA EAMHMIIC:
pirtpatpst...+pn=1.

Ilpumep 1.Pa3pIrpbIBatoTCs JABE BEIIM CTOMMOCTBIO TI0 5 pyO. B OIHA Belh CTOUMOCTHIO 30 pyo.
CocTaBUTh 3aKOH pacIpe/esICHHs BRIUTPHIIICH JIJIs 4eJIOBeKa, KYIHUBIIETro ouH omieT u3 50.

Pemenue: nckomast ciayvaiiHasi Bemu4rHa X MPEACTaBISAET OO0 BHIMTPHINI M MOKET IPUHUMATh
3navenus: 0, 5, 30 py6. [lepBomy pe3ynbraty 6maronpusitcTByet 47 ciiydyaeB, BTOPOMY pe3yJbTaTy — 2
ciydas M TpetbeMy — | ciyqail. Haliiem ux BEpOsITHOCTH:

P(x1)=47/50=0,94; P(x2)=2/50=0,04; P(x3)=1/50=0,02.

Torna 3akoH pacupenesneHust Cily4aiHON BEJIMYUHBI UMEET BU:

Xi 0 5 30

Pi 0,94 0,04 0,02

B kadecTBe npoBepku Haitaem p1+p2+p3=0,94+0,04+0,02=1.

CrarucTuka — oTpacib 3HaHUH, B KOTOPOH M3JIaratoTcsi 00Lue BOIpOCk! cOopa, U3MEpEHUs U
aHaJIM3a MACCOBBIX CTATUCTHYECKUX (KOJIMYECTBEHHbIX, KAUECTBEHHBIX ) JaHHBIX. Bcro
COBOKYITHOCTbh OOBEKTOB, MOJIEKAIINX N3YUYEHHUIO, HA3bIBAIOT FeHePaJIbHONH COBOKYIHOCThIO. Ta
4acTh 0OBEKTOB, KOTOpPast MoMaja Ha MPOBEPKY, UCCIEI0BaHNE U T.II., HA3bIBAETCS BHIOOPOUHOM
COBOKYITHOCTHIO HJIM IIPOCTO BbIOOPKOM. BIOOpKH XapakTepu3yroTcs HEeHTPaIbHbIMU
TEH/ICHIMSIMU: CPeIHUM 3HaYeHHeM, Mool U MeauaHoii. CpeJHUM 3HaUeHUEM BBIOOPKH
Ha3bIBAIOT cpeHee apupMeTnieckoe Beex e€ 3HaueHuil. CpeaHeapuMeTHYeCKUM

3HA4YeHHeM BapHalllOHHOIO Psi/ia HAa3bIBAETCSI PE3YJIbTAT ACIEHUS CYMMBbI 3HAaUEHUI
CTaTUCTUYECKOM NEPEMEHHON Ha YMCIIO 3TUX 3HAYEHUH, TO €CTh HA YUCIIO CIaraeMbIX.

Moza BbIOOpKH — Te €€ 3HaUeHUs!, KOTOpbIe BCTPEUAIOTCs yallle Bcero. MenuaHa BEIOOPKH — 3TO YHCIIO,
“paznenstoniee” MOMojJaM yHOPsIOUEHHYIO COBOKYITHOCTb BCEX 3HAUEHUH BBIOOPKH.

3amaua

Hana Beioopka: 1,3; 1,8; 1,2; 3,0; 2,1; 5; 2,4; 1,2; 3,2;1,2; 4; 2.4.

DTO psia BapuaHTOB. PacmonokuB 3TH BApUaHTHI B BO3PACTAIOIIEM TTOPSIIKE, MBI TTOTYIUM

BapualMoHHbli pan: 1,2; 1,2; 1,2; 1,3; 1,8; 2,1; 2,4; 2,4; 3,0; 3,2; 4; 5.

12:3+1341842.1424: 24304324445 _,
12 !

CpenneapupmeTnyeckoe 3HaU€HUE ITOTO PsiJia paBHO
Menuana psina -2,4
Mopna psina —1,2.

MeaunaHo# BaprallMOHHOTO Psifia HA3bIBAETCS TO 3HAYEHUE CIIy4ailHOM BEJIMYHUHBI, KOTOPOE
IIPUXOJUTCS Ha CPEANHY BapHalnoHHOro psaa (Me).

Menunanoit YIIOPAAOYCHHOTI'O pAia YUCCII C HCUCTHBIM YHUCJIOM YJICHOB HA3BIBACTCA YUCIIO,
3alMMCAaHHOC ITOCEPEANHE, a MC}IHaHOﬁ YIHOPAAOUYCHHOTO psAga YUCEI C YETHBIM YHUCIIOM YJICHOB
Ha3bIBACTCA CPEAHEC apH(i)MeTI/I‘IeCKOG JABYX YHCCJI, 3alITUCAHHBIX ITOCCPCIANHE.
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Mopoii BapuaIiioOHHOTO psiJia HA3bIBAIOT BAPHAHT (3HAYCHHE CIIy4aitHON BEIMYMHBI), KOTOPOMY
COOTBETCTBYET HaubombIas yactora (Mo), T.e. KOTOpast BCTpEeYaeTcs yale Apyrux.

Pa3maxom psiga Ha3bIBaeTCs Pa3HOCTb MEXAY R= Xmax - Xmin, T.€. HAUOOJBIIMM U HAUMEHBIIUM
3HAUEHUSIMU ITUX BapuaHTOB. COCTaBUM TaOJIUILy

Xi 1,2 1,3 1,8 2,1 2,4 3,0 3,2 4 5
ni 3 1 1 1 2 1 1 1 1

nim | 3/12=1/4 | 1/12 | 112 | 1/12 | 2/12 | 1/12 | 1/12 @ 1/12 | 1/12

Takwue Ta6JII/ILIBI Ha3BIBAIOT YACTOTHBRIMHU. B HUX 4dmcia BTOpOI71 CTPOKH — 4aCTOTHI; OHH ITOKA3bIBAIOT,
KaK 4aCTO BCTPCHAKOTCs B BBI60pKC TC WA APYTrUc e€ 3HayeHus. B TpeTbeﬁ CTPOKEC CTOAT
OTHOCHUTCIIBHBIC YaCTOTHI.

OTHOCUTEIbHOI YACTOTOIi 3HaYCHMI BHIOOPKU HA3bIBAIOT OTHOIIEHUE €€ YaCTOTHI K YHCITY BCEX
3HAYEHUI BBIOOPKH.

Haiiném pazmax psana: R=5-1,2=3,8; Pazmax psja pasen 3,8.
B craructrke mmpokoe MpuMEHEHUE HaX0AiT TaKHE XapaKTePUCTUKH, KaKk MOJla M MEIMaHa.

Mona siBisieTcst HanboJsee MpUEMIIEMbIM MTOKa3aTelleM IIPU BBISIBJICHUH pac(acOBKH HEKOTOPOTO
TOBapa, KOTOPOIl OTJAOT NPEANOYTEHHUE MOKYATEH; LIEHbl Ha TOBAp JAHHOTO BUA,
pacrpocTpaHEéHHBIN Ha PBIHKE; KaK pa3Mep 00YBH, OJCKIbI, MOIb3YIOMUICI HAHOOIBIITNM CIIPOCOM;
BUJ CIIOPTA, KOTOPBIM MPEAMOYUTAIOT 3aHUMATHCS OOBIIMHCTBO HACEIEHUS CTPAaHbI, TOPO/Ia,
MOCENKA IIKOJIBI U T.[.

33I[aHI/lﬂ AJIS TIPAKTUHYIECKOT0 3aHATUSA:
1.B smuke n3 1000 neraneit umerorcs 20 6pakoBaHHbIX. BeiHUMatOT Hayrana 1netans. Uemy paBHa

BEPOSATHOCTH TOT'O, UTO JIeTaJlb HeOpakoBaHHasA?

2.Ha oTneinpHO B3STHIX KapTOYKaX HAITUCAHBI OYKBBI U, 0, H, 4, K, e. KapTOUKH IepeMenai.
[Tocne mepeMermmBanus OepyT KapTOUKHU MO OJHON M KJIaIyT psiioM. KakoBa BeposTHOCTB
MIOJIYYUTh CIIOBO KOUEHKa»?

3. CocTtaBuTh TaOIHILY paclpeieleHHs] BEpOSITHOCTEHN CydaifHOTO YMCIIa OYKOB, BHITIABIIETO HA
BEpPXHEU I'paHu UTPATLHOTO TETpad ipa MpU OJJHOM MOAOPACHIBAHUH.

4. Haiitu mony BeiGOpKku 4, 15, 6, 7, 3, 6,8

5. Haiitu MeuaHy U cpeHee 3HaueHHe BRIOOPKH, pa3Max psiaa, MpeaBapUTEeIbHO COCTABUB
TaOJIUIy C YaCTOTaMH TOsBJICHUs BapuanTel 17,12, 12,34, 18,5, 17,12, 18, 15

KonTpoJsibnbie Bonmpochl
1. Yro moHMMAIOT MO/ CIIy4aiHBIM cOOBITHEM?
2. llepeuuncinute BUIBI COOBITHIA.
3. Uemy paBHO JIOCTOBEpHOE COOBITHE?
4. Kak ycnoBHO 0003Ha4aeTcsi HEBO3MOXKHOE COOBITHE?
5. Kax BbIYMCHIAETCS] BEPOSTHOCTD 3JIEMEHTapHOTO COOBITHS?
6. B xakux cirydasix MPpUMEHSAIOT TeOMETPUIECKIE BEPOATHOCTH?
Cnncok peKkoMeH1yeMoH JINTepaTyphbl:
1. bammmakoB M.M. Marematuka. Yueonuk. 2019 .
2. bammmakos M .M. MaTtematuka. 3amauduk YueOHoe mocobue. . — M. «Akagemus», 2018
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Tema 4.4. I'padbl
IIpakTuyeckoe 3ansiTue Nel2. Pemenne TpaHCIOPTHBIX 32/1a4 ¢ UCIOJb30BAHUEM
rpagos
KOJIM4eCcTBO 4acoB 1
Heab: popmupoBaHre HABBIKOB COCTABIICHUSI MATEMAaTUYECKUX MOJIEJIel TPaHCIIOPTHBIX 3aj1ay;
(hopMHpOBaHNE HABBIKOB ONTUMHU3ALIMU OTIOPHBIX [UIAHOB TPAHCIIOPTHBIX 3a7a4;
3agaya: 3aKpeNuUTh MOJYyYCHHbIC 3HAHUS M HABBIKU, HAYYUTHCS IPUMEHEHUIO MOJTy4YEHHBIX
HaBBIKOB Ha MPAKTHKE

Ilepedensb cpeacTB, HCMOJIb3YeMbIX PH BBINOJHEHNH Pa00oThl HJIH 000pyAOBaHHe :
TeTpaAb A MPaKTUYeCKUX paboT, pydyka,  METOJUYECKHE PEKOMEHIAIMM 110 BBHIMOJHEHHIO PadoTEhI,
KaJbKYJISITOP.

BOl'[pOCI)I JIsl MOBTOPECHUSA, 3AKPECIVICHUA TCOPETUHUYECCKOI0 MaTepHajaa K NPAKTHYIECCKOMY 3aHATUIO
Cy1iecTByeT HECKOJIbKO METOOB PEILIEHUsI TPAHCIIOPTHOM 3a1a4u. MbI OyzieM 1oipoOHO
paccMaTpuBaTh JiBa U3 HUX:
peenne TPaHCIIOPTHOM 3a1a4d METOIOM ITOTEHLIUAIOB.
pelieHne TPaHCIOPTHOM 3a7jaut € UCIIOIb30BAHUEM CUMILIEKC METO/1a.
Pemrenue 3a1aun MeTo10M MOTEHIMATIOB POUCXOJUT B HECKOJBKO ITAIOB!
OrnpezenieHre ONOPHOIO PEIICHHUS.
[IpuMeHeHue K HallIGCHHOMY OIIOPHOMY PELIEHUIO0 CaMOT'0 METO/1a MOTEHIIUAJIOB.
[IpoBepka eAMHCTBEHHOCTH PELLICHUS.
Omnpenenenue OMOPHOTO MIaHA, B CBOIO OYEPe/Ib, MOXKHO BBITIOJTHUTH HECKOJIBKUMHU crioco0aMu. Mbl
paccMOTpPUM J1Ba U3 HUX:
METO/] CEBEPO-3aIaHOI0 yria
METOJ MUHUMAaJIbHBIX CTOMMOCTEN
(He myTaTh ¢ METOJAMH PEILIEHUs CaMOM TpaHCHOPTHOM 3anaun!!!)
O 4yeM roBopuTCs B ONpeieIeHHH TPAHCIIOPTHOM 3a1a4u?

VYV Hac ecTb HEKOTOpBIM I'py3, KOTOPBIM HAXOJIWUTCS Ha CKIajax: cknan 1, ckmanm 2, ..., CKiaag - 3TO
IIYHKTBI OTIIPABIICHUA.
DTOT Tpy3 HaM HEOOXOJUMO pPa3BECTH MO Mara3uHaM: MarazuH 1, maraswH 2, ..., mMarasuH k - 910

ITyHKTBI HA3HAYECHMUS.

Hawm BbIrogHee kak MOKHO 3(peKTHBHEE BBINOIHUTH Pa0bOTy, T.€. HAUTH TakoW BapUaHT MEPEBO3KH,
IIPU KOTOPOM 3aTpaThbl Oy 1yT MUHUMAIbHBIMH.

PaccmoTpum npuMep pemieHHs TPAHCIOPTHOM 3a1a4M NOAPOOHO.

TpancnopTHas 3a1aua 3a1aeTcsl CIASAYIONMEH TaOTuIIeH:

B‘l B‘S‘. B'E B4
50 100 75 75
Ay 100 4 3 3 4]
As 200 8 2 4 7

I[a.nee, YTO O3HAYAKOT YHUCJ/Ia B YCJI0OBUHA TpaHCHOpTHOﬁ 3ajgauun?

Yro 03HauaroT 4yKcia B yCIOBUM TPAHCIIOPTHOM 3aaaun?

PaccMoTpuM NOCTaHOBKY TPaHCIOPTHOM 3aJa4H, T.€. YTO JIaHO B YCIIOBUHU U IIEPEBEIEM €€ C
MaTEMaTHUYECKOT'0 SI3bIKA Ha SI3bIK, [IOHATHBIA HaM.

Oto Hamm "ckuaabl" - MyHKTHI OTIIPABJICHUS: [1BA CKJIaa C TOBapoM: A1 u Az
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Bl B‘S‘. BE B4
50 100 73 73
100 4 3 3 6
200 8 2 4 7

D10 00BEM TOBapa - KOJUYECTBO IPy3a, COOTBETCTBEHHO Ha CKJIaax A1 v Aa:

B B, B By
50 100 75 75
Ay 100 4 3 5 ]
A 200 3 2 4 7

Jlanee umeeM €10 ¢ MyHKTaMy Ha3Ha4yeHus - ¢ "MarazuHamu'. B Hamewm cinyyae ux 4 mryku: Bi, Bo,
B3 u Ba.

B B, B; B: D
50 100 T4 T4
Ay 100 4 3 5 ]
A 200 3 2 4 7

W coOoTBETCTBEHHO HOTpC6HOCTI/I KaXxJ0ro u3 Mmara3mHoOB - HOTpGGHOCTI/I ITYHKTOB Ha3HAYCHUA:

3 B, B, B, B,

< 50 100 75 75
Ay 100 4 3 5 ]
Ay 200 8 2 4 7

Yucna BHYTpH TaOIMIIBI - MATPUIIA CTOUMOCTEH, UM 110 IPYrOMY, PaCLIEHKH NEPEBO3KHU 1 eMHUIIBI
rpy3a U3 COOTBETCTBYIOIIMX ITYHKTOB. JTH 3HAUEHHUS TAK)K€ MOT'YT MHTEPIIPUTUPOBATHCS KaK
paccTOsSIHUS MEX/ly COOTBETCTBYIOLIUMH IMyHKTaMu. [logpoOHOCTH — B yCI0BHM peliaeMoil 3a1a4u.
By B B; By
50 100 75 75

Ay 100 ? 4 3 5 ] i
Ay 200 \ 8 2 4 7 !

Hanpumep, ni1s nepeBo3ku 1 ennHUIBI rpy3a U3 MyHKTa oTnpasieHus ('ckinaaa') A2 B yHKT
HazHaveHwus ("'Maraszun') Bz Haj0 3ammatuth 4 yCIOBHBIE €IMHUITBI CTOMMOCTH, HanpumMep 4 pyo.

By B E; ;_k By
50 100 74 74
Ay 100 4 3 5 6

7

A 200 8 2 @
1 —-—-—-_I_I_I-II-I-I-I-F}

AHanoru4Ho, Mbl 3aruiatuM 6 pyOseii 3a nepeBo3Ky | eauHuIb rpy3a u3 "ckiaga" Ai B "Marasun" Ba.




B B B; By A

50 100 75 75
Al —IIEDI—l—l4—l—l-ll—l—al—l—l—l—:j—l—l—IE
Ay 200 8 2 4 7

Wnu Ta e camas 3a1a4a MOKET ObITh 3aj[aHa cpa3y B 00JIee MOHATHOM BHUJIC:

ITymETe HasHATEHNT
ITyHETE OTOpaBTEEHE
E1l B2 B3 B4 Jamacer
Al 4 3 5 G 100
Al 3 2 4 7 200
MotpetHocTH 30 100 75 75

Bo3MorkHa TekcTOBas MOCTAaHOBKA 33auu. B 3TOM citydae HEOOX0IUMO CaMHUM 3aIOIHATH BCE STUCHKU
TaOJIMIIBI, UCXO/S U3 33JJaHHBIX B YCIIOBHH 3HAYCHH.
Jaiiee - MeToabl onpe/eieHUusi IEPBOHAYAIbHOI0 IIJIAHA TPAHCIIOPTHOM 3a/1a4H.

MeTtopl onpeesieHns IEPBOHAYAIBHOTO TIaHA TPAHCIIOPTHOM 3a/1a4H.
PaccmoTpuM camblii pacipocTpaHeHHbINH METO OJY4YEHHUs ONIOPHOIO IVIAHA - METO/ CEeBEPO-
3aMaiHOr0 yrJia.
Has3piBaeTcst OH Tak OTOMY, UTO 3all0JHEHHUE TaOIULIbl HAUMHAETCS C caMOi BepXHeil J1eBoit (ceBepo-
3amajiHON) SYCHKH.
Ilepen Tem, Kak pacnpenensaTh pecypcsl o "MarasuHam", IpoOBEpUM, paBHbI JIM 001IKE MOTPEOHOCTH
UMeroImMces pecypcam?

B‘l B‘i‘. BS B4
50

Ay 100 4 4]
As 200 7
[TorpeGnoctu: 50 + 100 + 75 + 75 = 300
Pecypchr: 100 + 200 =300
B‘l B‘S‘. B'E B4
50 100 75 75
Ay 100 4 3 5 4]
Ay 200 8 2 4 7

[TotpebHocTH = Pecypcam

B aTOM cityyae roBopsT, 4TO TpAaHCIIOPTHAs 3a]1a4ya 3aKkpbITas. Penenue oTKpbITON TPaHCIIOPTHOU
3aJ1a4¥ PaCCMOTPHUM YyTh ITO3XKE.

HayneMm HaxoXJeHNE ONIOPHOTO PEILIECHUS:

Bl B:'. BS B4
50 100 75 75
Ay 100 .(

Ay 200

3amonauMm kietky (1;1).

B marazun B1 Tpebyercs 50 enunuil ToBapa. Co ckiiaga A1 OTIpaBUM B ATOT Marasuf 50 euHHUII.
[ToTpebHOCTH Mara3uHa B1 BEITIOTHEHBI, ClIe0BATEIHLHO, HET HEOOXOIMMOCTH BE3TH TY/Ia TPy3 CO
ckmana Ao.
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Ay
A

100
200

Bl B:'. BS B4
50 A 100 75 75
- = w50 |

Ha cknane A1 eme ocranocsk 50 enuHuUIl rpy3a. DTH OCTaTKH MOXKEM HalpaBuTh B Marasul Bz. Pecypcer
CKJana A1 MCUepIIaHbl.

Ay
A

100
200

Bl Bﬂ B3 Bq
50 A 100 A 75 75
e = =D 50 o v oy 50 | _ _

[lepexonum k cxiany Az.
Tak kak moTpeOHOCTH MarazuHa B1 BBINMOIHEHBI HOTHOCTHIO, PACCMOTPUM MarasuH Bz, koTropomy
tpedyercs 100-50=50 equnur; ToBapa. HarpaBum ux Tyna.

Ay
A

100
200

Bl B':'. BS Bq

50 A 1[:0,&\* 75 75
-léﬁull-l-l}ﬁ[} Ii _ _
-I-I;I—I-l-}ﬁ[} i

3ameTtum, Ha ckiaze Az ocranocsk emre 200-50=150 eaunurl rpysa, KOTOpPbIE Mbl pacpeiesIuM 10
MarasuHaMm Bz u B4, TOJTHOCTBIO yIOBIETBOPSSA U UX TIOTPEOHOCTH.

Ay
A

100
200

By B Bs Bs

50 A mu:u}* 75 A 75 A
> 50 e mp =50 I3 - i -1
-l-l-_l—l-l-bﬁ[}—lL|-.}'T5Jl-l-l}_‘r5i

Cxuazpl mycTsbl!
[ToTpebHOCTH Mara3uHOB B TOBAPE MOTHOCTHIO BHIIIOJHEHBI!
[Tonyuen onopHBIi (MMepBOHAYAIBHBIN) TUTAH TPAHCIIOPTHOU 3a/1a4H.

Ay
A

100
200

Bl B’l B‘S Bq
50 100 75 75
50 50 - _
- 50 75 75

PaccmoTtpenu ceBepo-3amaHblii METO1 TOCTPOCHHUS MTEPBOHAYAILHOTO TUIaHA (OTIOPHOTO PELICHHUS).
Janee onuieM MeTOl MUHUMAJIBHBIX CTOMMOCTENH MOJIy4eHHsI ONOPHOTO IJIAHA.

Meroa MUHUMAaIBHBIX CTOMMOCTEN MOTYYEHUSI ONIOPHOTIO IIJIaHa
CyTb M€TO/1a COCTOUM B TOM, YTOOBI B TIEPBYIO OUEPE]lb HAIIPABIIATH I'PYy3 B T€ MYHKTHI, T1I€ "pacieHKn"
B MaTpHUIle CTOUMOCTEN MUHUMaJIbHBL. ECliN KJI€TOK ¢ HAaUMEHBIIUMHU Tapu(aMu HECKOIBKO, TO

3arnoHsercs adas U3 HUX.

Ay
Ay

100
200

By B B; Bs
50 100 75 75
4 3 6
8 2 W 3 7

Hamnpasnsiem 100 equnun rpy3a u3 ckiana Az B Marasut Bo.
Ocratku Ha cknane A2 — 100 enunui. [TorpeOGHocTH MarasuHa B2 BeITOTHEHBI.
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B B2 B Bs
50 100 * 75 75

A 100

Ay 200 | 100

I'py3 co ckiana Az OTIIpaBUM B Mara3uH, y KOTOPOTO CTOMMOCTh TIEPEBO3KH HUXKE — MarasuH Bz, Tak
kaKk MuH(4;7)=4

Pasmep mocraBku paBeH norpedHocTH Marazuna — 75. Ocrartku co ckiana 200-100-75=25 nepenecem
B MarasuH Ba.

B, B Bs; B,

50 100 A 75 A 75 A
A 100 - - .
Az 200 ey, 100 _i__.__}?ﬁ_i___}zﬁ ]

Octaercs TOJIBKO PacKUAATh TPy3 CO CKiIaaa Aj o MarazuHam: B1 — 50 exunun, Bs — 75-25=50
CANHUAII.

Bl B:'. BS B4
50 A 100 A 75 A A T5A

Al IDD—'—}ﬁn—I— -l-l_-l#l —I—l;lq.-llJ}ﬁD-.
Ay 2000 5100 3 L 375 j).a»25 )

[Tonyuymnu 1Ba ONOPHBIX IIAHA: METOJOM CEBEPO-3alaJHOrO YIJla U METOJ0M MUHUMAJIbHBIX
CTOMMOCTEM.

[TepBriii omOpHBIH TUTIaH (IO METOTY CEBEPO-3aMaHOTO YIIia):

By B Bs Bs
50 100 75 75
Ay 100 50 50 - —_
As 200 - 50 75 74

Bropoii onopHsblii maH (1o METoAy MUHUMAaJIbHBIX CTOUMOCTEH):

Bl B:'. BS B4
50 100 73 73
Ay 100 50 - - 50
As 200 100 75 25

)Ia.ﬂee IPOBEPUM NPABUJIBHOCTDb BLIMUCJICHUS MIEPBOHAYAJIBHOI'O IIJIAHA.

[IpoBepka npaBUIBHOCTH BBIYMCIEHUS IEPBOHAYAIBHOIO IIJIaHA

[lepen Tem Kkak nepenT K TaJpHEUIIEMY PEHICHUIO 3aa4X IPOBEPUM YCIOBHE:!

IIpaBuJo:

Kosm4yecTBO 32110/ ITHEHHBIX KJIETOK (0a3MCHBIX KJIETOK) B NepBoHaYaabHOM iiane BCET'JIA
JAOJIKHO ObITH paBHO M + N - 1, rie m - KOJIMYeCTBO CTPOK, N - KOJMYECTBO CTOJI0L0B

B namewm cinyyae ycnoBue BoinosiHsiercs: 2 +4-1=5

UYro e J1enaTh, eCIM KOJIMYECTBO 3aM0JIHEHHBIX Y€K MEHbIIE HEOOX0JUMOro?

[ToapoGHO 06 3TOM ¢ pazdopoM MPUMEPOB B CTaThe BBIPOkKIEHHOCTh OMOPHOTO MJIaHA TPAHCIOPTHOU
3agaun. Kak n3zdasurscs?

Bo u3bexannun CHy‘lﬂfIHBIX BBIYUCIIUTEIIBHBIX OIITHOOK IMPOBCPHUM, PABHEI JIU CYMMAPHBIC 3HAYCHU A
Ka)KHOﬁ CTPOKHU U KaKI0I'0 CTOJI6I_[a COOTBCTCTBYIOIIUM 3HAUYCHUSAM YCIIOBUS.

87


https://matecos.ru/content/voprosy-otvety/vyrozhdennost-transportnoj-zadachi-kak-izbavitsya.html
https://matecos.ru/content/voprosy-otvety/vyrozhdennost-transportnoj-zadachi-kak-izbavitsya.html

50 100 75 75
Ay 100
Ay 200
100 =50 + 50

200=100+ 75+ 25
ITo cromOnam:

B‘l BS'. B‘i B4
50 100 75 75

tH t
A 100 fﬂ?\ {"\
U W
BI/II[I/IM, CYMMapHBIe 3HAYCHMHUS DJICMCHTOB KaXXKI10I'0 CTOJ'I6I_Ia paBHBI COOTBCTCTBYIOH_[I/IM HOTpe6HOCTHM
Mara3mHOB.
Hecmotps Ha TO, 4TO ONOpHBIE IUIAHBI pa3Hble, 00a MPUBEAYT K OJJHOMY ONTHUMAaJIbHOMY PEIICHUIO WU
KC K peIHeHI/IHM, NMCHOIIINM OI[Hy CTOUMOCTH HepeBO?:KH.

I[a.ﬂee NPUMEHUM METOA NOTCHIMAJIO0OB K o0ouM OIMOPHBIM ILIAHAM H CPABHHUM II0JY4YUBIIHECH
OTBETbI.

Ay 200

MeTo NOTEHIIMAIOB PELIEeHUs] TPAaHCIOPTHOM 3a1au - miar 1.
OnucaHHyIO HUXKE I10CJIEI0BATENbHOCTD JIEHCTBUI Oy/1eM MOBTOPSATH HECKOJBKO Pa3, ¢ KaXKAbIM I1aroM
NpUOIMKAACh K ONTUMAIbHOMY pelieHuto. HauneM ¢ mpoBepku OMOpHOro IlaHa Ha ONTUMAJIbHOCTb.

4356
C:
[324?]

Brinuimem MaTpuiy cTOMMOCTEINA, B YCJIOBHH 3aJa4H.

ITyHETH HAZHATEHHA
ITyHETE OTHpaBTeHIT
El E2 E3 E4 3amacu
Al 4 3 5 6 100
A2 g 2 4 7 200
IotpetHocTH 50 100 13 Iy

Hanee ctpoum psiioM ABe Tabnuibl. Pa3MepHOCTh TaOJINIl KaK ¥ B MAaTPHUIIE CTOMMOCTEH:
KOJMYECTBO CTPOK = KOJIMYECTBY CKJIa/10B, KOJIMYECTBO CTOJIOIIOB = KOJIMUYECTBY Mara3uHoB.
3anoJiHgeM MEePBYI0 — JIEBYIO TaOJIUILY B COOTBETCTBHH C IMOJYYEHHBIM OIMIOPHBIM TIJIAHOM.

El B2 B3 B4
Al 50 50

A2 30 T3 75

[lepexonum B mpaByro TaOIUILy.

[lepeHocnuM U3 MaTPHIIBI CTOMMOCTEH 3HAUEHHSI, KOTOPBIE COOTBETCTBYIOT 3aHITHIM KIIETKAM JICBOU
TaOJINILIBI.

B matpuiie cTouMoCTH 3TH 3HAYEHUS TIOAYEPKHYTHI.
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El E2 B3 B4
Al 50 30

= *q- ':z'-l-h-
| o ™
’.

e
‘Lf

.q-l.-ll l_':|£\#"““"

A2 30 75 5

[3=]
=
=

[TpunwuieM Kax a0l CTpOKe MpaBoi TaOIHIIEe MOTSHIIMAIBI U1, U2, KaxxaoMy cTosIOIy — MOTEHIIUATBI
V1, V2, V3, V4.

El B2 B3 B4

Al 30 30 4 3
A2 30 5 5 2 4 7
| Yy Yy Yy

J11s BBIYMCTICHUS 3TUX MOTEHIINAIOB B HEKOTOPBIX YU€OHUKAX COCTABIISIOT CUCTEMY U U3 Hee
OTIPEETISIOT HEU3BECTHBIE (ITOKaXKy Ha JAHHOM II1are).
Mpi1 Oynem onpeaensiTh 3HaYeHUsI MOTEHIIMAIOB HETIOCPECTBEHHO U3 MPaBOi TaOIHUIIbI.
CocTaBuM cucTeMy YpaBHEHHH 10 CIEAYIOUIEMY MTPABUILY:
Kaxxnoe u3 3HaueHuil B siuelike (mpasas Tadiiniia) paBHO CyMMeE IOTEHIIMAIOB COOTBETCTBYIOILEN
CTPOKHU U COOTBETCTBYIOIETO CTOJIOLIA.
Hamnpumep: 3nauenue 4 Haxogutcs B 1-it ctpoke u 1-m cronbdie. Torna cymma noteHiuanos 1-i
cTpokH (u1) u 1-oro cron6ma(vi) paBHa 4.

E1l B2 E3 E4

Al [ 50 [ 30 1) 3 y
I®-I-I-I-I-I—I-l}
A2 30 75 75 | 2 4 7 u,
¥ ¥y ¥y ¥y

[TepBoe ypaBHEHHME CHCTEMBI: U1 + V1 =4
PaccmoTpum cnenyromiee 3HaueHUE TaOTUITBI.
3HaveHue 3 HAXOUTCS B MEPBOM CTPOKE (IMTOTEHIIMAI U1), BTOPOM CTOJIOIE (TOTEHIIHAI V2).

El B2 B3 B4 _
Al 30 30 4 3

uy
l -Il-l-ll-l--}
A2 30 75 73 i 2 4 7 u,
¥ *‘ ¥y ¥y ¥y

Bropoe ypaBHeHue cuctemsl: Uy + V2 = 3
AHaJIOTMYHO IS KaX/10T0 3HaYeHHsI TaOJIMIIbI COCTaBUM YpaBHEHHE.
[Tonyuum cucrteMy ypaBHEHMIA:

[u +v, =4
o+ =3
u, +v, =2
w +v, =4

|, +v, = 7

Jl51g Toro, 4TOOBI CUCTEMA UMETIa €IUHCTBEHHOE pellleHue, IPUMEM 3HAUEHHE OJTHOTO U3 TOTEHI[UAIOB
PaBHBIM HYIIIO.
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21.]'[5[ YIIO6CTB3 B Ka4CCTBC 3TOI'0 IIOTCHIIMAJIa BCCraa 6y11€M 6paTB V4.

E1l E2 E3 B4
Al 50 50 4 3 iy

A2 30 75 5 2 4 7 i,

Torna cucrema ypaBHEHHI OY/€T BBITIISAICTD:
fw +v, =4

u +y, =3
u,+v, =2
u, +v, =4

£ +0="7

PemnMm crucreMy ypaBHEHMH M MOJyYUM 3HAYEHHSI [IOTEHIIMAJIOB:

fw +v, =4 (u+v,=4 fw +v, =4 [8+v, =4 [y, =—4
u+y, =3 u+v, =3 u—-3=3 =48 u =8
u,+v, =2 - T+y =2 — v, =-3 — ¥, =-3 — v, =-3
u, +v, =4 T+y =4 v,=-3 ¥, =-3 v,=-3
f“z"’{':? ,.!5=? Lz.:2=]' 5:.:1=]' Lz.:2=]'
Harnsgno:
El B2 B3 B4
Al 30 30 4 3 2
A2 30 75 T3 2 4 7 7
—4 -5 -3 1]

Tak xak cucTtemMa O4eHb MPOCTa, TO 3HAYEHUS MOTEHIIUATIOB MOKHO MOJIYYUTh U YCTHO.
[Tokaxxem moapoOHO:

El B2 E3 B4

Al [ 50 [ 30 4 3 u
A2 50 | 75 | 715 2 4 O =
A

¥ ¥ ] 0.4- .-_"_

CyMMa OTMEYEeHHBIX TTOTSHITUAIIOB paBHA 7, CIIeIOBATEIHHO, TOTEHITAAT U2 = 7
El B2 E3 B4

Al 50 50 4 3 iy
A2 30 75 75 2 7 4?
v, ¥ 1»;{{]_'_

3HaueHue 4 6a3uCHON AYEHKU HAXOAUTCS BO 2-i CTpOKe, 3-M cToOIE, TOr/ia pACCMOTPUM CYMMY
COOTBCTCTBYIOIIMX MMOTCHIIMAIOB.

vz +7=4otkyna Vs = -3

Jlamee Bce aHAJIOTMYHO:
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E1 B2 E3 E4
Al 30 30 4 3 u
A2 50 75 75 @ 4 7 A7
v‘- vi"( ----- _- 3|-ll ..Flu-'.+
3HaueHue 2 paBHO CyMME ITOTEHIIMAJIOB 2~ CTPOKH U 2-T0 cTosI0na:
2=V, + 7 orkyna vz = -5
E1 B2 E3 E4 -
Al 30 30 4 8 Y A
A2 50 | 15 | 15 2 3 7
v.- _}{;- lll_'3" ..._1_:'.-?'+
Up-5=3,orkynau; =8
E1 E2 E3 E4 _
Al 50 50 &) 3 3 A
A2 50 75 75 2 4 7 7
1’_"{......_.}.-...-:.3..-..._!:'_+‘-'+
vi+8=4, orkyna vi = -4
B urore nomyunnu:
E1 B2 E3 E4
Al 30 30 4 3 3
A2 30 75 75 2 4 7 7
-4 -3 -3 0

Jlanee MpUCTYNUM K 3alIOJTHEHUIO MMYCTHIX sTueeK (CBOOOIHbBIE STYCHKN) TTPaBOil TaOIHUIIBI.

CBO60IIHI)I€ STUeHKH MOAYHHATIOTCA TOMY KC ITpaBUJly CYMMHUPOBAHUA ITOTCHIIMAJIOB.

Bl B2 B3 B4
Al [ 50 [ 350 3 3 5 R I
2
o €=l
A2 50 | 75 | 75 3 2 3 v | 7
A. {-._.J-._._.J.._
T-2 5 I3 ol

Brruncinm o1ieHOYHYI0 MATpHILy, IO KOTOPOM y3HAEM, ONITUMAJIEH JIU PACCMAaTPUBAEMBbIH TIJIaH.
N3 xaxaoro s5eMeHTa MaTpUIlbl CTOMMOCTEN BBIYTEM COOTBETCTBYIONIUN AJIEMEHT MPABOM TaOTHITH:
4 3 5 8 4 3 5 2

4 3 5 6

= 3 2 4 7 3 2 4 7
8 2 4 7)

[Tomy4nnu OLEHOYHYIO MaTpHILy. 3aMETUM, YTO B OA3UCHBIX siueiikax Bcerja MmojyqyuM HYJH.
CornacHo KpUTEpHUIO ONTHUMAJIBHOCTH, PELICHUE BBIIIE HE ONTUMAIBHO, TaK KaK B OLIEHOYHOH TabsuIe
IIPUCYTCTBYET OTPULIATEIILHOE 3HAYCHHUE.

[Tomy4ynnu OLEHOYHYIO MaTpHIly. 3aMETHM, YTO B 0Aa3UCHBIX S4YeiKax BCeraa MOJydyruM HYJIH.
Kpurepuii ontumanbHOCTH:

eCJIM B OLICHOYHOM MaTpHIle HeT OTPHIATEIbHBIX 3JIEMEHTOB, TO PellicHHe ONTUMAJIBHO, B
NPOTHBHOM CJIyuyae pelieHue He ONTHMAJIBHO.
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0 0 0 (;;r)

5 0 0 0

J1aOb1 He 3arpoMOKIaTh pPElICHHEe MHOKECTBOM TaOJIHII, OLICHOYHAsI MaTPHIlA B HAIIIEM PELIeHUH OyJeT
"BriricaHa" B MpaByIO TaOJIHILY.
Bl B2 B3 B4 —

Al 50 50 1 3 0 2] s
A2 50 75 75 5] 2 1 7 7
1 3 3 0

[TomuepkHyTHIC 3HAUCHUS - OA3UCHBIC TYCHKH, KaK CKa3aHO BHIIIC, 3HAYCHHS OIEHOYHOW MaTPHIIBI B
0a3UCHBIX sTYCHKAX PaBHBI HYIIO, HYJIM ITMCaTh HEe Oy/ieM. BbiieeHHbIC 3HAYCHMSI - 3HAYCHUS
OILICHOYHOH MaTPUIILI B CBOOOTHBIX SUYEUKAX, CPEAN HUX HMINEM OTPHUIATESILHBIC 3HAUCHUSI.

Jli1st mepexo/1a K ClIeIyIoIEMY OIIOPHOMY PEILICHUIO BBITIOJHUM CIeAYIoIIee (MOCTPOUM LUK
nepecyeTa):

- HallIeM cpeiv OTPULIATENIbHBIX 3HAUEHUH OLIEHOUHOM MaTpHUIbl MAaKCUMaIbHBIN IO MOAYIIO (MM 110
JIPYroMy, MUHUMAJIbHBIN CPEId OTPHUIIATEIIbHBIX )

- B COOTBETCTBYIOIIICH sTUCHKE JICBOW TAOJIMIIBI CTAaBUM 3HaK " + "

B HameM nmpumepe HauMeHbIIee OTPUIIATEILHOE 3HAUCHUE -2.

3nak " + " cTaBUM B siueiike 1-i cTpoku, 4-ro cTOI0MA JIEBOW TAOJIHMIIBI - TYCHKA COOTBETCTBYIOIIA
3HaYeHUIO (-2).

B‘l B.'Z B—3 B—4 .,1-""'"“.l-l““““.l.ll:l““ll)-_l
Al [350 [ 30 I T T TR e
— 3 2
A2 e R 51z [ 2 [T | 7
3
T 3 3 0

"

Heo6xomumo paccraButh uepeayromuecs 3nadenus "+ " u " — " B 1eBo TaOIHIIE TaK, YTOOBI
MOJIYYMJICS] 3AMKHYTBIN IIUKJ U BBIIOJIHSUIMCH MTpaBUIa:

- OCTaJIbHbIE 3HAKH IMKIIA (BCE KPOME YK€ TIOCTaBIEHHOro repBoro " + ") cTaBUM TOJIBKO B
3aroJHEHHBIX (0a3UCHBIX) STUeKaxX TaOJIULIbI,

- ecJM B cTpoke ecTh "mmoc" ("MuHyc"), TO B 3TON CTpOoKe JoKeH ObITh U "Munyc" ("mroc"),

- ecnu B crosibne ecth " muroc” ("Munyc"), TO B 3TOM CTOJNOIE A0KeH ObITh U "MuHYC" ("mumroc").

[Ipumenum k Haieit Tadnuie:
B cronbue Bs ects "mumtoc", ciienoBaTenbHO B 3TOM CTOJIONE TOJDKEH OBITh U "MUHYC".
El E2 E3 B4

Al 30 30 R 1 3 0 2 g
5 g
A2 50 75 75 3 z 1 7 7
- 3
'l 3 3 0

AHaNOru4HO, B CTpOKe A2 ecTh "MUHYC", ClIeZIOBAaTEIbHO JOJDKEH ObITh U "Tutroc”.
Ecnu Mb1 moctaBum 310t "tutroc" B ctonbue B3, To rienouka mopBeTcs, Tak Kak B 3TOM ke CTOJIOIE
HEBO3MO>KHO IIOCTAaBUTh "MUHYC" — HET 3allOJTHEHHOU STYEUKH.
CraBuMm " + " B cronbiie B2 u npomomkaem yepeioBaTh 3HAKH.
El B2 B3 B4

Al 30 30 N 4 3 0 -2 Z
- 3 ]
A2 50 75 75 5 2 4 I 7
+ - 3
-4 -3 -3 0
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[Tonyunnu 3aMKHYTBIN UK Yepeayromuxcs 3HakoB. [{ukin nepecyera HaiiieH!

Jlanee oOpatumcs K siueiikam, cogeprkanuM "MuHychl". Cpey 3HaYCHUH 3TUX SYEeK HalIeM
MuHEMasibHOE: A = muH {50;75} =50

K "mmrocam" npubaBum HaiineHHOe A = 50, B siueiikax ¢ "mMunycamu" — BbruTeM A = 50.

Sluelika, B KOTOpO# HaxoAwiIoCh 3HaueHne A = 50 octaHercs myctoi. B siuelike B KOTOpOH MbI
IIOCTaBUJIM NIEPBBIN IUTIOC MOSBUTCS 3HaueHue, papHoe A = 50.

O01ree KOMYECTBO 3aNI0JTHEHHBIX (0a3UCHBIX) SIUY€eK MPH nepecyere He J0JIKHO U3MEHUTCs !
[Tonyunin ciienyromuil ONOPHbIN IUIAH:

El B2 B3 B4
Al 50 30

A2 100 5 25

Bbrunciaum cTOMMOCTB IEPEBO3KU Ha IIEPBOM ILIAre.
Jl1st 3TOrO0 HaAlIEM CyMMY NIPOU3BEACHUN 3HAYECHUI OIIOPHOTO IUIaHA U MaTPUIIBI CTOUMMOCTEM.

Bl ,.-*"B2 B3 Y BT TITT TTLTLLLLELTI

Al 50 50 <" 13 56
O=|" -

A2 100 | 75 23 8 2 47
ol ] Fre, o7 A

-

T ry
.""‘-l--.:llnlpi.-----""-.".:.'fr"i-'.x- it
LT TR T .

S1=50-4+100-2+75-4+25-7+50-6=1275
Ha nepBom m1are pemenys TpaHCIIOPTHOM 3a/1a4u MTOJIYYHIIA OIIOPHBIN IUIaH:

El B2 E3 B4
Al 50 30

A2 100 5 25

OO6m1ast crouMocTh TepeBo3ku St = 1275

MeToz OTEeHIIMAJIOB — Imar 2

AJTOPUTM IIPOBEPKH TUTAHA HA ONTUMAJIBLHOCTh M TIOCTPOCHHUE ITMKJIA TIepecueTa OYeHb IMOIPOOHO
pacnucas B miare 1.

Janee pemenue 3ai1auu OyaeM u3naratb MeHee JIeTalbHO.

J1J11 TOJTy4eHHOTO OMOPHOTO PEHICHUS CTPOUM BCIIOMOTATENbHYI0 — MPaBYIO TaOIHUILy U 3aMOJIHAEM

3HAUYCHHUAMU U3 MAaTPHUIIbI CTOMMOCTEH O0a3uCHBIE TUEHKU.
El E2 B3 B4

Al 50 30 4 6
A2 100 75 23 2 4 7
0

Boruucnsiem noTeHIanbl CTpOK U CTOJIOIIOB:
E1 E2 E3 E4

Al 30 50 4 & &
A2 100 5 25 2 4 7 7
-2 -3 -3 0

1o npaBuiy CyMMHpOBaHHS COOTBETCTBYIOLIMX MTOTEHIIMAJIOB, 3aII0JIHIEM CBOOOHBIE TUEUKH.
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El E2 E3 B4

Al 30 50 4 6 6
1 3
A2 100 5 25 2 4 7 7
-2 -3 -3 0

BrrunciisieMm orieHOYHBIE 3HAYEHUS B CBOOOIHBIX SYECHKAX.
JInst 5TOTO M3 3HAYEHUN MaTPULIBI CTOMMOCTEN BBIYMTAEM HAWIEHHBIE 3HAYEHUSI COOTBETCTBYIOLIUX
CBOOOIHBIX SYEEK.

El B2 E3 B4

Al 50 50 4 2 2 6 &
1 3
A2 100 75 25 3 2 4 7 7
5
-2 -3 -3 0

Cpenu OLIeHOUYHBIX 3HAUEHUI HET OTPULIATENbHBIX, CIIEJ0BATEIbHO IIJIaH MEPEBO3KH ONTHMAJIEH.
[Momyunnu onTuManbHbIHN M1aH. Torosas crouMocts nepeBo3ku S1 = 1275

3ananus 1Sl IPAKTHYECKOT0 3aHATHS:

B roponie umerotcs nBa ckiiaga Mykd U ABa xjie003aBoja. ExxemHeBHO ¢ mepBoro ckiaaa

BbIBO3UTCS Y1 = 100T MyKH, co BTOoporo y2 = 140T. DTa MyKka qOoCTaBIsSETCS Ha XJIe003aBOIbI, MPUIEM
MepBbIi 3aBOJ1 Moay4daeT y3 = 80T, a Bropoit y4 = 160T.

JlomycTum, 4TO mepeBo3Ka OAHON TOHHBI MYKH C TIEPBOTO CKJIa/ia Ha MepBblil 3aBoa cTtout 1,2 p., ¢
MEepBOTO CKJIaJa Ha BTOPOM 3aBoJ — 1,6 p., CO BTOPOTro CKJIaja Ha nepBbiit 3aBoj — 0,8 p. M CO BTOPOTO
CKJIaJia Ha BTOpO# 3aBoa — 1 p.

Kak HyHO crutanupoBarth epeBO3KH, YTOObI CTOUMOCTD UX ObliIa MUHUMAaJIbHOM?

KoHTpoJibHBIE BONPOCHI
1. Yro Takoe TpaHCTIOpTHAs 3a/1a4a?
2. Yro mpexcraisgeT co0oi MaTeMaTHYECKast MOJIENb TPAHCTIOPTHOH 3a1a4uu?
3. B 4em cocTouT METOI MUHMMAJIHLHOT'O DJIEMEHTA PELICHHS TPAHCIIOPTHOM 3a1aun?
4. Kak ucnonb3yercs pacrnpeaeauTeabHbld METO
Cnncok pekoMeH1yeMoil JINTepaTyphbl:
1. baimmakos M.1. Matemaruka. Yueonuk. 2019 .
2. bammmakos M.M. MaTtemaTuka. 3agauduk YueOHoe mocobue. . — M. «Akagemus», 2018

IpakTuyeckoe 3anaTue Nel3. Ilpumenenne rpados AJsi penieHus 3aaaq

KOJIM4eCcTBO 4acoB 1

Hay4YHUThCSI CTPOUTH Pa3IUYHbIC BUJIBI TIPE/ICTAaBIIeHUs rpada, pemaTh 3a/1a4u C UCTI0JIb30BaHUE
Teopuu rpados.

3amaya: 3aKpENUTh MTOJTYYCHHBIC 3HAHUS U HaBBIKH, HAYYUTHCS] TPUMEHEHUIO MOJTYYEHHBIX
HaBBIKOB Ha MPAKTHKE

IlepedeHnb cpeacTB, HCMOJIb3YeMbIX NP BBINOJHEHNH Pa00ThI HJIH 000PyAOBaHHE :
TETpaAb IJid MNPAKTUYCCKUX pa60T, pPYyuKa, MCETOAUYCCKUEC PEKOMCHIAIIUMNU II10 BBIIIOJHCHUIO paGOTLI,
KaJIbKYJIATOD.

Bonpocsl 1151 moBTOpeHNsl, 3aKpeIJieH!s TeoOpeTHYeCKOro MaTepraja K NPAKTHIEeCKOMY 3aHATHIO
I'padpom B mMaremaThke Ha3bIBACTCA KOHEYHAs COBOKYIIHOCTh TOYEK, HMEHYEMBIX BEpPIIMHAMU;

HEKOTOPbIE U3 HUX COEAMHEHBI APYT C APYTrOM JIMHUSAMH, Ha3bIBaeMbIMU pedpamu rpada (puc. 4).
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Puc. 4

C IBOPSHCKUM TUTYJIOM «rpady HX CBSI3bIBACT 00Iee MPOUCXOXKIACHUE OT JATHHCKOTO CJIOBa
«rpaduoy - MHIIy.

[Tpumepamu TpacdoB MOTYT CIYXHTh CXEMbl ABHAIMHUN, JOPOT, DJIEKTPOCXEMBI, UEPTEKHU
MHOTOYT'OJIbHUKOB. XOpOIIIO 3HAKOMBbIM BceM oOpasell rpada — cxema HOBOCHOMPCKOIO METpO.
BepmmHbl — KOHEUHBIE CTAHIIMU M CTAHIUU MEpecasiok, pedpa — MyTH, COSAUHSIONINE STU CTaHLUU
[TIpunoxenue 1].

Hcnonw3yet rpadsl 1 1BOpAHCTBO. Hampumep, B reHEaIOrMYecKOM JE€PEBE, BEPIIUHBI — YJICHBI
pola, a CBS3BIBAIOIIME MX OTPE3KH — OTHOIIEHHUS PpOJICTBEHHOCTH. B kauecTBe mnpumepa
reHeaIOrn4ecKoe JiIepeBo Benukoro pycckoro nosta A.C.Ilymkuna [[Ipunoxenue 2].

[lepBas pabora mo Teopum rpadoB mnpuHaiexkutr Jleonapny Ditnepy (1736 roxm), rae oH

OIMCHIBAJI PEIICHUs TOJIOBOJIOMOK M MAaTEMAaTUYECKUX pPa3BJIEKaTEJbHBIX 3aJ]ad. [upokoe
pazButue teopusi rpadoB momyumna ¢ 50-x rr. XX B. B CBSI3M CO CTAaHOBJIICHMEM KHOCPHETUKU H
Pa3BUTUEM BBIYMCIUTEIbHON TEXHUKHU.
Tepmun «rpad» Brepssie BBen B 1936 roay Benrepckuii matematuk_Jlenem Kenwr.
Cxema rpada Ha pucyHKe S, cocTosas U3 «M30JUPOBAHHBIX)» BEPIIHH, HA3bIBACTCS HYJIEBBIM
rpagom.
I'padbl, B KOTOPBIX HE MOCTPOEHBI BCE BO3MOXKHbBIE peOpa, Ha3bIBAIOTCS HENMOJHBIMHU Ipadamu
(puc.6).
I'padbl, B KOTOpPBIX MOCTPOEHBI BCE BO3MOXKHBIE pedpa, Ha3blBalOTCS MOJHBIMHM rpadamu.
DTOMY ONpeAeNeHUI0 COOTBETCTBYET Ipad Ha pUCYHKe /.

A A

. A ey

puc. 5 ~ puc.6 - puc. 7

I'pad HazpiBaeTCsS CBSA3HBIM, €CIM JIIOOBIE JIBE €ro BEPIIMHBI MOTYT OBITh COEIUHEHBI
MOCIIEZI0BATEIBHOCTHIO PEOEP TAK, UTO KaKJ0€ clieAyrolee peOpo HauMHAeTCsl B KOHIIE MPEbITyLIEro,
YTO MOKAa3aHO Ha PUCYHKe §.
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Ha3bIBACTCSI HECBA3HBIM, €CJIM IIEPBOE YCIIOBUE HE BHINIOJIHSETCS (pHUC.9).

puc.9
A 3
Ecnu, nanpumep, MEXIY BepmnHamu J| u E mpoBectu pebpo, To rpad craHet
cBs3HBIM. Takoe pebpo B Teopuu rpadoB (mocie yaaneHus, KOToporo rpad U3 CBI3HOTO MpeBpaliaeTcs
B HECBSI3HBII) HA3BIBAETCS MOCTOM.

I'pad, B xoTOpOM JBE J10OBIE BEPUIMHBI COCTUHEHBI POBHO OJHUM MPOCTHIM MYTEM, SIBISIETCS
nepesom (puc.10). Yame Bcero OHU BCTPEUYAIOTCS IMPH COCTaBIECHUU POJOCIOBHBIX. TpexmepHOn
MoJIeTbI0 Tpada-aepeBa CIYXKHUT, HAPUMEp, HACTOSIIEe JEPeBO C €ro 3aMbICIOBATO Pa3BETBICHHOMN
KpOHOM; peKa M ee MPUTOKH TaKKe 00paszyroT AepeBo, HO yKe IIIOCKOe — Ha

IOBEPXHOCTHU 3EMIJIN.

[Tocne ynanenus mo0oro pedpa gepeBa, OHO «pacnajaeTcs» Ha .
nBa nepeBa. Kpyxkom oOBe/ieHb BUCAYHE BEPUINHBI.

CBoiicTBa 1epEeBbEB: puc.10
1. UroObl mpocToit CBsA3HBIM Tpad ObUT AEepeBOM, HEOOXOAUMO M JOCTATOYHO,
YTOOBI YMCJIO BEPIINH ObUTO OOJbINE uncia pedep Ha oauH. 2. UToOb! rpad OBLT IepeBoM,
HEO0XO0MMO U JOCTATOYHO, YTOOHI JIFOOBIE JBE BEPIIUHBI €r0 COSANHSIINCH €AMHCTBEHHBIM
MapIIPyTOM.
3. I'pa¢ Oyzner nepeBoM Toraa U TOJIBKO TOTJa, KOrja A0OaBiIeHHE JH0O0ro HOBOro pedpa

MIPUBOJUT K MOSIBJIEHUIO POBHO OJJHOTO ITUKJIA.
I'pad, xoTOpBIT MOXHO HApHCOBaTh TaK, YTOOBI €ro péOpa He MepeceKauch HUT/E, KpOMe
BEpIINH, HAa3bIBAIOTCS MJIOCKUM (puc.11).




puc.11

[Tnockue rtpadsl 007amaIOT MHOTMMH HMHTEPECHBIMH CBOWCTBaMH. Tak, Diijep oOHapyXui
MIPOCTYIO CBSI3b MEXAY KonndecTBOM BepuinH (B), konmnuectBom pedep (P) u kommuectBom vacreit (I),
Ha KOTOpble Tpad pa3aesnser MIOCKOCTh:

B-P+I'=2.
B kauecTBe npumepa MOKHO pacCMOTPETh CIEAYIOIIYIO 3a0auy:
B ctpane «O3epHoii» - 7 o3ep,
Kanaibl X cOequHSAIOT.
A Mexy HUIMH — OCTPOBa,
U ckonbko UX — HUKTO He 3HaeT. [13, 276]

Pemenune. Paccmorpum rpad), B KOTOpOM BEPIIMHBI COOTBETCTBYIOT OCTPOBaM, a pédpa — KaHaJaM.
[Tomy4ennslii rpag OyaeT IIOCKUM U CBSI3HBIM, 3HAYUT, JUIS HETO BBITIONHSIETCS popmyina Didnepa: B —
P + I' = 2. Ina namero rpadpa B = 7, P = 10. IloacraBnsas B ¢popmyny, nonydaem 7 — 10 + ' = 2.
Otcrona cnenyer, uto I' = 5, T0 ectb, péOpa rpada pazbuBarOT IIIOCKOCTh Ha 5 yacteill. OcTpoBam
COOTBETCTBYIOT BCE€ I'DaHH, KpOMe BHEIIHeW (OHa OeCKOHEYHO OoJjbllas BO BCE CTOPOHBI U OCTPOBY
COOTBETCTBOBATH HE MOJKET), 3HAUUT, UX 4.

[TonsaTus miockoro rpada u rpanu rpada NpuUMEHsSETCS MPU PELICHUH 3a/1a4 Ha "mpaBuiibHOE"
packpalluBaHue pa3InyHbIX KapT.

Bonpmoii wHTEpec BBI3BIBAIOT Trpadbl, KOTOPHIE MOKHO
HapHucoBaTh, HE OTpbIBas KapaHjaama or Oymaru. Mx Ha3bIBaioT
3MJIEPOBBLIMH B UecTh yuéHoro Jleonapna Oiinepa (puc.12).

puc.12
Takoil nmyTh cymiecTByeT JuIIb B TOM cllyyae, €ciu rpadp —
CBSI3HBIN

T. €. OT KaXJOW ero BepIIMHBI K KaXIOH APYrod MOKHO NMPOHTH MO pedpam rpada M U3 KaxIou
BEPLIUHBI, KPOME, MOXKET OBbITh, IBYX, BEIXOJIUT YETHOE YUCIIO pedep.

KonnyectBo pébep, BHIXOIAIIMX U3 BEpIIMHBI Tpada, Ha3bIBaeTCs cTeNeHbl0 BepIMHbI. Bepuna
rpada, uMeromas HeUETHYIO CTeTICHb, HA3bIBACTCSI HEYETHOM, a YETHYIO CTETICHb — YETHOIA.

Ha pucynke 13: Ct.A=1,Cr.b=2,Ct.B=3,Cr.I=2,Cr.[I=0.

B epaghe cymma cmeneneil écex eco eepuiun — uUCIO 4YemHOe, PABHOE 4 ’I{
VO80EeHHOMY YUCTy pebep epagha, mak KaK Kaxrooe peopo
puc.13
yuacmeyem 6 3moii cymMme posHO 08d pa3d. ITOT pe3ylibTaT, U3BECTHBIN I
elme JABECTH JIeT Hazajg Oiilepy, 4YacTO Ha3bIBalOT JIeMMOH O b
B

pykono:xatusix. I3 Hee cienyer, YTO €CIM HECKOJIbKO YEIOBEK
OOMEHSUTHCh PYKOMOXATHIMH, TO OOIIee YMCIIO MOKAThIX PYK 00s3aTENhbHO YETHO, 6o B
KaKJIOM PYKOTIOXKaTHH YYacTBYIOT B pyKH (IIPH 3TOM Kak[lasi pyKa CUMUTAaeTcs CTOJIbKO pa3, CKOJIBKO
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OHAa y4acTBOBaJIa B pPyKOTOXKaTHsX). UNCIO HEYETHBIX BEpIIHH Jt00oro rpada uyetHo. Bo BeskoMm rpade
C BEpUIMHAMHU, T/ie, BCErla HalIyTCs, IO MEHbIIEH Mepe, ABE BEPUIMHBI C OJIMHAKOBBIMHU CTEICHSMH.
[20, 146]

Ecnu cTrenenn Bcex BepiuH rpada paBHBI, TO rpad) Ha3pIBaeTCs OAHOPOAHBIM. Takum oOpazom,
000 nonHbIi rpad — ogHOopoaHbI. CoenuuuB A ¢ b u A ¢ [ momydum moJHbI|, OJHOPOAHBIN Tpad.

Wtak, MBI paccMOTpEIN OCHOBHBIC OIpeNeieHHs] Teopuu TpadoB, 0€3 KOTOPBIX OBLIO ObI
HEBO3MOKHO J10Ka3aTeJIbCTBO TEOPEM, a, CIIEI0BATENBHO, U PELICHUE 3a/au.

3AJJAYU, PEHHTAEMBIE ITPU ITIOMOILIU T'PA®OB
3HaMeHHUThIE 3312491

3ajaya KOMMUBOSIKEpPA
3amaya KOMMHUBOSDKEpA SIBIISICTCSI OJTHOW W3 3HAMEHUTHIX 3aj]au TeOpuu KoMOMHaTopuku. OHa
Obla moctaBiieHa B 1934 rony, u 06 He€ o06namMbIBaK 3yObl JIYUIIIHE MAaTEMATHKH.

[TocranoBka 3aa41 CIIEIYIOIIasl.
KomMmuBosikep (Oponsuuii TOprosel) AODKEH BBIMTH M3 TEPBOTO TOpoja, MOCETHTHh MO pa3y B
HEU3BECTHOM TMopsiake roponaa 2,1,3..n 1 BEpHYThCA B MEPBBIM ropoia. Paccrosiuus Mexay ropoaamu
W3BECTHHI. B KakoM mopsjake cienyetr 00X0AUTh ropojia, YTOObl 3aMKHYTHIN MyTh (Typ) KOMMHBOSIKEpa
OB KpaT4arImmm?

MeTtoa pelieHusi 3a1a4M KOMMHBOSIKepa

Kanuplii aaroputMm  “uau B Ommkalmuid (B KOTOpBIM  €Ileé  HE BXOIWI) TOpOxa’” .
“KagupiM” 3TOT aJIropuT™M Ha3BaH IIOTOMY, YTO Ha TMOCIHEAHUX IIarax MPUXOJUTCS KECTOKO
pacIuiauuBaThCA 3a JKaTHOCTb.
Paccmorpum Uit mpumepa ceTb Ha PUCYHKE, MPEACTABISAIONMIYI0 Y3KUU pomO. [lycTh KOMMHUBOSIKED
cTapTyeT u3 ropona 1. Aaroput™ “uau B Onrkalimil ropoa” BBIBEAET €ro B TOpoJ 2, 3aTeM 3, 3aTeM 4;
Ha TIOCJICTHEM IIare MpUACTCS TUIATHTH 32 aJHOCTh, BO3BpAIIasICh MO [UTMHHOW JUaroHanu pomba. B
pe3yJIbTaTe NOJIYYUTCS HE KpaTYarIlnid, a IITMHHEUIIINHT TYp.

IIpodaema yeThIpéx KPacok
BrisicHUTB, MOXKHO JIM BCSKYIO PacIOJIOKEHHYIO Ha cepe KapTy pacKpacHUThb YETHIPbMSI KpacKaMu

TaK, 4yToOBI JIOOBIE JIBE 00JacTH, UMEIOIIME OOIIMI y4acTOK TpaHMIIbl, OB pacKpalleHbl B pa3HbIe
L[BETA.

K. Annens u B. XakeH (ucnoib3ys KOMIbIOTEp) JoKa3aau B 1976 1., 4To Tak MOXKHO pacKpacuTh
TM00YI0 KapTy.

3agaua o TPEX JOMHUKAX U TPEX KOJOALAX
Tpu cocena umeroT Tpu 0o0mUX KoJoAIa. MOXKHO JIM TIPOBECTH HEMEPECEeKAIOIHecs: JOPOKKH OT
Ka)XJIOTO JIOMa K KaKJIOMY KOJIOIITY?
s pewenus smou 3a0ayu 80CNONb3YEMCS MeopeMol, 0okazanuou Jleonapoom Diinepom 6 1752 e.
Ecnu MHOroyronbHUK pa30UT Ha KOHEYHOE YHUCIO MHOTOYTOJIbHUKOB Tak, 4YTO JIOOble JBa
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MHOT'OYT'OJIbHUKA paBGI/IeHI/ISI UM HE UMCHOT O6IJ_[I/IX TOYCK, U1K UMCIOT 06H_[I/Ie BCPIIMHBI, UJIKU UMCIOT
obmrre pedpa, TO IMEET MECTO PaBEHCTBO : B- P + ['=1, tne B — oOmee uncio BepuinH, P — ol1iee
4KCIIo pedep, /' — YuCiI0 MHOTOYIOJIbHUKOB (TpaHei).

Pewenue. <J] W g r | Ipeamomoxum, YTO  3TO  MOXKHO
clenaTh. OTtMeTuM nmomukun Toukamum JI,, 2, J3, a
koioauel — Toukamu K/, K2, K3. Kaxayloo TOUKY-JOMHUK COEJUHHUM C KaXI0H TOYKON-KOJIOALIEM.

[Tomyynm neBsiTh pebGep, KOTOpBIE IMONMApHO HE NepeceKaroTcs. JTH pedpa o0pa3yroT Ha IUIOCKOCTH

MHOTOYTOJIbHUK, pa3felieHHbI Ha 0oJjiee MelKUe MHOTrOyroJbHHUKHU. [loaToMy amsi aToro paszOoueHus
JOJKHO BBITIONHATHCS COOTHOIIEeHUE Diinepa B - P + [ = 1. Jlo6aBuUM K paccMaTpuBaeMbIM T'paHsIM
elle OJIHy — BHEUIHIOI YacTh IUIOCKOCTU. Torja cooTHolnenue Ditnepa npumer Bug B - P+ [ = 2,
npuyeM B — 6 u P = 9. CnenoBarenbHo, I' = 5. Kaxas u3 0Ty rpaHeld UMeeT Mo KpalHel mepe
4yeThlpe pedpa, MOCKOIBKY 10 YCIOBHUIO 33/Ja4M HU OJHA W3 JOPOXKEK HE OJDKHA HETOCPEICTBEHHO
COEAMHATH JBA JOMa WJIM JBa Koyoana. Tak Kak Kaxjgoe pedpo JEeKUT POBHO B JABYX T'PaHAX, TO
KOJIMYECTBO pebep MODKHO ObITh He MeHblIe 5*4:2=10, 4TO MPOTUBOPEUUT YCIOBHUIO, IO KOTOPOMY UX
yuciio paBHO 9. [losydeHHOE NMPOTHBOpEUNE MOKA3bIBAET, UTO HENb3s MPOBECTH HEIEpECEKarolrecs
JOPOKKH OT KaXKJIOTO IOMHKA K KOKIOMY KOJIOJILY.

2.2. Hecko,1bKO HHTEPECHBIX 3a/1a4
"MapupyTs"

3amaua 1 il
KaK Bbl IIOMHHTE, OXOTHHK 3a MepTBBIMI/I

nymamu  UuuMkoB — moObIBal Y M3BECTHBIX

MIOMEIMKOB 10 OJHOMY pa3y y Kaxzaoro. OH

Iocelmal MX B CIELyIOIIeM Mnopsake: MaHuiosa,

Kopo6ouky, Ho3apeBa, CobakeBuua, IlmromikuHa,

TenteTrHukoBa, reHepana berpumesa, lleryxa, B M

Koncranmxonro, nonkopauka Komikapesa. Haiinena cxema, Ha kotopoid UnunkoB HaOpocaa B3aMMHOE

pacrojoKeHue UMEHUM M MPOCETOYHBIX JOPOT, COSAUHSIONINX UX. YCTaHOBUTE, KAaKO€ NUMEHHE KOMY
MIPUHAJIJIEKUT, €CITM HU OAHON U3 Aopor YMUKKOB He Ipoe3xail 6ojiee OAHOro pasa.

Pewenue:

Ilo cxeme mopor BHIHO, 4TO nyTemecTBue Ununkos Hadan ¢ uMeHus E, a okoHunn nmenueM O.
3ameuaem, uto B uMeHuss B u C BeayT TOJNBKO JBE AOPOTH, MO3TOMY MO 3THUM Joporam UWYUKOB
JOJKEeH ObUT mpoexarh. OTMETUM UX KUPHOU JuHHer. OnpeneneHbl Y4acTKU MapIiipyTa, TpOXOIsIue
yepe3 A: AC u AB. Ilo noporam AE, AK un
AM YwnunkoB He e3aui. [lepeuepkHeM HX. | K

Ormerum  xupHoit  smuuerrt ED
nepeuepkHeM DK . Ilepeuepknem MO u E C
MH; ortmetum xupHod JsmHHer MF;



nepeuepkHem FO; ormerum sxupnoit nmuaueit FH, HK u KO. Haiinem enuHCTBEHHO BO3MOXKHBIN NPH
TaHHOM ycnoBuu MapupyT. U monmyuaem: umenue E — npunamiexur ManusnoBy, D- Kopo6ouxke, C —
Ho3znpeBy, A — CobakeBuuy, B — Ilmtomikuny, M — TenretnukoBy, F - berpumeny, H — Ileryxy, K —
Koncranxonro, O — Kouikapesy.

3agaua 2
Ha pucynke nzo0pakeHa cxemMa MeCTHOCTH. 1 ] 3
[lepenBuratbCsi MOXHO TOJIBKO B HaIpaBICHUH

CTpenok. B kakaoM HyHKTe MOXXKHO ObIBaThb HE Ooiee 4 5 6

oxHoro pasza. CKOJBKUMH CIIOCOOAMH MOKHO IONACTh M3

nyHkTa 1 B myHkT 9? Kakoil MmapmpyT camblii KOPOTKUHA U

KaKOM — CcaMbIi JUTMHHBIHA.
Pewenue:
[TocnenoBarenvHo "paccinamBaeM' cxemy B JepeBO, HauMHasl ¢ BepwuHbl 1. [Tonmyunm nepeso.

Yucito BO3MOKHBIX CIIOCOOOB IIornagaHus U3 1B9 paBHO 7

" " e
yucny "Bucsuux" BepmuH nepeBa (ux 14). OueBumHoO, a )15 2
KpaTtyaimuii mytb-1-5-9; camplil anuHHLL - 1-2-3-6-5-7- 5 /"'T 2{' N, I:r“- 6 8-9.
A% 2 N
2.7 31/ I P
" " 8 [ P AN
I'pynnsbl, 3HaKOMCTBA e 9 5/ |9 |5,
5] )
3apava 1 o 1 j / "..51 °
9 d g e
YyacTHUKH MY3bIKaJIbHOTO decTuBas, ] 1 8 |
. 8 &

MMO3HAKOMHBIIUCH, 0OMEHSUINCh KOHBEPTAMH C aJPEeCaMH. %t
JIOKaXXuTe, 4TO:
a) BCEro OBLIO MepejaH0 YETHOE YKMCIIO KOHBEPTOB;
0) 4KMCIIO0 YYaCTHUKOB, OOMEHSBIIUXCS KOHBEPTAMH HEYETHOE YHUCIIO Pa3, YETHO.

o

Pewenue: Tlycts yuacTHuku ¢ectuBans Ai, Az, Az . . ., An — BepmmHbI Tpada, a pedpa
COECIUHSIOT  Mapbl  BEpIIMH, H300paXKalolMX  peosrT,

OOMEHSIBITUXCSI KOHBEPTAMHU. A,

Pewenue:

a) CTeNeHb KaXJ0M BepIIMHBI Aj TMOKa3bIBA€T YHCIIO A
KOHBEPTOB, KOTOPOE Mepeaasl Y4aCTHUK Aj CBOUM 3HAKOMBIM.

OOmiee uwWciao TmepenaHHBIX KOHBEpTOB N paBHO cymme By Bo
creneHei Bcex BepiinH rpada N = cten. A1+ cren. A2 ++ ... +
crem. An-1 + cren. An, N=2p, rae p — uucio pedep rpada, T.e. A 6 As N
— yetHoe. CremoBaTenbHO, OBUIO TIEPETAaHO YETHOE YHCIIO

KOHBEPTOB;

0) B paBeHctBe N = crem. A1 + crem. Az + + . .. + cren. An1 + cTen. An cymMMa HEYETHBIX
cllaraeMbIX JIOJDKHA OBITh YETHOHM, a 3TO MOXET OBITh TOJBKO B TOM CIydae, €CIM YHCIO HEYETHBIX
CllaraeéMbIX YETHO. A 9TO O3HAYaeT, YTO YUCIIO YYACTHUKOB, OOMEHSBIIUXCS KOHBEPTAMH HEUETHOE
YHUCJIO pa3, YETHOE.

3agava 2

Onnaxael Auapeit, bopuc, Bonoas, [lama u ['ans qoroBopuinck Be4epoM MOUTH B KUHO. BriGop
KMHOTEaTpa U CeaHca OHU PEIIMIA COTJIacOBaTh 1Mo TenedoHy. beito Takke pemeHo, 4To eciiv ¢ KEM-TO
CO3BOHHUTBHCS HE YAAaCTCsl, TO TTOXOJ B KUHO OTMEHseTcs. BedepoM y KnHOTeaTpa coOpanuch HE Bce, U
MMOATOMY TIOCEIIEHHE KWHO COpBaJioch. Ha cremyronuii AeHb CTalM BBIACHITH, KTO KOMY 3BOHHIIL.
Oxkazanioch, uto AHnpen 3BoHmI bopucy u Bonone, Bonoas 3Bonun bopucy u Jlame, bopuc 3BoHMI
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Amngnpeto u Jlame, [lama 3s8ouuna Auapeto u Bonoae, a I'ans 3Bonmna Auapeto, Bonoae u bopucy. Ko
HE CyMeJl CO3BOHHUTHCS U TIO3TOMY HE MPUIIEN HA BCTpeuy?

Pewienue:

Hapucyem msate Todek u obOo3HaumM ux OykBamu A, b, B, I', JI. OT0 mepBbie OyKBBI UMEH.
CoequHUM TE€ TOYKH, KOTOpPHIE COOTBETCTBYIOT HWMEHaM a8
CO3BOHUBIIUXCS PEOSIT.

W3 pucyHka BUAHO, YTO KaXIbl U3 pedsAT — AHIpEH, a
bopuc u Bonoxs - CO3BOHWIHMCH CO BCEMHU OCTaJbHBIMH.

[TosTomy 3TH pebsita U npunuy K KuHOTearpy. A I'anst u Jlama He cymMenu CO3BOHUTHCS MEXIY COOOU
(touku I' m Jl He coeanHEHBI OTPE3KOM) U MO3TOMY B COOTBETCTBUU C JIOTOBOPEHHOCTBIO B KMHO HE
IIPUILLUIH.

AJITOPUTM pelieHusi 3a1a4 IPH NoMouu rpados

- IPOAHAIM3UPOBATh YCIOBUE 3a/1a4U;

- OIIPEJENINUTD, YTO U3BECTHO;

- COCTaBUTH rpad:

- IpOaHaIU3UPOBATh Irpad, HAUTH BCe BO3MOXKHbBIE PEILIEHUS UM J0Ka3aTh, YTO UX HET.

3agaHus A NPAKTHYECKOr0 3aHATHA:

1. Ha kBaapatHo#i qocke 3x3 paccraBlieHbl 4 KOHS Tak, KaK ITOKa3aHo Ha puc.l. MoXHO M clienaB
HECKOJIbKO X0JI0B KOHSIMH, TIEPECTaBUTh UX B MOJIOKEHUE, TOKa3aHHOE Ha puc.2?

KT TK Kl K
K[ K Kl [K

2. B ctpane Ludpa ectb 9 roponos ¢ Ha3Banusmu 1, 2, 3,4, 5, 6, 7, 8, 9. [lyremecTBeHHUK
O0OHApYXWJI, 4TO JIBA TOPOJIa COSAMHEHBI aBUAIMHUEH B TOM U TOJIBKO B TOM CITydae, €CiH JIBy3HAYHOE
4HCII0, 00pa30BaHHOE HA3BaHUSIMH FOPOJIOB, AeTUTCs Ha 3. MOKHO I AOJETETh MO BO3AYXY U3 TOpoaa
1 Bropon 9 ?

3. B rocynapctse 100 ropo10B K U3 KaxA0T0 ropoja BeIXoauT 4 noporu. CKOJIBKO BCEro 10poTr B
rocyaapcTBe.

4. B xnacce 30 genoBek. Moxer 1 ObITh Tak, 4T0 9 yenoBek uMmerot 1o 3 npyra, 11 —mo 4 apyra, a 10
— 10 5 npysei ?

5.V kopons 19 BaccanoB. MoxeT 11 0ka3aThCs TaK, YTO y KaXI0ro Baccana 1, 5 umm 9 coceneit?

6. MoseT 11 B TOCy1apCcTBe, B KOTOPOM M3 KaX10Ir0 TOpoja BEIXOJUT POBHO 3 TOPOTH, OBITH POBHO
100 nopor?

7. JloKa)kuTe, 4TO YUCIIO JIFOJIEH, )KUBIIUX KOI/1a-1100 Ha 3emiie U c/IeJaBIINX HEYeTHOE YUCIIO
PYKOIIOKaTHUM, YETHO.

8. B ctpane u3 kaxmoro ropoaa Beixoaut 100 qopor u U3 Ka)xaoro ropoja MOKHO A00paThCs 10
mo6oro npyroro. OHy 10pOTry 3aKpblTH Ha PEMOHT. JJoKakuTe, 4TO U Teneph U3 JIH000ro ropoa
MOXHO JTOOpaThCs 110 JIFDOOTO IPYTroro.

9. NmeeTcst rpyIna OCTPOBOB, COSTUHEHHBIX MOCTaMH TaK, YTO OT Ka)KJOTO OCTPOBA MOXKHO JOOPAThCS
10 oboro apyroro. TypucT obortien Bce 0CTpoBa, PO IS 1Mo KaKI0My MOCTY po3Ho 1 pa3. Ha
octpoBe TpoekpaTHOM OH MOOBIBAT TPUKAbl. CKOIIEKO MOCTOB BeJIeT ¢ TpoeKkpaTHOTo, €CIIA TYPUCT
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a) HE C HEro Hayaj ¥ HE Ha HEM 3aKOHYMUII?

0) ¢ Hero Havaj, HO HE Ha HEM 3aKOHYMJI?

B) C HETO Hayaj M Ha HeM 3aKOHYMIT?

10. Ha pucynke n3o00pakeH napk, pas/IeJIeHHbII Ha HECKOJIbKO yacTel 3a0opaMu. MOXKHO 11
MIPOTYJISATHCS 1O APKY U €r0 OKPECTHOCTSM TaK, YTOOBI TIepee3Th Yepe3 Kaxabli 3a00p po3Ho 1 pas?

KoHTposbHbIE BONIPOCHI

1. Maiite onpenencHue rpada.

2. ChopmynupyiiTe IOHATHE CMEXHBIX pedep.

3. JlaiiTe onpeneneHre MpaBmIIBHOTO Tpada.

4. 3anmumuTe GOpMYITy CyMMBI CTeTieHel rpada.

5. JlaiiTe onpe/ielieHue H30IUPOBAHHON BEPIIUHBI Tpada

KpnTepnn OlICHUBaAHNUH BbINIOJTHCHHDBIX 3ana}mifl

[Ipenmerom OLIEHKM cioyXkaT yMeHUs W 3HaHus, npenycmorpeHHbsle OI'OC mno ydeOHOI
JUCLUIUIMHE

Kpumepuu oyenku:

Ounenka 5 cTaBUTCS, €CIIM yYAIIMICS CAMOCTOATENBHO BBINOIHSIET paboTy B OJHOM 00beMe,
o0ecTIeYnBaOIIUX MOTyYSHHUE TPABMIIBHBIX PE3yJIbTaTOB U BHIBOJIOB.

Ouenka 4 cTtaBUTCS, €CIIM BBINOJIHEHBI TPEOOBAHMSI K OLIEHKE 5, HO OBbLIM JONYIIECHBI BE-TPU
OLIMOKH.

Ouenka 3 cTaBUTCS, €CIIHM B OTBETE UMEIOTCS MPOOeIbl, He MPENATCTBYIOUINE JajbHeHeMy
YCBOEHMIO MaTepHuaiia. PaboTa BbINIOJIHEHA HE MOJTHOCTBIO.

Ounenka 2 cTaBUTCS, €CIIU CTYICHT HE OBJIAJIENl OCHOBHBIMH 3HAHUSIMHU B COOTBETCTBUH C
TpeOOBaHUSAMU MPOTPaMMBbI U JOMYCTUII MHOT'O OIIMOOK. PaboTa BhINOIHEHA HE MOJHOCTBIO U
00bEM BBINOJIHEHHON YacTH pabOoThl HE MO3BOJISET ClIENIaTh MPAaBUIIbHBIX BHIBOJIOB.

Ounenka 1 ctaBuTCS, €CIM y4alIMMCs COBCEM HE BBIIIOJIHUI paldoTy.
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NudopmanuonHoe obecnieyeHue BbINOJHEHUS MPAKTHYECKUX 3aHATHH

CnucoK peKoMeHyeMoil JTuTepaTypbl:
OCHOBHbIE HCTOYHUKH

Jns npenogaBareneit

bamvakoB M.M. Matematuka. Yuebnuk. 2019 .

Bammakos M.W. Marematuka. 3agaunuk YueOHoe mocodue. . — M. «Akagemusi», 2018 .

Kommoropos A.H. u ap. Anredpa u Havana ananmu3za. 10 (11) k. — M., 2018.

Komsirun FO.M. u ap. Marematuka (Kuaura 1). — M., 2018.

Komsrun FO.M. u ap. Marematuka (Kaura 2). — M., 2018.

Jlykankun I'.JI., Jlykankun A.I'. Marematuka. Y. 1: yueOGHOE ocoOue It yupeKaAeHU I
HavyaibHOTO MpodeccruoHaabHoro oopazoBanus. — M., 2019.

[Toropenos A. B. I'eometpus. 10 (11) k1. — M., 2018.

CmupaoBa U.M. I'eomerpus. 10 (11) k1. — M., 2019.

st o6yqarommxcs
bammvakos M.M. Maremaruka. YueOHuk — M. «Axagemusy, 2019
Bbammakos M.M. Maremaruka. 3agadynuk Y4eOHoe mocoorne. — M. «Akagemus», 2018
JlonoJiHuTeIbHbIE HCTOYHUKH
Jlia nmpenogaBateneit
Anexcannpo A.Jl., Bepuep A.JL., Pooxuk B.M. 'eomerpust (6a30Bblif 1 NpOoQUIBHBIA YPOBHH).
10—11 k. 2017.
Aranacsan JI.C., byry3os B.®., Kagomues C.b. u ap. I'eomerpus (0a30Bblii U mHpouiIbHbBIN
ypoBHH). 10-11. — M., 2018.
Komsirun }0.M., TkaueBa M.B, ®eneposa H.E. u np. nox pen. Kuxuenko A.b. Anrebpa u Hayana
MaTeMaTHYeCcKoro aHain3a (0a30Bblil ¥ poduiIbHbIH ypoBHH). 10 k1. — M., 2018.
Huxonbckuit C.M., [TotanoB M.K., PemiernukoB H.H. u n1p. AnreGpa u Hadana mMaTeMaTUYECKOTO
a”anu3a (6a30BbIil U mpoduIIbHBINA ypoBHH). 11 k1. — M., 2019.
Huxonbckuit C.M., [TotanoB M.K., PemiernukoB H.H. u n1p. AnreGpa u Hadana mMaTeMaTUYECKOTO
a”anu3a (6a30BbIil ¥ mpouIIbHBINA ypoBHH). 10 ki1. — M., 2017.
Hlapeirun N.®. I'eomerpust (6a30Bs1ii yposens) 10—11 k. — 2018.
Jns oOyqaromuxcs
I'puropses C.I'., 3agynuna C.B. Marematuka. YuebHuk - M., «Akagemus», 2017
I'yceB B.A., I'puropses C.I'., UBonruna C.B. Maremaruka. YueOHuk - M., «Akanemus», 2018
[Mexmenukuii M.JI. Marematuka. YueOuuk - M., «Akagemusi», 2018
HNurepHeTr-pecypcsl
www.fcior.edu.ru (MHpOpManoHHbIE, TPEHUPOBOYHBIE M KOHTPOJIBHBIE MAaTCPHAJIbI).
www.school-collection.edu.ru (Eaunas xoyiekiun uGpoBBIX 00pa30BaTEIbHBIX PECYPCOB
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